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1a. Binomial Coefficients
Warmup: How many ways are there of 
choosing 3 distinct ice cream scoops 
from 10 choices?

Ans. There are
10 × 9 × 8

3 × 2 × 1
=

10!

7! 3!
= 120

ways.

In general, there are 
𝑛

𝑘
=

𝑛!

𝑘! 𝑛 − 𝑘 !

ways of choosing 𝑘 objects out of 𝑛.
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1b. Rooks
Consider an 8 × 8 checkerboard.
For 𝑘 = 0, … , 8, how many ways are 
there of placing 𝑘 rooks so that no 
two rooks are in the same row or 
column?

𝑅0 = 1, R1 = 64, R2 = 1568,

…. 𝑅𝑘 = 8
𝑘

2
𝑘!

R8 = 8!
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1c. Dominos
Consider an 8 × 8 checkerboard.
For 𝑘 = 0, … , 32, how many ways are 
there of placing 𝑘 non-overlapping 
dominos on the board?

𝐷0 = 1, 𝐷1 = 112, 𝐷2 = 5924,

𝐷3 = 196916…

No formula in general!

Plot of 𝐷𝑘  for a 4x4 chessboard 
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1. Unimodality

Definition. A sequence 𝑎0, 𝑎1, … , 𝑎𝑛 is called unimodal if there is 
some 0 ≤ 𝑘 ≤ 𝑛 such that

𝑎0 ≤ 𝑎1 ≤ 𝑎2 ≤ ⋯ ≤ 𝑎𝑘 ≥ 𝑎𝑘+1 ≥ 𝑎𝑘+2 ≥ ⋯ 𝑎𝑛

Mystery: Why are all of these sequences unimodal?

How can we prove it?
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2. Quadratic Polynomials
A quadratic polynomial is an expression of type

𝑝 𝑥 = 𝑎𝑥2 + 𝑏𝑥 + 𝑐

A zero of 𝑝(𝑥) is a number 𝜆 such that 𝑝 𝜆 = 0.
There is a formula for finding the zeros in terms of the 
coefficients:

𝜆 =
−𝑏 ± 𝑏2 − 4𝑎𝑐

2𝑎
The zeros are real if and only if

𝑏2 − 4𝑎𝑐 ≥ 0.

Key Observation. If a quadratic 𝑝 𝑥  has positive coefficients 
and real zeros, then the sequence 𝑎, 𝑏, 𝑐, is unimodal. 
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2. Higher Degree Polynomials
A polynomial of degree 𝑛 is an expression of type

𝑝 𝑥 = 𝑎0𝑥𝑛 + 𝑎1𝑥𝑛−1 + 𝑎2𝑥𝑛−2 + ⋯ + 𝑎𝑛−1𝑥 + 𝑎𝑛

A zero of 𝑝(𝑥) is a number 𝜆 such that 𝑝 𝜆 = 0.

Fundamental Theorem of Algebra [Argand 1806]: 
Every polynomial with complex coefficients can be 
uniquely factored as

𝑝 𝑥 = 𝑎0 𝑥 − 𝜆1 𝑥 − 𝜆2 … (𝑥 − 𝜆𝑛)

where 𝜆1, … , 𝜆𝑛 ∈ ℂ are its zeros. 

[Abel-Ruffini 1824]: There is no formula for finding 
the zeros when 𝑛 ≥ 5. 
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2. Newton’s Inequalities
A polynomial of degree 𝑛 is an expression of type
𝑝 𝑥 = 𝑎0𝑥𝑛 + 𝑎1𝑥𝑛−1 + 𝑎2𝑥𝑛−2 + ⋯ + 𝑎𝑛−1𝑥 + 𝑎𝑛

A zero of 𝑝(𝑥) is a number 𝜆 such that 𝑝 𝜆 = 0.

Theorem [Newton, 1701]: If 𝑝 𝑥  has positive coeffs 
and only real zeros, then for every 𝑘 = 1, … , 𝑛 − 1:

𝑎𝑘
𝑛
𝑘

2

≥
𝑎𝑘−1

𝑛
𝑘−1

𝑎𝑘+1
𝑛

𝑘+1

In particular, the sequence 𝑎0, … , 𝑎𝑛 is unimodal.



2. Ingredient 1: Derivatives
A polynomial of degree 𝑛 is an expression of type

𝑝 𝑥 = 𝑎0𝑥𝑛 + 𝑎1𝑥𝑛−1 + 𝑎2𝑥𝑛−2 + ⋯ + 𝑎𝑛−1𝑥 + 𝑎𝑛

The derivative of 𝑝 𝑥  is the polynomial
𝐷𝑝 𝑥 = 𝑎0𝑛𝑥𝑛−1 + 𝑎1 𝑛 − 1 𝑥𝑛−2 + ⋯ 𝑎𝑛−1 + 0

𝐷𝑝 𝑥  is the slope of the graph of 𝑝(⋅) at 𝑥.

Observation 1. If 𝑝(𝑥) is real-rooted, then so is 
𝐷𝑝 𝑥 .

