Berkeley Math Circle: Monthly Contest 1 Solutions

1. Find the number of divisors of 29 - 314,

Solution. Each divisor is the product of some power of 2 and some power of 3.

There are 10 choices for the power of 2 (20,21 ...,29) and 15 choices for the power
of 3 (3%,3%,...,3), and, since these choices are independent, there are a total of
10 - 15 = 150 divisors. O

2. Find all ordered triples (a, b, c) of positive integers with a? + b? = 4c + 3.

Solution. There are no such ordered triples. Since the right side is odd, one of a and
b is odd and the other even. But the square of any even number is a multiple of 4,
and the square of any odd number has a remainder of 1 when divided by 4. But the
right side leaves a remainder of 3 when divided by 4, a contradiction. Thus, this is
impossible. O

3. In the game Kayles, there is a line of bowling pins, and two players take turns
knocking over one pin or two adjacent pins. The player who makes the last move
(by knocking over the last pin) wins.

Show that the first player can always win no matter what the second player does.

(Two pins are adjacent if they are next to each other in the original lineup. Two
pins do not become adjacent if the pins between them are knocked over.)

Solution. On their first move, the first player knocks over the middle pin (if the
number of pins is odd) or two pins (if the number is even). Then, they simply
mirror what the second player does, and they will have a move as long as the second
player does. O

4. In AABC, points D and FE lie on side BC' and AC respectively such that AD 1 BC
and DE 1 AC. The circumcircle of AABD meets segment BE at point F' (other
than B). Ray AF meets segment DE at point P. Prove that DP/PE = CD/DB.

Solution. Since ADEC and AADC' are both right triangles and have common /C,
we have

DE _ AD
CE CD’
Also, since ABDF is cyclic, /DBF = /DAF and ZAFB = /ADB = 90°.

ADEC ~ ANADC =



B D c

Thus, AAFFE and ANAEP are both right triangles with common ZFAF, so
/AEF = /APE — ZAPD =CEB.

Now, by AA,
DP CE

Multiplying equalities gives
DP _DP AD _CE DE_DE
CD AD CD CB CE CCB
DP CD DP CD
DFE BC PE DB

. Show that for positive real numbers a, b, and c,

1 N 1 N LI (a+b+c)?
a+b b+c cH+a " abla+b)+be(b+c)+calc+a)

Solution. Expanding and rearranging the denominator gives
a®b + ab® 4+ b?c + b + *a + ac = *(a +b) + a*(b+ ¢) + b*(c + a).
By Cauchy-Schwarz,

1+1
a+b b+c

(P(a+b) +a*(b+c) +b*(c+a)) (

and dividing by c¢?(a + b) 4+ a?(b + ¢) + b*(c + a) gives the desired inequality.

. Find all functions f: Q — Q such that

f(F@) +af(y) =2+ f(2)y,

where Q is the set of rational numbers.

1
+ >>(a—|—b+c)2,
c+a

O]



Solution. Setting x = 0 gives

Since this must be true for all y, the only way this can happen is if f(0) = 0. Now,
setting y = 0 gives
f(f(x) ==

for all x. Setting z = y = —1 gives

Setting x = —1 gives

FUED) =) = f(=1-f) =-1-v.

Applying f to both sides and using f(f(x)) = = gives

FHEL=f(=y)) = -1 f(-y) = -1 -y

From here, we can use f(—1) = —1 and induction to show that f(n) = n for all
integers n. Now consider any rational number y = 7=. Setting x = n gives

m

Frm+nf () =n+fm)- =
s g (2) = e B < = 5 (2) 2

n

Thus, we must have f(x) = z for all z € Q. Clearly, this function works, so it is the
unique solution. ]

7. Evaluate the sum

Sty ottt 26,
\lr Py ) 3 35 357 35711 77

where P, denotes the n'® prime number.

Solution. Rewrite the given sum as

1,271,241 246 1

3 35 357 35 7 11
LY Y (oY (oY (DY (o
3 3/5 3 5)7 3 5 7) 11
11 1 1 1 1 1 1 11 1

=375 3577 37 577357 11 311511 7.1

Note that each term in this sum must have denominator of the form pips . .. pr, where
the p; are distinct primes (WLOG p; < pa < -+ < pi). Further, each denominator




occurs exactly once, namely, in expanding the product whose last term is é, and

k=1 since it comes from the term

(o) ) G

in the expansion of the product containing é. However, this lets us rewrite the left

side as 1_<1_§><1_;><1_;)....

However, we can see that

its sign is (—1)

1 11
(-3 (0-350-7) 1-3 1-5 1-3

1 1 1 1 1 1 <1
= (1+=4+=+... ) (1+2+=+.. ) (1+2+=+... )= .
<+3+32+ ><+5+52+ ><+7+72+ ) Z2n+1

Thus, since the Harmonic series diverges, the product

()06

must equal 0, so the desired sum is 1 —0 = 1. 0




