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4=4+0

There are several ways to decompose an integer into sums of smaller integers
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Remark. Note that out n! fixed points of T acting on Xn only for single point q we
get a polynomial out of Vq. Other coe�cient functions Vp remain infinite series which we
shall further ignore. One can verify by examining (2.25) that in the n ! 1 limit these
coe�cient functions will be suppressed. A choice of fixed point q following the large-n limits
corresponds to zooming into a certain asymptotic region in which |aS(1)| � |aS(2)| � · · · �
|aS(n)|, where S 2 Sn is a permutation corresponding to the choice of fixed point q.
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Figure 2. Asymptotic regions of the space of GL(n) equivariant parame-
ters. In the n ! 1 limit, provided that (2.25) holds, we approach the given
fixed point.

Remark. The above theorem has an interesting interpretation from the point of view
of enumerative geometry viewpoint and Gromov-Witten theory in particular. Formulae
like (2.10), which are closed cousins of Givental J-functions, serve as generating functions
of the equivariant gravitational descendants of Xn. Due to (2.25) the q-hypergeometric-
type series truncate to polynomials thereby implying that these equivariant gravitational
descendants vanish identically starting from some order in ⇣i’s. The parameters of the
problem get adjusted in such a way that the equivariant volume of the moduli spaces of
quasimaps of degrees (d1, . . . , dn�1) which exceed (�1, . . . ,�n�1) become zero.3.

Example. Let us look at the simplest example X2 = T
⇤P1. The corresponding vertex

function is given by the q-hypergeometric function

(2.26) V
(1)
p =

X

d>0

✓
⇣1

⇣2

◆d 2Y

i=1

⇣
q
~
ap
ai
; q
⌘

d⇣
ap
ai
; q
⌘

d

=2�1

✓
~, ~ap

ap̄
, q

ap

ap̄
; q;

q

~
⇣1

⇣2

◆
.

3I thank A. Okounkov and S. Katz for interesting discussions on these matters.
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Figure 2. Asymptotic regions of the space of GL(n) equivariant parame-
ters. In the n ! 1 limit, provided that (2.25) holds, we approach the given
fixed point.

Remark. The above theorem has an interesting interpretation from the point of view
of enumerative geometry viewpoint and Gromov-Witten theory in particular. Formulae
like (2.10), which are closed cousins of Givental J-functions, serve as generating functions
of the equivariant gravitational descendants of Xn. Due to (2.25) the q-hypergeometric-
type series truncate to polynomials thereby implying that these equivariant gravitational
descendants vanish identically starting from some order in ⇣i’s. The parameters of the
problem get adjusted in such a way that the equivariant volume of the moduli spaces of
quasimaps of degrees (d1, . . . , dn�1) which exceed (�1, . . . ,�n�1) become zero.3.

Example. Let us look at the simplest example X2 = T
⇤P1. The corresponding vertex

function is given by the q-hypergeometric function
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3I thank A. Okounkov and S. Katz for interesting discussions on these matters.
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Remark. Note that out n! fixed points of T acting on Xn only for single point q we
get a polynomial out of Vq. Other coe�cient functions Vp remain infinite series which we
shall further ignore. One can verify by examining (2.25) that in the n ! 1 limit these
coe�cient functions will be suppressed. A choice of fixed point q following the large-n limits
corresponds to zooming into a certain asymptotic region in which |aS(1)| � |aS(2)| � · · · �
|aS(n)|, where S 2 Sn is a permutation corresponding to the choice of fixed point q.
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Figure 2. Asymptotic regions of the space of GL(n) equivariant parame-
ters. In the n ! 1 limit, provided that (2.25) holds, we approach the given
fixed point.

Remark. The above theorem has an interesting interpretation from the point of view
of enumerative geometry viewpoint and Gromov-Witten theory in particular. Formulae
like (2.10), which are closed cousins of Givental J-functions, serve as generating functions
of the equivariant gravitational descendants of Xn. Due to (2.25) the q-hypergeometric-
type series truncate to polynomials thereby implying that these equivariant gravitational
descendants vanish identically starting from some order in ⇣i’s. The parameters of the
problem get adjusted in such a way that the equivariant volume of the moduli spaces of
quasimaps of degrees (d1, . . . , dn�1) which exceed (�1, . . . ,�n�1) become zero.3.

Example. Let us look at the simplest example X2 = T
⇤P1. The corresponding vertex

function is given by the q-hypergeometric function
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3I thank A. Okounkov and S. Katz for interesting discussions on these matters.

12 PETER KOROTEEV

Remark. Note that out n! fixed points of T acting on Xn only for single point q we
get a polynomial out of Vq. Other coe�cient functions Vp remain infinite series which we
shall further ignore. One can verify by examining (2.25) that in the n ! 1 limit these
coe�cient functions will be suppressed. A choice of fixed point q following the large-n limits
corresponds to zooming into a certain asymptotic region in which |aS(1)| � |aS(2)| � · · · �
|aS(n)|, where S 2 Sn is a permutation corresponding to the choice of fixed point q.
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Figure 2. Asymptotic regions of the space of GL(n) equivariant parame-
ters. In the n ! 1 limit, provided that (2.25) holds, we approach the given
fixed point.

Remark. The above theorem has an interesting interpretation from the point of view
of enumerative geometry viewpoint and Gromov-Witten theory in particular. Formulae
like (2.10), which are closed cousins of Givental J-functions, serve as generating functions
of the equivariant gravitational descendants of Xn. Due to (2.25) the q-hypergeometric-
type series truncate to polynomials thereby implying that these equivariant gravitational
descendants vanish identically starting from some order in ⇣i’s. The parameters of the
problem get adjusted in such a way that the equivariant volume of the moduli spaces of
quasimaps of degrees (d1, . . . , dn�1) which exceed (�1, . . . ,�n�1) become zero.3.

Example. Let us look at the simplest example X2 = T
⇤P1. The corresponding vertex

function is given by the q-hypergeometric function
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3I thank A. Okounkov and S. Katz for interesting discussions on these matters.

12 PETER KOROTEEV

Remark. Note that out n! fixed points of T acting on Xn only for single point q we
get a polynomial out of Vq. Other coe�cient functions Vp remain infinite series which we
shall further ignore. One can verify by examining (2.25) that in the n ! 1 limit these
coe�cient functions will be suppressed. A choice of fixed point q following the large-n limits
corresponds to zooming into a certain asymptotic region in which |aS(1)| � |aS(2)| � · · · �
|aS(n)|, where S 2 Sn is a permutation corresponding to the choice of fixed point q.
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Figure 2. Asymptotic regions of the space of GL(n) equivariant parame-
ters. In the n ! 1 limit, provided that (2.25) holds, we approach the given
fixed point.

Remark. The above theorem has an interesting interpretation from the point of view
of enumerative geometry viewpoint and Gromov-Witten theory in particular. Formulae
like (2.10), which are closed cousins of Givental J-functions, serve as generating functions
of the equivariant gravitational descendants of Xn. Due to (2.25) the q-hypergeometric-
type series truncate to polynomials thereby implying that these equivariant gravitational
descendants vanish identically starting from some order in ⇣i’s. The parameters of the
problem get adjusted in such a way that the equivariant volume of the moduli spaces of
quasimaps of degrees (d1, . . . , dn�1) which exceed (�1, . . . ,�n�1) become zero.3.

Example. Let us look at the simplest example X2 = T
⇤P1. The corresponding vertex
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3I thank A. Okounkov and S. Katz for interesting discussions on these matters.

Young diagrams



Partitions
Problem: Find all partitions of numbers 1,2,3,4,5,6,7,8,9 together with their Young diagrams
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Remark. Note that out n! fixed points of T acting on Xn only for single point q we
get a polynomial out of Vq. Other coe�cient functions Vp remain infinite series which we
shall further ignore. One can verify by examining (2.25) that in the n ! 1 limit these
coe�cient functions will be suppressed. A choice of fixed point q following the large-n limits
corresponds to zooming into a certain asymptotic region in which |aS(1)| � |aS(2)| � · · · �
|aS(n)|, where S 2 Sn is a permutation corresponding to the choice of fixed point q.

