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Proof. By di!erentiating both sides of (1.4) and manipulating the sums, we obtain
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The first few values for pp(n) and ω2(n) are given in the next table.

n 0 1 2 3 4 5
ω2(n) 1 5 10 21 26
pp(n) 1 1 3 6 13 24

An important feature of plane partitions is their graphical representation. We can
visualise a plane partition ε as stacks of unit cubes by putting εi,j unit cubes at the
position (i, j), see Figure 1.2. We define a plane partition to fit into an (a, b, c)-box if it

4 3 3 1
4 2 1 0
2 0 0 0

Figure 1.2: A plane partition and its graphical representation as stacks of cubes.

has at most a rows and b columns with non-zero entries and every entry is at most c.
We call such a plane partition an (a, b, c)-boxed plane partition. The number of plane
partitions inside a box is given by the famous formula by MacMahon.

Theorem 1.2.4 ([13]). The number of (a, b, c)-plane partitions is

a∏

i=1

b∏

j=1

c∏

k=1

i+ j + k → 1

i+ j + k → 2
. (1.6)

We will present a proof of the weighted version of the box formula in Section 2.2. It
is very remarkable that not only the enumeration of boxed plane partitions, but also all
of the ten symmetry classes have simple product formulas; more details will follow in the
next chapter.

1.3 Higher-dimensional partitions

In the previous section we generalised partitions to two dimensional arrays of integers.
Already MacMahon had the idea to add more dimensions and define multidimensional
partitions.
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Plane (3d) Partitions

Generating function

n → ∞



A View from Above
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Figure 5: A plane partition and its Ferrers diagram

2.2 Plane Partitions Bounded in a Box

Lemma 2.1.
X

⇡✓B(r,c,t)

q|⇡| = q�(
r+1
2 )c shcri(q

t+r, . . . , q3, q2, q)

where B(r, c, t) is the set of all plane partitions bounded in a r ⇥ c⇥ t box and

hcri is the partition (c, c, . . . , c) with r parts and all parts are c.

Proof. We start with an arbitrary partition ⇡ where sh(⇡) ✓ sh(hcri) and

max(⇡)  t. This partition is bounded in a bow of r ⇥ c ⇥ t. Let ⌘ be an-

other partition, where ⌘i,j = r+1� i. See the figure for example visualisations.

(a) (b)

Figure 6: Partitions ⇡ (a) and ⌘ (b) with shape h54i

We can add these two partitions on top of each other in order to create a

column-strict partition µ (i.e. µi,j � µi+1,j and µi,j > µi,j+1). It is simple to

show that µ is column strict:
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Paths in a Box
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b

What is the number of paths from the 
bottom-left corner to the top-right 
corner?

A bijection between staircase paths and 
integer partitions 



(q-)Binomial Coefficients
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[n] = 1 + q + q2 + · · ·+ qn�1 =
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[n]! = [n][n� 1] . . . [1]

<latexit sha1_base64="Qkk7TCZflp+R4dPCOS213/ZkUTo=">AAAB/HicbVDLSsNAFJ3UV62vaJduRotQF5ZEfG2EohuXFewD2lAmk0k7dDITZiZCCPVX3LhQxK0f4s6/cdpmoa0HLhzOuZd77/FjRpV2nG+rsLS8srpWXC9tbG5t79i7ey0lEolJEwsmZMdHijDKSVNTzUgnlgRFPiNtf3Q78duPRCoq+INOY+JFaMBpSDHSRurbZX4AryGv8hP3uIcDoRV0+3bFqTlTwEXi5qQCcjT69lcvEDiJCNeYIaW6rhNrL0NSU8zIuNRLFIkRHqEB6RrKUUSUl02PH8MjowQwFNIU13Cq/p7IUKRUGvmmM0J6qOa9ifif1010eOVllMeJJhzPFoUJg1rASRIwoJJgzVJDEJbU3ArxEEmEtcmrZEJw519eJK3TmntRO78/q9Rv8jiKYB8cgipwwSWogzvQAE2AQQqewSt4s56sF+vd+pi1Fqx8pgz+wPr8AZnIktQ=</latexit>