Proof. Rolle’s Theorem, [1691].
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2. Ingredient 2: Reversals
A polynomial of degree 𝑛 is an expression of type

𝑝 𝑥 = 𝑎0𝑥𝑛 + 𝑎1𝑥𝑛−1 + 𝑎2𝑥𝑛−2 + ⋯ + 𝑎𝑛−1𝑥 + 𝑎𝑛

The reversal of 𝑝 𝑥  is the polynomial

𝑅𝑝 𝑥 = 𝑥𝑛𝑝
1

𝑥
= 𝑎0 + 𝑎1𝑥𝑛 + 𝑎2𝑥2 + ⋯ + 𝑎𝑛−1𝑥𝑛−1 + 𝑎𝑛𝑥𝑛

Observation 2. If 𝑝(𝑥) is real-rooted then so is 
𝑅𝑝 𝑥 .
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2. Proof of Newton’s Inequalities
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1a. Binomial Coefficients
In general, there are 

𝑛

𝑘
=

𝑛!

𝑘! 𝑛 − 𝑘 !
ways of choosing 𝑘 objects out of 𝑛.

For a fixed 𝑛, form the polynomial:
𝑝 𝑥 =

𝑛

0
𝑥𝑛 +

𝑛

1
𝑥𝑛−1 + ⋯

𝑛

𝑛
By the Binomial theorem:

𝑝 𝑥 = 1 + 𝑥 𝑛

Which has all zeros equal to −1.

Conclude: By Newton’s Inequalities, its 
coeffs are unimodal.
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1b. Rooks
Consider an 𝑛 × 𝑛 checkerboard.
For 𝑘 = 0, … , 𝑛, how many ways 𝑅𝑛,𝑘  are there of 
placing 𝑘 rooks so that no two rooks are in the same 
row or column?

For each 𝑛 form the degree 𝑛 polynomial:
𝑝𝑛 𝑥 = 𝑅𝑛,𝑛𝑥𝑛 + 𝑅𝑛,𝑛−1𝑥𝑛−1 + ⋯ + 𝑅𝑛,0

Exercise: 
Show the recurrence

𝑝𝑛+1 𝑥 = 1 + 2𝑛 + 1 𝑥 𝑝𝑛 𝑥 − 𝑛2𝑥2𝑝𝑛−1(𝑥)

Prove by induction that 𝑝𝑛(𝑥) has real zeros for all 𝑛
Conclude: By Newton’s Inequalities, the 𝑅𝑘  are 
unimodal.
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1c. Dominos
Consider an 𝑛 × 𝑛 checkerboard.
For 𝑘 = 0, … , 𝑛2/2, how many ways 
𝐷𝑘  are there of placing 𝑘 non-
overlapping dominos on the board?

Form the polynomial:

𝑝 𝑥 = ෍

𝑘=1,…𝑛2/2

𝐷𝑘𝑥𝑘

Theorem [Heilmann-Lieb’72]: 
  𝑝 𝑥  is real-rooted.

Conclude: By Newton’s Inequalities, the 𝑅𝑘  are 
unimodal.



1. Proof of the Heilmann-Lieb Theorem

Let 𝐷𝑘(                      ) be the number of placements of 𝑘 dominos. 

𝐷𝑘  =  𝐷𝑘  + 𝐷𝑘−1  + 𝐷𝑘−1  

This gives a recurrence relating the polynomials of these subgrids (which are not 
checkerboards). Can use that to prove real zeros by induction.



1c. Dominos
Consider an 𝑛 × 𝑛 checkerboard.
For 𝑘 = 0, … , 𝑛2/2, how many ways 
𝐷𝑘  are there of placing 𝑘 non-
overlapping dominos on the board?

Form the polynomial:

𝑝 𝑥 = ෍

𝑘=1,…𝑛2/2

𝐷𝑘𝑥𝑘

Theorem [Heilmann-Lieb’72]: 
  𝑝 𝑥  is real-rooted.

Conclude: By Newton’s Inequalities, the 𝑅𝑘  are 
unimodal.



Summary

To study a sequence of numbers, 𝑎0, … , 𝑎𝑛, it can be helpful to encode it in the 
coefficients of a polynomial:

𝑝 𝑥 = 𝑎0𝑥𝑛 + ⋯ + 𝑎𝑛

Sometimes, the combinatorial structure of the sequence can be used to prove that 
𝑝(𝑥) has real zeros.

By Newton’s Inequalities, the coefficients must be unimodal.



Beyond Newton Inequalities
Can also do this with multivariate polynomials. 

Recent breakthrough [Adiprasito-Huh-Katz’18]:

Given a set of vectors 𝑣1, … , 𝑣𝑛 ⊂ 𝐹𝑛, let 𝐵𝑘  be the number of 𝑘 −subsets which 
are linearly independent. Then 𝐵𝑘  is a unimodal sequence.

Much more complicated, but boils down to differentiating down to quadratics! 
[Branden-Huh’19, Anari-Liu-Oveis-Gharan-Vinzant’19].



An Open Problem Related to Derivatives
Conjecture.[Sendov, 1959]. Suppose 𝑝 𝑧 = 𝑧 − 𝜆1 𝑧 − 𝜆2 … (𝑧 − 𝜆𝑛), with 
𝜆𝑖 ≤ 1. Then for each 𝑖 ≤ 𝑛, there is a zero of (𝐷𝑝)(𝑧) contained in the disk of 

radius 1 around 𝜆𝑖.

Proved for 𝑛 < 9 [Brown-Xiang’99] and sufficiently large n [Tao’22].
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