q
<latexit sha1_base64="gqhkYh7MBm9GaiVNDBxVo5M1bBY=">AAAB8HicbVBNS8NAEN3Ur1q/qh69LBbBU0lEUG9FLx4rWFtsQ9lsJ+3SzSbuTsQS+i+8eFDx6s/x5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFpeWV1rbhe2tjc2t4p7+7dmTjVHBo8lrFuBcyAFAoaKFBCK9HAokBCMxheTfzmI2gjYnWLowT8iPWVCAVnaKX7DsITBmH2MO6WK27VnYIuEi8nFZKj3i1/dXoxTyNQyCUzpu25CfoZ0yi4hHGpkxpIGB+yPrQtVSwC42fTi8f0yCo9GsbalkI6VX9PZCwyZhQFtjNiODDz3kT8z2unGJ77mVBJiqD4bFGYSooxnbxPe0IDRzmyhHEt7K2UD5hmHG1IJRuCN//yImmcVC+q3s1ppXaZp1EkB+SQHBOPnJEauSZ10iCcKPJMXsmbY5wX5935mLUWnHxmn/yB8/kDhq2RBA==</latexit><latexit sha1_base64="gqhkYh7MBm9GaiVNDBxVo5M1bBY=">AAAB8HicbVBNS8NAEN3Ur1q/qh69LBbBU0lEUG9FLx4rWFtsQ9lsJ+3SzSbuTsQS+i+8eFDx6s/x5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFpeWV1rbhe2tjc2t4p7+7dmTjVHBo8lrFuBcyAFAoaKFBCK9HAokBCMxheTfzmI2gjYnWLowT8iPWVCAVnaKX7DsITBmH2MO6WK27VnYIuEi8nFZKj3i1/dXoxTyNQyCUzpu25CfoZ0yi4hHGpkxpIGB+yPrQtVSwC42fTi8f0yCo9GsbalkI6VX9PZCwyZhQFtjNiODDz3kT8z2unGJ77mVBJiqD4bFGYSooxnbxPe0IDRzmyhHEt7K2UD5hmHG1IJRuCN//yImmcVC+q3s1ppXaZp1EkB+SQHBOPnJEauSZ10iCcKPJMXsmbY5wX5935mLUWnHxmn/yB8/kDhq2RBA==</latexit><latexit sha1_base64="gqhkYh7MBm9GaiVNDBxVo5M1bBY=">AAAB8HicbVBNS8NAEN3Ur1q/qh69LBbBU0lEUG9FLx4rWFtsQ9lsJ+3SzSbuTsQS+i+8eFDx6s/x5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFpeWV1rbhe2tjc2t4p7+7dmTjVHBo8lrFuBcyAFAoaKFBCK9HAokBCMxheTfzmI2gjYnWLowT8iPWVCAVnaKX7DsITBmH2MO6WK27VnYIuEi8nFZKj3i1/dXoxTyNQyCUzpu25CfoZ0yi4hHGpkxpIGB+yPrQtVSwC42fTi8f0yCo9GsbalkI6VX9PZCwyZhQFtjNiODDz3kT8z2unGJ77mVBJiqD4bFGYSooxnbxPe0IDRzmyhHEt7K2UD5hmHG1IJRuCN//yImmcVC+q3s1ppXaZp1EkB+SQHBOPnJEauSZ10iCcKPJMXsmbY5wX5935mLUWnHxmn/yB8/kDhq2RBA==</latexit><latexit sha1_base64="gqhkYh7MBm9GaiVNDBxVo5M1bBY=">AAAB8HicbVBNS8NAEN3Ur1q/qh69LBbBU0lEUG9FLx4rWFtsQ9lsJ+3SzSbuTsQS+i+8eFDx6s/x5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFpeWV1rbhe2tjc2t4p7+7dmTjVHBo8lrFuBcyAFAoaKFBCK9HAokBCMxheTfzmI2gjYnWLowT8iPWVCAVnaKX7DsITBmH2MO6WK27VnYIuEi8nFZKj3i1/dXoxTyNQyCUzpu25CfoZ0yi4hHGpkxpIGB+yPrQtVSwC42fTi8f0yCo9GsbalkI6VX9PZCwyZhQFtjNiODDz3kT8z2unGJ77mVBJiqD4bFGYSooxnbxPe0IDRzmyhHEt7K2UD5hmHG1IJRuCN//yImmcVC+q3s1ppXaZp1EkB+SQHBOPnJEauSZ10iCcKPJMXsmbY5wX5935mLUWnHxmn/yB8/kDhq2RBA==</latexit>

q
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Figure 2. Asymptotic regions of the space of GL(n) equivariant parame-
ters. In the n ! 1 limit, provided that (2.25) holds, we approach the given
fixed point.

Remark. The above theorem has an interesting interpretation from the point of view
of enumerative geometry viewpoint and Gromov-Witten theory in particular. Formulae
like (2.10), which are closed cousins of Givental J-functions, serve as generating functions
of the equivariant gravitational descendants of Xn. Due to (2.25) the q-hypergeometric-
type series truncate to polynomials thereby implying that these equivariant gravitational
descendants vanish identically starting from some order in ⇣i’s. The parameters of the
problem get adjusted in such a way that the equivariant volume of the moduli spaces of
quasimaps of degrees (d1, . . . , dn�1) which exceed (�1, . . . ,�n�1) become zero.3.

3I thank A. Okounkov and S. Katz for interesting discussions on these matters.
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Example. Let us look at the simplest example X2 = T
⇤P1. The corresponding vertex

function is given by the q-hypergeometric function
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Here a1̄ = a2 and a2̄ = a1. One can easily see that Weyl reflection of sl2 interchanges V (1)
1

and V
(1)
2 . Then we have

(2.27) Vp =
✓(⇣1, q)

✓(a1⇣1, q)

✓(~⇣2, q)
✓(a2⇣2, q)

· V (1)
p .

The condition (2.23) reads a1 = aq
�1~�1

, a2 = aq
�2 . Then we have the following Macdon-

ald polynomials for some simple tableaux.

V = ⇣1 + ⇣2,

V = ⇣
2
1 + ⇣

2
2 +

(q + 1)(~� 1)

q~� 1
⇣1⇣2,

V = ⇣
3
1 + ⇣

3
2 +

�
q
2 + q + 1

�
(~� 1)

q2~� 1
⇣2⇣

2
1 +

�
q
2 + q + 1

�
(~� 1)

q2~� 1
⇣
2
2⇣1 .(2.28)

Here the Young tableaux at the subscripts have their heights equal to �2. Without loss
of generality we can assume �n = 0 for all formulae. In other words, for T

⇤P1 the corre-
sponding Macdonald polynomials depend only on one integer parameter (so-called Roger
polynomials4). Otherwise the resulting polynomial will simply be a product of the corre-
sponding Macdonald polynomial and a simple factor depending on �n. For instance

(2.29) V = ⇣2⇣1 + ⇣
2
2 = ⇣2V .

4To actually get Roger polynomials of one variable x one needs to put ⇣1 = ⇠ and ⇣1 = ⇠�1 and multiply
the resulting expression by ⇠�2
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(2.27) Vp =
✓(⇣1, q)

✓(a1⇣1, q)

✓(~⇣2, q)
✓(a2⇣2, q)

· V (1)
p .

The condition (2.23) reads a1 = aq
�1~�1

, a2 = aq
�2 . Then we have the following Macdon-

ald polynomials for some simple tableaux.

V = ⇣1 + ⇣2,

V = ⇣
2
1 + ⇣

2
2 +

(q + 1)(~� 1)

q~� 1
⇣1⇣2,

V = ⇣
3
1 + ⇣

3
2 +

�
q
2 + q + 1

�
(~� 1)

q2~� 1
⇣2⇣

2
1 +

�
q
2 + q + 1

�
(~� 1)

q2~� 1
⇣
2
2⇣1 .(2.28)

Here the Young tableaux at the subscripts have their heights equal to �2. Without loss
of generality we can assume �n = 0 for all formulae. In other words, for T

⇤P1 the corre-
sponding Macdonald polynomials depend only on one integer parameter (so-called Roger
polynomials4). Otherwise the resulting polynomial will simply be a product of the corre-
sponding Macdonald polynomial and a simple factor depending on �n. For instance

(2.29) V = ⇣2⇣1 + ⇣
2
2 = ⇣2V .

4To actually get Roger polynomials of one variable x one needs to put ⇣1 = ⇠ and ⇣1 = ⇠�1 and multiply
the resulting expression by ⇠�2





{7}, {6, 1}, {5, 2}, {5, 1, 1}, {4, 3}, {4, 2, 1}, {4, 1, 1, 1}, {3, 3, 1}, {3, 2, 2}, {3, 2, 1, 1}, 

{3, 1, 1, 1, 1}, {2, 2, 2, 1}, {2, 2, 1, 1, 1}, {2, 1, 1, 1, 1, 1}, {1, 1, 1, 1, 1, 1, 1}

n=7 p(7)=15

Partitions

{8}, {7, 1}, {6, 2}, {6, 1, 1}, {5, 3}, {5, 2, 1}, {5, 1, 1, 1}, {4, 4}, {4, 3, 1}, {4, 2, 2}, {4, 2, 1, 1}, 
{4, 1, 1, 1, 1}, {3, 3, 2}, {3, 3, 1, 1}, {3, 2, 2, 1}, {3, 2, 1, 1, 1}, {3, 1, 1, 1, 1, 1}, {2, 2, 2, 2}, 
{2, 2, 2, 1, 1}, {2, 2, 1, 1, 1, 1}, {2, 1, 1, 1, 1, 1, 1}, {1, 1, 1, 1, 1, 1, 1, 1}

n=8 p(8)=22

{9}, {8, 1}, {7, 2}, {7, 1, 1}, {6, 3}, {6, 2, 1}, {6, 1, 1, 1}, {5, 4}, {5, 3, 1}, {5, 2, 2}, {5, 2, 1, 1}, 
{5, 1, 1, 1, 1}, {4, 4, 1}, {4, 3, 2}, {4, 3, 1, 1}, {4, 2, 2, 1}, {4, 2, 1, 1, 1}, {4, 1, 1, 1, 1, 1}, 