n! = n(n� 1) · · · 1

What happens with  as ?[n] q → 1



Box Counting Formula

Figure 4: A partition � in a 5⇥ 4 box

Definition 1.6. We define the q-binomial coe�cient as
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Theorem 1.1.
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q|�| =


a+ b
a

�

q

(1.2)

where |�| is the size of the partition � and the sum is over all partitions.

Proof. In order to prove this theorem, we will construct a recursive relation for

the number of partitions. We will denote the number of partitions of n contained

in an a⇥ b box as p(a, b;n). A partition either covers the top right corner of the

box or it does not, so we can write our case as a union of these two cases. When

3
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|�|— size of partition (# boxes)
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Lemma

It is a q-deformation of the Pascal’s triangle recurrence relation
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Proof: Homework exercise if you like algebra
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Binomial Coefficients again
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Figure 1.1: The partition (4, 3, 3, 1) contained in a (6, 5) box and its corresponding lattice
path.

partitions are in bijection to lattice paths from (0, 0) to (a, b) whose step set consists of
north and east steps; for an example see Figure 1.1. Since there are no restrictions on
these lattice paths, the number of partitions contained in ab is the binomial coe!cient(a+b

a

)
. It is not di!cult to see that we can rewrite the binomial coe!cient in the following

form, which looks very similar to MacMahon’s box formula (1.6),

(
a+ b

a

)
=

a∏

i=1

b∏

j=1

i+ j

i+ j → 1
. (1.2)

We can refine this enumeration by taking the number of boxes of the Young diagram into
account. For a variable q we define the q-analog [n]q of an integer n as

[n]q := 1 + q + q2 + . . .+ qn→1 =
1→ qn

1→ q
,

the q-analog of the factorial [n]q! as

[n]q! := [n]q[n→ 1]q . . . [1]q,

and the q-binomial coe!cient as

[m
n

]

q
:=

[m]q!

[n]q![m→ n]q!
.

It is an exercise for the reader to verify, that the q-binomial coe!cient satisfies the recur-
rence [m

n

]

q
=

[
m→ 1

n→ 1

]

q

+ qm→n

[
m→ 1

n

]

q

(1.3)

We claim that the weighted enumeration of partitions in an (a, b)-box is given by

∑

ω

q|ω| =

[
a+ b

a

]

q

,

where the sum is over all partitions contained in an (a, b)-box. This can be proven by
induction on the length of the associated lattice path. If the last step of the path is an
east step, the weight of the partition is not changed by removing this step. Assume that
the last step is a north step. Then the partition corresponding to the path with the last
step deleted has a boxes less than our original partition. The assertion follows now by the
induction hypothesis together with (1.3).

1In this note we will use English notation, which is natural when regarding plane partitions.

Exercise



Box Formula
q-deformation works verbatim
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a+ b
a

�
=

aY

i=1

bY

j=1

[i+ j]

[i+ j � 1]

Now let us extend the box to infinity: a, b → ∞

12 Michael Fang

To transform this equation from regarding plane partitions to ordinary partitions, we
simply set the maximum height t of the plane partition to 1. This e↵ectively renders the
3-dimensional plane partition into 2-dimensions. Solving, we yield

1X

n=0

Pl(n)qn =
1Y

i=1

1Y

j=1

[i+ j]

[i+ j � 1]

=
1Y

i=1

[i+ 1][i+ 2][i+ 3] . . .

[i][i+ 1][i+ 2][i+ 3] . . .

=
1Y

i=1

1

[i]
=

1Y

i=1

1

1� qi

.

