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➤ What is a spring (mathematically)
■ Force, Newton’s second law
■ Hooke’s law
■ Linear homogenous second order ODEs

➤ Simple harmonic oscillator solution
■ Ansatz

● Sin and cos
● Complex numbers

■ Initial conditions
➤ BREAK
➤ Everything is a spring

■ Quadratic potential
■ Complex potential energy distributions
■ Taylor expansions

➤ Examples
■ Pendulum
■ Molecules

Outline



Force and Newton’s second law

Force  =     Mass * Acceleration

(Newton’s Second Law)
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Force and Newton’s second law

Force  =     Mass * Acceleration

(Newton’s Second Law)
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Hooke’s Law

Force  = 

(Newton’s Second Law)

Spring     * 
constant

Displacement of spring 
from relaxed position
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+x direction
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True for almost
all springs
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Combining Newton’s and Hooke’s Laws

The spring “equation of motion”

This is a …
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Combining Newton’s and Hooke’s Laws

The spring “equation of motion”

“Linear Homogenous Second Order Ordinary Differential Equation”
This is a …

linear highest power of X is 1
homogenous linear in theway derivations variables are combined
secondorder highest derivative power is 2 EE
ordinary only I independent variable x exits
diff eq independent variable is stuck in derivative

how do we solve for it



Solving the equation

The spring “equation of motion”

we need an ansatz
or guess

what are functions
thatwhenyoudifferentiate If AwsinCutts
twice you getback 2 Aw'coslutts
up to some

constants

as Awcoats It'cosatts
trig functions

Aw ImGuess X t cosCutts
w a fam

Xlt cosEnt ts
or to

e

angularfrequency



Solution using complex numbers

The spring “equation of motion” (Euler’s formula)

901 Z feint aHeiant

EE Enz Refz Bcos Ent
I plug in

W'Hint Imagist
Im 2 sin Ent

Another ansatz
convert the egm to

complex numbers z yay

Wfm
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IF inge int
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Initial conditions

Xlt AsosEnt t 8
t

what are these constants

the solution of an n th order

linear diff eq will
have

a unknown variables
These are found through

initial conditions

I position to at a time toultra Vo fmasinlfntats
µp xo host

qgigf.jp2equs 2 unknowns
can solve for AG and velocity



Initial conditions

x O Xo O
Xlt AsosEnt 8
x'Lt Enasin FittsMV o

x o Yo cosS
x'lol o Emasn g Is
Solved eqn of motion

Xlt XocosFmf
Example solution
Let the spring start at Xoso
with velocity Vo

O at 4 0



Break timeeeee



Why everything is a spring (approximately)

Break timeeeee



Potential energy

Force 

Potential Energy

(Hooke’s Law potential energy) (Hooke’s Law)

Any energy that isn’t attributed  to motion (kinetic energy)

“Energy possessed by an object due to its environment, 
position, composition, etc.”

Spring is most
0 061

simplenontrivial
e

potential

moregeneralequi of
motion

If hey Vix ian be
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Complex potential energies

Molecular interactions orbits

Quantum harmonicoscillators
Pendulums



Complex potential energies
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Why everything is a spring

Taylor expand at the potential minima!!!

Hard to solve II Indy
for all X butminima look quadratic
tovery close approximation

dd

harmonic oscillators
we can treat these as simple

t
energy



Why everything is a spring

Taylor expand at the potential minima!!!

Uh t x Xo Taylor series

But since Xo minima U xo so

I vex ble to ex edUxo tE lx xd
whats the approximated

ego of motion then

do Uxo F 47 41 g toflx x.si
O xo xoxo



Why everything is a spring

Taylor expand at the potential minima!!!

X Xo is the displacement from
equilibrium redefine x Xox

F o o X
sowhat is the ego of

motion

EE xOko tÉ exxd
simple harmonic motion

Sam

Id as Hooke's Law
effectivespringconstantI

o Oka K o o

Approximation isonlygoodwhen yx.lksmalldisplacementst swallowdists



Pendulum

augheapproximation

F gs.no Igl
o

solution
04 AccsFett g

Suppose pendulum
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Pendulum
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Interatomic interactions

Lennard Jones potential
U r E Fo

l when is the minimal

b r o 1 67 0

ruin Ej
2 what is the effective spring

constant
here

K o Irmin II 9 1 1 110
94 1



Interatomic interactions

M M 3 what is the angular torquing

wtf 3M
T Ey ÉFÉp3

harmonic potential
closely resembles
actual potential



➤ Harmonic oscillators show up in many places in physics
➤ Very accurate approximations of wide variety of systems 
➤ Sill many systems where the approximation falls apart

Thank you!