{3, 3, 3}, {3, 3, 2, 1}, {3, 3, 1, 1, 1}, {3, 2, 2, 2}, {3, 2, 2, 1, 1}, {3, 2, 1, 1, 1, 1}, 

{3, 1, 1, 1, 1, 1, 1}, {2, 2, 2, 2, 1}, {2, 2, 2, 1, 1, 1}, {2, 2, 1, 1, 1, 1, 1}, {2, 1, 1, 1, 1, 1, 1, 1}, 
{1, 1, 1, 1, 1, 1, 1, 1, 1}

n=9 p(9)=30
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Remark. Note that out n! fixed points of T acting on Xn only for single point q we
get a polynomial out of Vq. Other coe�cient functions Vp remain infinite series which we
shall further ignore. One can verify by examining (2.25) that in the n ! 1 limit these
coe�cient functions will be suppressed. A choice of fixed point q following the large-n limits
corresponds to zooming into a certain asymptotic region in which |aS(1)| � |aS(2)| � · · · �
|aS(n)|, where S 2 Sn is a permutation corresponding to the choice of fixed point q.

q
<latexit sha1_base64="gqhkYh7MBm9GaiVNDBxVo5M1bBY=">AAAB8HicbVBNS8NAEN3Ur1q/qh69LBbBU0lEUG9FLx4rWFtsQ9lsJ+3SzSbuTsQS+i+8eFDx6s/x5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFpeWV1rbhe2tjc2t4p7+7dmTjVHBo8lrFuBcyAFAoaKFBCK9HAokBCMxheTfzmI2gjYnWLowT8iPWVCAVnaKX7DsITBmH2MO6WK27VnYIuEi8nFZKj3i1/dXoxTyNQyCUzpu25CfoZ0yi4hHGpkxpIGB+yPrQtVSwC42fTi8f0yCo9GsbalkI6VX9PZCwyZhQFtjNiODDz3kT8z2unGJ77mVBJiqD4bFGYSooxnbxPe0IDRzmyhHEt7K2UD5hmHG1IJRuCN//yImmcVC+q3s1ppXaZp1EkB+SQHBOPnJEauSZ10iCcKPJMXsmbY5wX5935mLUWnHxmn/yB8/kDhq2RBA==</latexit><latexit sha1_base64="gqhkYh7MBm9GaiVNDBxVo5M1bBY=">AAAB8HicbVBNS8NAEN3Ur1q/qh69LBbBU0lEUG9FLx4rWFtsQ9lsJ+3SzSbuTsQS+i+8eFDx6s/x5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFpeWV1rbhe2tjc2t4p7+7dmTjVHBo8lrFuBcyAFAoaKFBCK9HAokBCMxheTfzmI2gjYnWLowT8iPWVCAVnaKX7DsITBmH2MO6WK27VnYIuEi8nFZKj3i1/dXoxTyNQyCUzpu25CfoZ0yi4hHGpkxpIGB+yPrQtVSwC42fTi8f0yCo9GsbalkI6VX9PZCwyZhQFtjNiODDz3kT8z2unGJ77mVBJiqD4bFGYSooxnbxPe0IDRzmyhHEt7K2UD5hmHG1IJRuCN//yImmcVC+q3s1ppXaZp1EkB+SQHBOPnJEauSZ10iCcKPJMXsmbY5wX5935mLUWnHxmn/yB8/kDhq2RBA==</latexit><latexit sha1_base64="gqhkYh7MBm9GaiVNDBxVo5M1bBY=">AAAB8HicbVBNS8NAEN3Ur1q/qh69LBbBU0lEUG9FLx4rWFtsQ9lsJ+3SzSbuTsQS+i+8eFDx6s/x5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFpeWV1rbhe2tjc2t4p7+7dmTjVHBo8lrFuBcyAFAoaKFBCK9HAokBCMxheTfzmI2gjYnWLowT8iPWVCAVnaKX7DsITBmH2MO6WK27VnYIuEi8nFZKj3i1/dXoxTyNQyCUzpu25CfoZ0yi4hHGpkxpIGB+yPrQtVSwC42fTi8f0yCo9GsbalkI6VX9PZCwyZhQFtjNiODDz3kT8z2unGJ77mVBJiqD4bFGYSooxnbxPe0IDRzmyhHEt7K2UD5hmHG1IJRuCN//yImmcVC+q3s1ppXaZp1EkB+SQHBOPnJEauSZ10iCcKPJMXsmbY5wX5935mLUWnHxmn/yB8/kDhq2RBA==</latexit><latexit sha1_base64="gqhkYh7MBm9GaiVNDBxVo5M1bBY=">AAAB8HicbVBNS8NAEN3Ur1q/qh69LBbBU0lEUG9FLx4rWFtsQ9lsJ+3SzSbuTsQS+i+8eFDx6s/x5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFpeWV1rbhe2tjc2t4p7+7dmTjVHBo8lrFuBcyAFAoaKFBCK9HAokBCMxheTfzmI2gjYnWLowT8iPWVCAVnaKX7DsITBmH2MO6WK27VnYIuEi8nFZKj3i1/dXoxTyNQyCUzpu25CfoZ0yi4hHGpkxpIGB+yPrQtVSwC42fTi8f0yCo9GsbalkI6VX9PZCwyZhQFtjNiODDz3kT8z2unGJ77mVBJiqD4bFGYSooxnbxPe0IDRzmyhHEt7K2UD5hmHG1IJRuCN//yImmcVC+q3s1ppXaZp1EkB+SQHBOPnJEauSZ10iCcKPJMXsmbY5wX5935mLUWnHxmn/yB8/kDhq2RBA==</latexit>

q
<latexit sha1_base64="gqhkYh7MBm9GaiVNDBxVo5M1bBY=">AAAB8HicbVBNS8NAEN3Ur1q/qh69LBbBU0lEUG9FLx4rWFtsQ9lsJ+3SzSbuTsQS+i+8eFDx6s/x5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFpeWV1rbhe2tjc2t4p7+7dmTjVHBo8lrFuBcyAFAoaKFBCK9HAokBCMxheTfzmI2gjYnWLowT8iPWVCAVnaKX7DsITBmH2MO6WK27VnYIuEi8nFZKj3i1/dXoxTyNQyCUzpu25CfoZ0yi4hHGpkxpIGB+yPrQtVSwC42fTi8f0yCo9GsbalkI6VX9PZCwyZhQFtjNiODDz3kT8z2unGJ77mVBJiqD4bFGYSooxnbxPe0IDRzmyhHEt7K2UD5hmHG1IJRuCN//yImmcVC+q3s1ppXaZp1EkB+SQHBOPnJEauSZ10iCcKPJMXsmbY5wX5935mLUWnHxmn/yB8/kDhq2RBA==</latexit><latexit sha1_base64="gqhkYh7MBm9GaiVNDBxVo5M1bBY=">AAAB8HicbVBNS8NAEN3Ur1q/qh69LBbBU0lEUG9FLx4rWFtsQ9lsJ+3SzSbuTsQS+i+8eFDx6s/x5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFpeWV1rbhe2tjc2t4p7+7dmTjVHBo8lrFuBcyAFAoaKFBCK9HAokBCMxheTfzmI2gjYnWLowT8iPWVCAVnaKX7DsITBmH2MO6WK27VnYIuEi8nFZKj3i1/dXoxTyNQyCUzpu25CfoZ0yi4hHGpkxpIGB+yPrQtVSwC42fTi8f0yCo9GsbalkI6VX9PZCwyZhQFtjNiODDz3kT8z2unGJ77mVBJiqD4bFGYSooxnbxPe0IDRzmyhHEt7K2UD5hmHG1IJRuCN//yImmcVC+q3s1ppXaZp1EkB+SQHBOPnJEauSZ10iCcKPJMXsmbY5wX5935mLUWnHxmn/yB8/kDhq2RBA==</latexit><latexit sha1_base64="gqhkYh7MBm9GaiVNDBxVo5M1bBY=">AAAB8HicbVBNS8NAEN3Ur1q/qh69LBbBU0lEUG9FLx4rWFtsQ9lsJ+3SzSbuTsQS+i+8eFDx6s/x5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFpeWV1rbhe2tjc2t4p7+7dmTjVHBo8lrFuBcyAFAoaKFBCK9HAokBCMxheTfzmI2gjYnWLowT8iPWVCAVnaKX7DsITBmH2MO6WK27VnYIuEi8nFZKj3i1/dXoxTyNQyCUzpu25CfoZ0yi4hHGpkxpIGB+yPrQtVSwC42fTi8f0yCo9GsbalkI6VX9PZCwyZhQFtjNiODDz3kT8z2unGJ77mVBJiqD4bFGYSooxnbxPe0IDRzmyhHEt7K2UD5hmHG1IJRuCN//yImmcVC+q3s1ppXaZp1EkB+SQHBOPnJEauSZ10iCcKPJMXsmbY5wX5935mLUWnHxmn/yB8/kDhq2RBA==</latexit><latexit sha1_base64="gqhkYh7MBm9GaiVNDBxVo5M1bBY=">AAAB8HicbVBNS8NAEN3Ur1q/qh69LBbBU0lEUG9FLx4rWFtsQ9lsJ+3SzSbuTsQS+i+8eFDx6s/x5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFpeWV1rbhe2tjc2t4p7+7dmTjVHBo8lrFuBcyAFAoaKFBCK9HAokBCMxheTfzmI2gjYnWLowT8iPWVCAVnaKX7DsITBmH2MO6WK27VnYIuEi8nFZKj3i1/dXoxTyNQyCUzpu25CfoZ0yi4hHGpkxpIGB+yPrQtVSwC42fTi8f0yCo9GsbalkI6VX9PZCwyZhQFtjNiODDz3kT8z2unGJ77mVBJiqD4bFGYSooxnbxPe0IDRzmyhHEt7K2UD5hmHG1IJRuCN//yImmcVC+q3s1ppXaZp1EkB+SQHBOPnJEauSZ10iCcKPJMXsmbY5wX5935mLUWnHxmn/yB8/kDhq2RBA==</latexit>