Because we are now dealing with integer partitions, the Pl(n) may be instead written as
p(n). Thus, we finish with

1X

n=0

p(n)qn =
1Y

i=1

1

1� qi

We once again arrive at the generating formula for integer partitions.
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1  j  c. Solving for the size of ⇡,

|⇡| =
rX

i=1

rX

j=1

⇡i,j =
rX

i=1

rX

j=1

(⇡i,j � (r + 1� i))

= |µ|� rc� (r � 1)c� · · ·� 2c� c

= |µ|� c(1 + 2 + · · ·+ r)

= |µ|� c

✓
r + 1

2

◆
.

Substituting this for the boundary B(r, c, t), we can find the generating formula for
bounded plane partitions using Schur polynomials.

X

⇡✓B(r,c,t)

=
X

µ✓B(r,c,t+r)
sh(µ)=hcri

q|µ|�c(r+1
2 )

= q�c(r+1
2 )

X

µ✓B(r,c,t+r)
sh(µ)=hcri

q|µ|

The plane partition and SSYT are both bounded with r rows and c columns, so the
shape of their base partitions is hcri. Note that

P
q|µ| is the generating function for

Schur polynomials, so:
X

⇡✓B(r,c,t)

q|⇡| = q�(
r+1
2 )cshcri(q

t+r, ..., q3, q2, q).

2.3 Intermediate conversion of Schur polynomial

Our ultimate goal in this paper is to obtain a generating function for plane partitions
independent of Schur polynomials. This independent step is used to convert schur poly-
nomials into a form we can work with. However, in doing so we must create a few new
terms.

11 Michael Fang

Rewriting again, grouping (r + 1� i),

=
rY

i=1

cY

j=1

tY

k=1

[k + r + j � i+ 1� 1]

[k + r + j � i+ 1� 2]
=

rY

i=1

cY

j=1

tY

k=1

[k + j + (r + 1� i)� 1]

[k + j + (r + 1� i)� 2]

Finally,

=
rY

i=1

cY

j=1

tY

k=1

[k + j + i� 1]

[k + j + i� 2]
.

The final step is another example of the commutative property of multiplication, in that
the same elements of each row are multiplied. Recall that because we iterate through all
elements of each row or column, iterating backwards or forwards yields the same result.

We have now derived MacMahon’s box formula, which is a compact form of the generating
function of plane partitions bounded by r, c, and t. MacMahon’s original derivation is
covered in [5].

2.6 Derivation of MacMahon’s generating formula for plane
partitions

The previous formula gives the generating function for plane partitions with finite bounds.
By allowing the bounds to stretch out to infinity, we can solve for and find MacMahon’s
generating formula for all plane partitions.

X

8⇡

q|⇡| =
1Y

i=1

1Y

j=1

1Y

k=1

[i+ j ++k � 1]

[i+ j + k � 2]

=
1Y

i=1

1Y

j=1

[i+ j][i+ j + 1][i+ j + 2] . . .

[i+ j � 1][1 + j][i+ j + 1][i+ j + 2] . . .

=
1Y

i=1

1Y

j=1

1

[i+ j � 1]
=

1Y

i=1

1

[i][i+ 1][i+ 2][i+ 3] . . .

=
1Y

i=1

1

[i[i
=

1Y

i=1

1

(1� qi)i
.

Rewriting the formula:
1X

n=0

Pl(n)qn =
1Y

i=1

1

(1� qi)i
.

We have now proven MacMahon’s generating formula for plane partitions. Note that
the form of this equation is very similar to the generating function for ordinary integer
partitions. The generating function for integer partitions is in fact a corollary of the plane
partition formula. To prove this, we begin with MacMahon’s box formula for infinite rows
and columns:

1X

n=0

Pl(n)qn =
1Y

i=1

1Y

j=1

tY

k=1

[i+ j ++k � 1]

[i+ j + k � 2]
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i=1

bY

j=1

cY

k=1

[i+ j + k � 1]

[i+ j + k � 2]