q’
<latexit sha1_base64="ZPVKn7sWcU0A41XCeU9vhhNw8LQ=">AAAB8XicbVBNS8NAEN3Ur1q/qh69LBbRU0lEUG9FLx4rGFtIQ9lsN+3SzW7cnYgl9Gd48aDi1X/jzX/jts1BWx8MPN6bYWZelApuwHW/ndLS8srqWnm9srG5tb1T3d27NyrTlPlUCaXbETFMcMl84CBYO9WMJJFgrWh4PfFbj0wbruQdjFIWJqQvecwpASsFHWBPEMX5w/G4W625dXcKvEi8gtRQgWa3+tXpKZolTAIVxJjAc1MIc6KBU8HGlU5mWErokPRZYKkkCTNhPj15jI+s0sOx0rYk4Kn6eyIniTGjJLKdCYGBmfcm4n9ekEF8EeZcphkwSWeL4kxgUHjyP+5xzSiIkSWEam5vxXRANKFgU6rYELz5lxeJf1q/rHu3Z7XGVZFGGR2gQ3SCPHSOGugGNZGPKFLoGb2iNwecF+fd+Zi1lpxiZh/9gfP5A+qTkTU=</latexit><latexit sha1_base64="ZPVKn7sWcU0A41XCeU9vhhNw8LQ=">AAAB8XicbVBNS8NAEN3Ur1q/qh69LBbRU0lEUG9FLx4rGFtIQ9lsN+3SzW7cnYgl9Gd48aDi1X/jzX/jts1BWx8MPN6bYWZelApuwHW/ndLS8srqWnm9srG5tb1T3d27NyrTlPlUCaXbETFMcMl84CBYO9WMJJFgrWh4PfFbj0wbruQdjFIWJqQvecwpASsFHWBPEMX5w/G4W625dXcKvEi8gtRQgWa3+tXpKZolTAIVxJjAc1MIc6KBU8HGlU5mWErokPRZYKkkCTNhPj15jI+s0sOx0rYk4Kn6eyIniTGjJLKdCYGBmfcm4n9ekEF8EeZcphkwSWeL4kxgUHjyP+5xzSiIkSWEam5vxXRANKFgU6rYELz5lxeJf1q/rHu3Z7XGVZFGGR2gQ3SCPHSOGugGNZGPKFLoGb2iNwecF+fd+Zi1lpxiZh/9gfP5A+qTkTU=</latexit><latexit sha1_base64="ZPVKn7sWcU0A41XCeU9vhhNw8LQ=">AAAB8XicbVBNS8NAEN3Ur1q/qh69LBbRU0lEUG9FLx4rGFtIQ9lsN+3SzW7cnYgl9Gd48aDi1X/jzX/jts1BWx8MPN6bYWZelApuwHW/ndLS8srqWnm9srG5tb1T3d27NyrTlPlUCaXbETFMcMl84CBYO9WMJJFgrWh4PfFbj0wbruQdjFIWJqQvecwpASsFHWBPEMX5w/G4W625dXcKvEi8gtRQgWa3+tXpKZolTAIVxJjAc1MIc6KBU8HGlU5mWErokPRZYKkkCTNhPj15jI+s0sOx0rYk4Kn6eyIniTGjJLKdCYGBmfcm4n9ekEF8EeZcphkwSWeL4kxgUHjyP+5xzSiIkSWEam5vxXRANKFgU6rYELz5lxeJf1q/rHu3Z7XGVZFGGR2gQ3SCPHSOGugGNZGPKFLoGb2iNwecF+fd+Zi1lpxiZh/9gfP5A+qTkTU=</latexit><latexit sha1_base64="ZPVKn7sWcU0A41XCeU9vhhNw8LQ=">AAAB8XicbVBNS8NAEN3Ur1q/qh69LBbRU0lEUG9FLx4rGFtIQ9lsN+3SzW7cnYgl9Gd48aDi1X/jzX/jts1BWx8MPN6bYWZelApuwHW/ndLS8srqWnm9srG5tb1T3d27NyrTlPlUCaXbETFMcMl84CBYO9WMJJFgrWh4PfFbj0wbruQdjFIWJqQvecwpASsFHWBPEMX5w/G4W625dXcKvEi8gtRQgWa3+tXpKZolTAIVxJjAc1MIc6KBU8HGlU5mWErokPRZYKkkCTNhPj15jI+s0sOx0rYk4Kn6eyIniTGjJLKdCYGBmfcm4n9ekEF8EeZcphkwSWeL4kxgUHjyP+5xzSiIkSWEam5vxXRANKFgU6rYELz5lxeJf1q/rHu3Z7XGVZFGGR2gQ3SCPHSOGugGNZGPKFLoGb2iNwecF+fd+Zi1lpxiZh/9gfP5A+qTkTU=</latexit>

q”
<latexit sha1_base64="POUg/p+BTGMpRpQXC9R/u1zjsc8=">AAAB8nicbVBNS8NAEJ34WetX1aOXYJF6KokI6q3oxWMFYwtNKJvtpl262cTdiVhC/4YXDype/TXe/Ddu2xy09cHA470ZZuaFqeAaHefbWlpeWV1bL22UN7e2d3Yre/v3OskUZR5NRKLaIdFMcMk85ChYO1WMxKFgrXB4PfFbj0xpnsg7HKUsiElf8ohTgkbyfWRPGEb5Q6027laqTt2Zwl4kbkGqUKDZrXz5vYRmMZNIBdG64zopBjlRyKlg47KfaZYSOiR91jFUkpjpIJ/ePLaPjdKzo0SZkmhP1d8TOYm1HsWh6YwJDvS8NxH/8zoZRhdBzmWaIZN0tijKhI2JPQnA7nHFKIqRIYQqbm616YAoQtHEVDYhuPMvLxLvtH5Zd2/Pqo2rIo0SHMIRnIAL59CAG2iCBxRSeIZXeLMy68V6tz5mrUtWMXMAf2B9/gBOsZFm</latexit><latexit sha1_base64="POUg/p+BTGMpRpQXC9R/u1zjsc8=">AAAB8nicbVBNS8NAEJ34WetX1aOXYJF6KokI6q3oxWMFYwtNKJvtpl262cTdiVhC/4YXDype/TXe/Ddu2xy09cHA470ZZuaFqeAaHefbWlpeWV1bL22UN7e2d3Yre/v3OskUZR5NRKLaIdFMcMk85ChYO1WMxKFgrXB4PfFbj0xpnsg7HKUsiElf8ohTgkbyfWRPGEb5Q6027laqTt2Zwl4kbkGqUKDZrXz5vYRmMZNIBdG64zopBjlRyKlg47KfaZYSOiR91jFUkpjpIJ/ePLaPjdKzo0SZkmhP1d8TOYm1HsWh6YwJDvS8NxH/8zoZRhdBzmWaIZN0tijKhI2JPQnA7nHFKIqRIYQqbm616YAoQtHEVDYhuPMvLxLvtH5Zd2/Pqo2rIo0SHMIRnIAL59CAG2iCBxRSeIZXeLMy68V6tz5mrUtWMXMAf2B9/gBOsZFm</latexit><latexit sha1_base64="POUg/p+BTGMpRpQXC9R/u1zjsc8=">AAAB8nicbVBNS8NAEJ34WetX1aOXYJF6KokI6q3oxWMFYwtNKJvtpl262cTdiVhC/4YXDype/TXe/Ddu2xy09cHA470ZZuaFqeAaHefbWlpeWV1bL22UN7e2d3Yre/v3OskUZR5NRKLaIdFMcMk85ChYO1WMxKFgrXB4PfFbj0xpnsg7HKUsiElf8ohTgkbyfWRPGEb5Q6027laqTt2Zwl4kbkGqUKDZrXz5vYRmMZNIBdG64zopBjlRyKlg47KfaZYSOiR91jFUkpjpIJ/ePLaPjdKzo0SZkmhP1d8TOYm1HsWh6YwJDvS8NxH/8zoZRhdBzmWaIZN0tijKhI2JPQnA7nHFKIqRIYQqbm616YAoQtHEVDYhuPMvLxLvtH5Zd2/Pqo2rIo0SHMIRnIAL59CAG2iCBxRSeIZXeLMy68V6tz5mrUtWMXMAf2B9/gBOsZFm</latexit><latexit sha1_base64="POUg/p+BTGMpRpQXC9R/u1zjsc8=">AAAB8nicbVBNS8NAEJ34WetX1aOXYJF6KokI6q3oxWMFYwtNKJvtpl262cTdiVhC/4YXDype/TXe/Ddu2xy09cHA470ZZuaFqeAaHefbWlpeWV1bL22UN7e2d3Yre/v3OskUZR5NRKLaIdFMcMk85ChYO1WMxKFgrXB4PfFbj0xpnsg7HKUsiElf8ohTgkbyfWRPGEb5Q6027laqTt2Zwl4kbkGqUKDZrXz5vYRmMZNIBdG64zopBjlRyKlg47KfaZYSOiR91jFUkpjpIJ/ePLaPjdKzo0SZkmhP1d8TOYm1HsWh6YwJDvS8NxH/8zoZRhdBzmWaIZN0tijKhI2JPQnA7nHFKIqRIYQqbm616YAoQtHEVDYhuPMvLxLvtH5Zd2/Pqo2rIo0SHMIRnIAL59CAG2iCBxRSeIZXeLMy68V6tz5mrUtWMXMAf2B9/gBOsZFm</latexit>

Figure 2. Asymptotic regions of the space of GL(n) equivariant parame-
ters. In the n ! 1 limit, provided that (2.25) holds, we approach the given
fixed point.

Remark. The above theorem has an interesting interpretation from the point of view
of enumerative geometry viewpoint and Gromov-Witten theory in particular. Formulae
like (2.10), which are closed cousins of Givental J-functions, serve as generating functions
of the equivariant gravitational descendants of Xn. Due to (2.25) the q-hypergeometric-
type series truncate to polynomials thereby implying that these equivariant gravitational
descendants vanish identically starting from some order in ⇣i’s. The parameters of the
problem get adjusted in such a way that the equivariant volume of the moduli spaces of
quasimaps of degrees (d1, . . . , dn�1) which exceed (�1, . . . ,�n�1) become zero.3.

3I thank A. Okounkov and S. Katz for interesting discussions on these matters.
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Example. Let us look at the simplest example X2 = T
⇤P1. The corresponding vertex

function is given by the q-hypergeometric function

(2.26) V
(1)
p =

X

d>0

✓
⇣1

⇣2

◆d 2Y

i=1

⇣
q
~
ap
ai
; q
⌘

d⇣
ap
ai
; q
⌘

d

=2�1

✓
~, ~ap

ap̄
, q

ap

ap̄
; q;

q

~
⇣1

⇣2

◆
.

Here a1̄ = a2 and a2̄ = a1. One can easily see that Weyl reflection of sl2 interchanges V (1)
1

and V
(1)
2 . Then we have

(2.27) Vp =
✓(⇣1, q)

✓(a1⇣1, q)

✓(~⇣2, q)
✓(a2⇣2, q)

· V (1)
p .

The condition (2.23) reads a1 = aq
�1~�1

, a2 = aq
�2 . Then we have the following Macdon-

ald polynomials for some simple tableaux.

V = ⇣1 + ⇣2,

V = ⇣
2
1 + ⇣

2
2 +

(q + 1)(~� 1)

q~� 1
⇣1⇣2,

V = ⇣
3
1 + ⇣

3
2 +

�
q
2 + q + 1

�
(~� 1)

q2~� 1
⇣2⇣

2
1 +

�
q
2 + q + 1

�
(~� 1)

q2~� 1
⇣
2
2⇣1 .(2.28)

Here the Young tableaux at the subscripts have their heights equal to �2. Without loss
of generality we can assume �n = 0 for all formulae. In other words, for T

⇤P1 the corre-
sponding Macdonald polynomials depend only on one integer parameter (so-called Roger

Problem (a): Count the number of partitions with odd parts from the previous examples

Problem (b): Count the number of partitions with distinct parts from the previous examples
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Example. Let us look at the simplest example X2 = T
⇤P1. The corresponding vertex

function is given by the q-hypergeometric function
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Here a1̄ = a2 and a2̄ = a1. One can easily see that Weyl reflection of sl2 interchanges V (1)
1

and V
(1)
2 . Then we have
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p .

The condition (2.23) reads a1 = aq
�1~�1

, a2 = aq
�2 . Then we have the following Macdon-

ald polynomials for some simple tableaux.
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{7}, {6, 1}, {5, 2}, {5, 1, 1}, {4, 3}, {4, 2, 1}, {4, 1, 1, 1}, {3, 3, 1}, {3, 2, 2}, {3, 2, 1, 1}, 

{3, 1, 1, 1, 1}, {2, 2, 2, 1}, {2, 2, 1, 1, 1}, {2, 1, 1, 1, 1, 1}, {1, 1, 1, 1, 1, 1, 1}

n=7 p(7)=15

{8}, {7, 1}, {6, 2}, {6, 1, 1}, {5, 3}, {5, 2, 1}, {5, 1, 1, 1}, {4, 4}, {4, 3, 1}, {4, 2, 2}, {4, 2, 1, 1}, 
{4, 1, 1, 1, 1}, {3, 3, 2}, {3, 3, 1, 1}, {3, 2, 2, 1}, {3, 2, 1, 1, 1}, {3, 1, 1, 1, 1, 1}, {2, 2, 2, 2}, 
{2, 2, 2, 1, 1}, {2, 2, 1, 1, 1, 1}, {2, 1, 1, 1, 1, 1, 1}, {1, 1, 1, 1, 1, 1, 1, 1}

n=8 p(8)=22

{9}, {8, 1}, {7, 2}, {7, 1, 1}, {6, 3}, {6, 2, 1}, {6, 1, 1, 1}, {5, 4}, {5, 3, 1}, {5, 2, 2}, {5, 2, 1, 1}, 
{5, 1, 1, 1, 1}, {4, 4, 1}, {4, 3, 2}, {4, 3, 1, 1}, {4, 2, 2, 1}, {4, 2, 1, 1, 1}, {4, 1, 1, 1, 1, 1}, 

{3, 3, 3}, {3, 3, 2, 1}, {3, 3, 1, 1, 1}, {3, 2, 2, 2}, {3, 2, 2, 1, 1}, {3, 2, 1, 1, 1, 1}, 

{3, 1, 1, 1, 1, 1, 1}, {2, 2, 2, 2, 1}, {2, 2, 2, 1, 1, 1}, {2, 2, 1, 1, 1, 1, 1}, {2, 1, 1, 1, 1, 1, 1, 1}, 
{1, 1, 1, 1, 1, 1, 1, 1, 1}

n=9 p(9)=30



2

odd distinct

5 5
3,1,1 4,1

1,1,1,1,1 3,2

odd distinct

5,1 6
3,3 5,1

3,1,1,1 4,2
1,1,1,1,1,1 3,2,1

odd distinct

7 7
5,1,1 6,1
3,3,1 5,2

3,1,1,1,1 4,3
1,1,1,1,1,1,1 4,2,1

odd distinct

7,1 8
5,3 7,1

5,1,1,1 6,2
3,3,1,1 5,3

3,1,1,1,1,1 5,2,1
1,1,1,1,1,1,1,1 4,3,1

odd distinct

9 9
7,1,1 8,1
5,1,1,1 7,2
5,3,1 6,3
3,3,3 6,2,1

3,3,1,1,1 5,4
3,1,1,1,1,1,1 5,3,1

1,1,1,1,1,1,1,1,1 4,3,2

Table 1. Odd and Distinct partitions for n = 5, 6, 7, 8, 9

1.2. Odd and Distinct. Next lecture, after understanding the above connection, we
shall study partitions which are odd and distinct at the same time. They will be related
to some new type of partitions. Below I list all partitions of n = 9, 10, 11. The lists are
getting quite long, so at this point it is not worth drawing Young diagrams.

Problem: Find all partitions from the lists below which are simultaneously odd and
distinct:

n=9, p(9)=30

{9}, {8, 1}, {7, 2}, {7, 1, 1}, {6, 3}, {6, 2, 1}, {6, 1, 1, 1}, {5, 4}, {5, 3, 1}, {5, 2, 2}, {5, 2, 1, 1},
{5, 1, 1, 1, 1}, {4, 4, 1}, {4, 3, 2}, {4, 3, 1, 1}, {4, 2, 2, 1}, {4, 2, 1, 1, 1}, {4, 1, 1, 1, 1, 1}, {3, 3, 3},
{3, 3, 2, 1}, {3, 3, 1, 1, 1}, {3, 2, 2, 2}, {3, 2, 2, 1, 1}, {3, 2, 1, 1, 1, 1}, {3, 1, 1, 1, 1, 1, 1}, {2, 2, 2, 2, 1},

{2, 2, 2, 1, 1, 1}, {2, 2, 1, 1, 1, 1, 1}, {2, 1, 1, 1, 1, 1, 1, 1}, {1, 1, 1, 1, 1, 1, 1, 1, 1}

n=10, p(10)=42

{{10}, {9, 1}, {8, 2}, {8, 1, 1}, {7, 3}, {7, 2, 1}, {7, 1, 1, 1}, {6, 4},{6, 3, 1}, {6, 2, 2}, {6, 2, 1, 1},
{6, 1, 1, 1, 1}, {5, 5}, {5, 4, 1}, {5, 3, 2}, {5, 3, 1, 1}, {5, 2, 2, 1}, {5, 2, 1, 1, 1}, {5, 1, 1, 1, 1, 1},
{4, 4, 2}, {4, 4, 1, 1}, {4, 3, 3}, {4, 3, 2, 1}, {4, 3, 1, 1, 1}, {4, 2, 2, 2}, {4, 2, 2, 1, 1}, {4, 2, 1, 1, 1, 1},
{4, 1, 1, 1, 1, 1, 1}, {3, 3, 3, 1}, {3, 3, 2, 2}, {3, 3, 2, 1, 1}, {3, 3, 1, 1, 1, 1}, {3, 2, 2, 2, 1}, {3, 2, 2, 1, 1, 1},

{3, 2, 1, 1, 1, 1, 1}, {3, 1, 1, 1, 1, 1, 1, 1}, {2, 2, 2, 2, 2}, {2, 2, 2, 2, 1, 1}, {2, 2, 2, 1, 1, 1, 1},
{2, 2, 1, 1, 1, 1, 1, 1}, {2, 1, 1, 1, 1, 1, 1, 1, 1}, {1, 1, 1, 1, 1, 1, 1, 1, 1, 1}}
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odd distinct

5 5
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7 7
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5,1,1,1 6,2
3,3,1,1 5,3
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1,1,1,1,1,1,1,1 4,3,1

odd distinct

9 9
7,1,1 8,1
5,1,1,1 7,2
5,3,1 6,3
3,3,3 6,2,1

3,3,1,1,1 5,4
3,1,1,1,1,1,1 5,3,1

1,1,1,1,1,1,1,1,1 4,3,2

Table 1. Odd and Distinct partitions for n = 5, 6, 7, 8, 9

1.2. Odd and Distinct. Next lecture, after understanding the above connection, we
shall study partitions which are odd and distinct at the same time. They will be related
to some new type of partitions. Below I list all partitions of n = 9, 10, 11. The lists are
getting quite long, so at this point it is not worth drawing Young diagrams.

Problem: Find all partitions from the lists below which are simultaneously odd and
distinct:

n=9, p(9)=30

{9}, {8, 1}, {7, 2}, {7, 1, 1}, {6, 3}, {6, 2, 1}, {6, 1, 1, 1}, {5, 4}, {5, 3, 1}, {5, 2, 2}, {5, 2, 1, 1},
{5, 1, 1, 1, 1}, {4, 4, 1}, {4, 3, 2}, {4, 3, 1, 1}, {4, 2, 2, 1}, {4, 2, 1, 1, 1}, {4, 1, 1, 1, 1, 1}, {3, 3, 3},
{3, 3, 2, 1}, {3, 3, 1, 1, 1}, {3, 2, 2, 2}, {3, 2, 2, 1, 1}, {3, 2, 1, 1, 1, 1}, {3, 1, 1, 1, 1, 1, 1}, {2, 2, 2, 2, 1},

{2, 2, 2, 1, 1, 1}, {2, 2, 1, 1, 1, 1, 1}, {2, 1, 1, 1, 1, 1, 1, 1}, {1, 1, 1, 1, 1, 1, 1, 1, 1}

n=10, p(10)=42

{{10}, {9, 1}, {8, 2}, {8, 1, 1}, {7, 3}, {7, 2, 1}, {7, 1, 1, 1}, {6, 4},{6, 3, 1}, {6, 2, 2}, {6, 2, 1, 1},
{6, 1, 1, 1, 1}, {5, 5}, {5, 4, 1}, {5, 3, 2}, {5, 3, 1, 1}, {5, 2, 2, 1}, {5, 2, 1, 1, 1}, {5, 1, 1, 1, 1, 1},
{4, 4, 2}, {4, 4, 1, 1}, {4, 3, 3}, {4, 3, 2, 1}, {4, 3, 1, 1, 1}, {4, 2, 2, 2}, {4, 2, 2, 1, 1}, {4, 2, 1, 1, 1, 1},
{4, 1, 1, 1, 1, 1, 1}, {3, 3, 3, 1}, {3, 3, 2, 2}, {3, 3, 2, 1, 1}, {3, 3, 1, 1, 1, 1}, {3, 2, 2, 2, 1}, {3, 2, 2, 1, 1, 1},

{3, 2, 1, 1, 1, 1, 1}, {3, 1, 1, 1, 1, 1, 1, 1}, {2, 2, 2, 2, 2}, {2, 2, 2, 2, 1, 1}, {2, 2, 2, 1, 1, 1, 1},
{2, 2, 1, 1, 1, 1, 1, 1}, {2, 1, 1, 1, 1, 1, 1, 1, 1}, {1, 1, 1, 1, 1, 1, 1, 1, 1, 1}}

Odd & Distinct Partitions
Find odd and distinct partitions for n = 1,2,…,11



3

n=11, p(11)=56

{{11}, {10, 1}, {9, 2}, {9, 1, 1}, {8, 3}, {8, 2, 1}, {8, 1, 1, 1}, {7, 4}, {7, 3, 1}, {7, 2, 2}, {7, 2, 1, 1},
{7, 1, 1, 1, 1}, {6, 5}, {6, 4, 1}, {6, 3, 2}, {6, 3, 1, 1}, {6, 2, 2, 1}, {6, 2, 1, 1, 1}, {6, 1, 1, 1, 1, 1}, {5, 5, 1},
{5, 4, 2}, {5, 4, 1, 1}, {5, 3, 3}, {5, 3, 2, 1}, {5, 3, 1, 1, 1}, {5, 2, 2, 2}, {5, 2, 2, 1, 1}, {5, 2, 1, 1, 1, 1},
{5, 1, 1, 1, 1, 1, 1}, {4, 4, 3}, {4, 4, 2, 1}, {4, 4, 1, 1, 1}, {4, 3, 3, 1}, {4, 3, 2, 2}, {4, 3, 2, 1, 1}, {4, 3, 1, 1, 1, 1},
{4, 2, 2, 2, 1}, {4, 2, 2, 1, 1, 1}, {4, 2, 1, 1, 1, 1, 1}, {4, 1, 1, 1, 1, 1, 1, 1}, {3, 3, 3, 2}, {3, 3, 3, 1, 1}, {3, 3, 2, 2, 1},
{3, 3, 2, 1, 1, 1}, {3, 3, 1, 1, 1, 1, 1}, {3, 2, 2, 2, 2}, {3, 2, 2, 2, 1, 1}, {3, 2, 2, 1, 1, 1, 1}, {3, 2, 1, 1, 1, 1, 1, 1},
{3, 1, 1, 1, 1, 1, 1, 1, 1}, {2, 2, 2, 2, 2, 1}, {2, 2, 2, 2, 1, 1, 1}, {2, 2, 2, 1, 1, 1, 1, 1}, {2, 2, 1, 1, 1, 1, 1, 1, 1},

{2, 1, 1, 1, 1, 1, 1, 1, 1, 1}, {1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1}}



Odd vs. Distinct

Lecture #2 01/21/20

1. Partitions

1.1. Table of partitions. We started our lecture by reviewing the notion of partitions
(see the accompanying keynote file). Then we recalled the notion of odd partitions (all
summands are odd numbers: 4 = 1 + 1 + 1 + 1 and 4 = 3 + 1) and distinct partitions
(all summands are di↵erent from one another: 4 = 3 + 1 and 4 = 4 + 0). We noticed
again that a partition can be odd and distinct at the same time or can be neither odd
nor distinct (keep this in mind, we’ll need this fact for the next lecture!).

We then reconstructed the table and even added some more columns:
n 1 2 3 4 5 6 7 8 9

p(n) 1 2 3 5 7 11 15 22 30
# odd 1 1 2 2 3 4 5 6 8
# dist. 1 1 2 2 3 4 5 6 8

From the last two rows the pattern is clear – the number of odd partitions is equal to
the number of distinct partitions. We now can prove this remarkable conjecture. In other
words, we need to show that for any integer n for any odd partition there should be only
one distinct partition and vice versa – for any distinct partition there is a unique odd
partition. Mathematicians say the there is a one-to-one correspondence between the set
of odd partitions and the set of distinct partitions.

We started with listing odd and distinct partitions for every integer. For small numbers
n = 1, 2, 3, 4 there are very few partitions of each kind, so we started making tables for
numbers 5 and higher (see Table 1).

One needs to come up with a rule which will provide the desired 1-1 correspondence
between left and right columns of the above partitions. This rule must be universal – it
should work in the same way for any integer and for any partition.

In class we started to make some guesses and some kids have understood the mapping.
If you have not finished the problem in class – see the first HW problem below for hints.

1
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Remark. Note that out n! fixed points of T acting on Xn only for single point q we
get a polynomial out of Vq. Other coe�cient functions Vp remain infinite series which we
shall further ignore. One can verify by examining (2.25) that in the n ! 1 limit these
coe�cient functions will be suppressed. A choice of fixed point q following the large-n limits
corresponds to zooming into a certain asymptotic region in which |aS(1)| � |aS(2)| � · · · �
|aS(n)|, where S 2 Sn is a permutation corresponding to the choice of fixed point q.

q
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Figure 2. Asymptotic regions of the space of GL(n) equivariant parame-
ters. In the n ! 1 limit, provided that (2.25) holds, we approach the given
fixed point.

Remark. The above theorem has an interesting interpretation from the point of view
of enumerative geometry viewpoint and Gromov-Witten theory in particular. Formulae
like (2.10), which are closed cousins of Givental J-functions, serve as generating functions
of the equivariant gravitational descendants of Xn. Due to (2.25) the q-hypergeometric-
type series truncate to polynomials thereby implying that these equivariant gravitational
descendants vanish identically starting from some order in ⇣i’s. The parameters of the
problem get adjusted in such a way that the equivariant volume of the moduli spaces of
quasimaps of degrees (d1, . . . , dn�1) which exceed (�1, . . . ,�n�1) become zero.3.

3I thank A. Okounkov and S. Katz for interesting discussions on these matters.
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Example. Let us look at the simplest example X2 = T
⇤P1. The corresponding vertex

function is given by the q-hypergeometric function
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Here a1̄ = a2 and a2̄ = a1. One can easily see that Weyl reflection of sl2 interchanges V (1)
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and V
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The condition (2.23) reads a1 = aq
�1~�1

, a2 = aq
�2 . Then we have the following Macdon-

ald polynomials for some simple tableaux.
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Here the Young tableaux at the subscripts have their heights equal to �2. Without loss
of generality we can assume �n = 0 for all formulae. In other words, for T

⇤P1 the corre-
sponding Macdonald polynomials depend only on one integer parameter (so-called Roger
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Problem: Why is the number of these partitions is the same for every n?



2

odd distinct

5 5
3,1,1 4,1

1,1,1,1,1 3,2

odd distinct

5,1 6
3,3 5,1

3,1,1,1 4,2
1,1,1,1,1,1 3,2,1

odd distinct

7 7
5,1,1 6,1
3,3,1 5,2

3,1,1,1,1 4,3
1,1,1,1,1,1,1 4,2,1

odd distinct

7,1 8
5,3 7,1

5,1,1,1 6,2
3,3,1,1 5,3

3,1,1,1,1,1 5,2,1
1,1,1,1,1,1,1,1 4,3,1

odd distinct

9 9
7,1,1 8,1
5,1,1,1 7,2
5,3,1 6,3
3,3,3 6,2,1

3,3,1,1,1 5,4
3,1,1,1,1,1,1 5,3,1

1,1,1,1,1,1,1,1,1 4,3,2

Table 1. Odd and Distinct partitions for n = 5, 6, 7, 8, 9

1.2. Odd and Distinct. Next lecture, after understanding the above connection, we
shall study partitions which are odd and distinct at the same time. They will be related
to some new type of partitions. Below I list all partitions of n = 9, 10, 11. The lists are
getting quite long, so at this point it is not worth drawing Young diagrams.

Problem: Find all partitions from the lists below which are simultaneously odd and
distinct:

n=9, p(9)=30

{9}, {8, 1}, {7, 2}, {7, 1, 1}, {6, 3}, {6, 2, 1}, {6, 1, 1, 1}, {5, 4}, {5, 3, 1}, {5, 2, 2}, {5, 2, 1, 1},
{5, 1, 1, 1, 1}, {4, 4, 1}, {4, 3, 2}, {4, 3, 1, 1}, {4, 2, 2, 1}, {4, 2, 1, 1, 1}, {4, 1, 1, 1, 1, 1}, {3, 3, 3},
{3, 3, 2, 1}, {3, 3, 1, 1, 1}, {3, 2, 2, 2}, {3, 2, 2, 1, 1}, {3, 2, 1, 1, 1, 1}, {3, 1, 1, 1, 1, 1, 1}, {2, 2, 2, 2, 1},

{2, 2, 2, 1, 1, 1}, {2, 2, 1, 1, 1, 1, 1}, {2, 1, 1, 1, 1, 1, 1, 1}, {1, 1, 1, 1, 1, 1, 1, 1, 1}

n=10, p(10)=42

{{10}, {9, 1}, {8, 2}, {8, 1, 1}, {7, 3}, {7, 2, 1}, {7, 1, 1, 1}, {6, 4},{6, 3, 1}, {6, 2, 2}, {6, 2, 1, 1},
{6, 1, 1, 1, 1}, {5, 5}, {5, 4, 1}, {5, 3, 2}, {5, 3, 1, 1}, {5, 2, 2, 1}, {5, 2, 1, 1, 1}, {5, 1, 1, 1, 1, 1},
{4, 4, 2}, {4, 4, 1, 1}, {4, 3, 3}, {4, 3, 2, 1}, {4, 3, 1, 1, 1}, {4, 2, 2, 2}, {4, 2, 2, 1, 1}, {4, 2, 1, 1, 1, 1},
{4, 1, 1, 1, 1, 1, 1}, {3, 3, 3, 1}, {3, 3, 2, 2}, {3, 3, 2, 1, 1}, {3, 3, 1, 1, 1, 1}, {3, 2, 2, 2, 1}, {3, 2, 2, 1, 1, 1},

{3, 2, 1, 1, 1, 1, 1}, {3, 1, 1, 1, 1, 1, 1, 1}, {2, 2, 2, 2, 2}, {2, 2, 2, 2, 1, 1}, {2, 2, 2, 1, 1, 1, 1},
{2, 2, 1, 1, 1, 1, 1, 1}, {2, 1, 1, 1, 1, 1, 1, 1, 1}, {1, 1, 1, 1, 1, 1, 1, 1, 1, 1}}



Matching
7

One needs to come up with a rule which will provide the desired 1-1 correspondence
between left and right columns of the above partitions. This rule must be universal – it
should work in the same way for any integer and for any partition.
From Distinct to Odd. First, consider a distinct partition from any of the right columns
from the table. If this partition happens to be odd (remember, all numbers are odd), i.e.
5, 3, 1 or 7, then we do not need to do anything about it – exactly the same partition exists
in the left column. All other distinct partitions will have some even numbers in them, like
7, 2 or 4, 3, 1. Again we only need to worry about even numbers in these partitions and
leave out the odd numbers. After a short discussion in class we agreed on the following
rules:

2 ! 1, 1

4 ! 1, 1, 1, 1

6 ! 3, 3

8 ! 1, 1, 1, 1, 1, 1, 1, 1

Then the students were quickly able to explain the rule – each even number can be divided
by 2. If the result is odd, as in 6 : 2 = 3, then we represent this number as the sum of
two odd numbers (6 = 3 + 3 or 10 = 5 + 5). If the result of the division is even, we divide
by 2 again. We stop the division process until we get an odd number. We can see that if
the initial even number was a power of 2 (2,4,8,16, etc) then we will divide it by 2 until
we get 1. This is why 4 = 1 + 1 + 1 + 1 and 8 is a sum of eight 1s.

Keeping the above rule in mind we have the following matching of the partitions of 8:

8 ! 1, 1, 1, 1, 1, 1, 1, 1

7, 1 ! 7, 1

6, 2 ! 3, 3, 1, 1

5, 3 ! 5, 3

5, 2, 1 ! 5, 1, 1, 1

4, 3, 1 ! 3, 1, 1, 1, 1, 1

Note that we may need to reorder the terms to keep the resulting odd partitions in the
standard form (numbers are listed in non-increasing order).
From Odd to Distinct. Now we need to find a map from every partition in the left
column (odd) to a partition from the right column (distinct) such that no two partitions
are mapped to the same one.

First, if an odd partition is distinct already then we simply map to the same partition
in the right column.

Second, if we have some repetitive numbers, like in partition 3, 1, 1, 1, 1 of 7, we need
to combine them in such a way that the resulting partition will be distinct. There is
obviously some ambiguity in this process. Indeed, four 1s can be combined either into
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the initial even number was a power of 2 (2,4,8,16, etc) then we will divide it by 2 until
we get 1. This is why 4 = 1 + 1 + 1 + 1 and 8 is a sum of eight 1s.

Keeping the above rule in mind we have the following matching of the partitions of 8:

8 ! 1, 1, 1, 1, 1, 1, 1, 1

7, 1 ! 7, 1

6, 2 ! 3, 3, 1, 1

5, 3 ! 5, 3

5, 2, 1 ! 5, 1, 1, 1

4, 3, 1 ! 3, 1, 1, 1, 1, 1

Note that we may need to reorder the terms to keep the resulting odd partitions in the
standard form (numbers are listed in non-increasing order).
From Odd to Distinct. Now we need to find a map from every partition in the left
column (odd) to a partition from the right column (distinct) such that no two partitions
are mapped to the same one.

First, if an odd partition is distinct already then we simply map to the same partition
in the right column.

Second, if we have some repetitive numbers, like in partition 3, 1, 1, 1, 1 of 7, we need
to combine them in such a way that the resulting partition will be distinct. There is
obviously some ambiguity in this process. Indeed, four 1s can be combined either into
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3, 1 or into 4 (they cannot be combined into 2, 2 as this is not distinct). In class we kept
both options open until we tried to match the partitions explicitly from Table 2. Turns
out 1, 1, 1, 1 ! 3, 1 is not a good option. Indeed, we already have 3 in some partitions, so
grouping four 1s into 3 and 1 will not make the resulting partition distinct. Similarly, we
should not group six 1s intro 5 and 1 as some odd partitions may have 5 in them already.
In short, one should avoid all odd numbers except 1 (the latter is inevitable if we deal
with the odd amount of 1s in the odd partition).

After some discussion we proposed the following dictionary of mapping groups of 1s
into distinct subpartitions:

1 ! 1

1, 1 ! 2

1, 1, 1 ! 2, 1

1, 1, 1, 1 ! 4

1, 1, 1, 1, 1 ! 4, 1

1, 1, 1, 1, 1, 1 ! 4, 2

1, 1, 1, 1, 1, 1, 1 ! 4, 2, 1

1, 1, 1, 1, 1, 1, 1, 1 ! 8

1, 1, 1, 1, 1, 1, 1, 1, 1 ! 8, 1

This rule can be summarized as follows. Denote the amount of 1s by L. If L is even
then we group L 1s into groups of two 1s. For instance, for six 1s we have

1, 1, 1, 1, 1, 1 ! (1, 1) (1, 1) (1, 1)

Then we count the number of these groups. If this number is odd (as it is above) then
we leave out one group and combine the others into groups of four 1s

(1, 1) (1, 1) (1, 1) ! (1, 1, 1, 1) (1, 1) = 4, 2

We can keep the process of grouping until we have only one group left.
Now assume that L is odd. Then L � 1 is even and we proceed as above. For instance

nine 1s become

1, 1, 1, 1, 1, 1, 1, 1, 1 ! (1, 1) (1, 1) (1, 1) (1, 1), 1 ! (1, 1, 1, 1) (1, 1, 1, 1), 1 ! (1, 1, 1, 1, 1, 1, 1, 1), 1 = 8, 1

Since most kids knew about powers of two we immediately understood that after ap-
plying the above rules the numbers which appear in the resulting distinct partitions are
powers of two – 20 = 1, 21 = 2, 22 = 4, 23 = 8, . . . . Therefore we have (re)discovered
binary presentation of integers – each number (in this problem the number of times 1
appears – the so-called multiplicity) is a sum of powers of two:

3 = 21 + 20 , 5 = 22 + 20 , 8 = 23 .

Finally we need to address other repetitive odd integers from the left columns. If we
have, say, 5, 5, 5 or 7, 7, 7, 7 inside an odd partition we can first replace them with 1s and
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Remark. Note that out n! fixed points of T acting on Xn only for single point q we
get a polynomial out of Vq. Other coe�cient functions Vp remain infinite series which we
shall further ignore. One can verify by examining (2.25) that in the n ! 1 limit these
coe�cient functions will be suppressed. A choice of fixed point q following the large-n limits
corresponds to zooming into a certain asymptotic region in which |aS(1)| � |aS(2)| � · · · �
|aS(n)|, where S 2 Sn is a permutation corresponding to the choice of fixed point q.
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Figure 2. Asymptotic regions of the space of GL(n) equivariant parame-
ters. In the n ! 1 limit, provided that (2.25) holds, we approach the given
fixed point.

Remark. The above theorem has an interesting interpretation from the point of view
of enumerative geometry viewpoint and Gromov-Witten theory in particular. Formulae
like (2.10), which are closed cousins of Givental J-functions, serve as generating functions
of the equivariant gravitational descendants of Xn. Due to (2.25) the q-hypergeometric-
type series truncate to polynomials thereby implying that these equivariant gravitational
descendants vanish identically starting from some order in ⇣i’s. The parameters of the
problem get adjusted in such a way that the equivariant volume of the moduli spaces of
quasimaps of degrees (d1, . . . , dn�1) which exceed (�1, . . . ,�n�1) become zero.3.

3I thank A. Okounkov and S. Katz for interesting discussions on these matters.
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Remark. Note that out n! fixed points of T acting on Xn only for single point q we
get a polynomial out of Vq. Other coe�cient functions Vp remain infinite series which we
shall further ignore. One can verify by examining (2.25) that in the n ! 1 limit these
coe�cient functions will be suppressed. A choice of fixed point q following the large-n limits
corresponds to zooming into a certain asymptotic region in which |aS(1)| � |aS(2)| � · · · �
|aS(n)|, where S 2 Sn is a permutation corresponding to the choice of fixed point q.
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Figure 2. Asymptotic regions of the space of GL(n) equivariant parame-
ters. In the n ! 1 limit, provided that (2.25) holds, we approach the given
fixed point.

Remark. The above theorem has an interesting interpretation from the point of view
of enumerative geometry viewpoint and Gromov-Witten theory in particular. Formulae
like (2.10), which are closed cousins of Givental J-functions, serve as generating functions
of the equivariant gravitational descendants of Xn. Due to (2.25) the q-hypergeometric-
type series truncate to polynomials thereby implying that these equivariant gravitational
descendants vanish identically starting from some order in ⇣i’s. The parameters of the
problem get adjusted in such a way that the equivariant volume of the moduli spaces of
quasimaps of degrees (d1, . . . , dn�1) which exceed (�1, . . . ,�n�1) become zero.3.

3I thank A. Okounkov and S. Katz for interesting discussions on these matters.
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Remark. Note that out n! fixed points of T acting on Xn only for single point q we
get a polynomial out of Vq. Other coe�cient functions Vp remain infinite series which we
shall further ignore. One can verify by examining (2.25) that in the n ! 1 limit these
coe�cient functions will be suppressed. A choice of fixed point q following the large-n limits
corresponds to zooming into a certain asymptotic region in which |aS(1)| � |aS(2)| � · · · �
|aS(n)|, where S 2 Sn is a permutation corresponding to the choice of fixed point q.
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q
<latexit sha1_base64="gqhkYh7MBm9GaiVNDBxVo5M1bBY=">AAAB8HicbVBNS8NAEN3Ur1q/qh69LBbBU0lEUG9FLx4rWFtsQ9lsJ+3SzSbuTsQS+i+8eFDx6s/x5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFpeWV1rbhe2tjc2t4p7+7dmTjVHBo8lrFuBcyAFAoaKFBCK9HAokBCMxheTfzmI2gjYnWLowT8iPWVCAVnaKX7DsITBmH2MO6WK27VnYIuEi8nFZKj3i1/dXoxTyNQyCUzpu25CfoZ0yi4hHGpkxpIGB+yPrQtVSwC42fTi8f0yCo9GsbalkI6VX9PZCwyZhQFtjNiODDz3kT8z2unGJ77mVBJiqD4bFGYSooxnbxPe0IDRzmyhHEt7K2UD5hmHG1IJRuCN//yImmcVC+q3s1ppXaZp1EkB+SQHBOPnJEauSZ10iCcKPJMXsmbY5wX5935mLUWnHxmn/yB8/kDhq2RBA==</latexit><latexit sha1_base64="gqhkYh7MBm9GaiVNDBxVo5M1bBY=">AAAB8HicbVBNS8NAEN3Ur1q/qh69LBbBU0lEUG9FLx4rWFtsQ9lsJ+3SzSbuTsQS+i+8eFDx6s/x5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFpeWV1rbhe2tjc2t4p7+7dmTjVHBo8lrFuBcyAFAoaKFBCK9HAokBCMxheTfzmI2gjYnWLowT8iPWVCAVnaKX7DsITBmH2MO6WK27VnYIuEi8nFZKj3i1/dXoxTyNQyCUzpu25CfoZ0yi4hHGpkxpIGB+yPrQtVSwC42fTi8f0yCo9GsbalkI6VX9PZCwyZhQFtjNiODDz3kT8z2unGJ77mVBJiqD4bFGYSooxnbxPe0IDRzmyhHEt7K2UD5hmHG1IJRuCN//yImmcVC+q3s1ppXaZp1EkB+SQHBOPnJEauSZ10iCcKPJMXsmbY5wX5935mLUWnHxmn/yB8/kDhq2RBA==</latexit><latexit sha1_base64="gqhkYh7MBm9GaiVNDBxVo5M1bBY=">AAAB8HicbVBNS8NAEN3Ur1q/qh69LBbBU0lEUG9FLx4rWFtsQ9lsJ+3SzSbuTsQS+i+8eFDx6s/x5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFpeWV1rbhe2tjc2t4p7+7dmTjVHBo8lrFuBcyAFAoaKFBCK9HAokBCMxheTfzmI2gjYnWLowT8iPWVCAVnaKX7DsITBmH2MO6WK27VnYIuEi8nFZKj3i1/dXoxTyNQyCUzpu25CfoZ0yi4hHGpkxpIGB+yPrQtVSwC42fTi8f0yCo9GsbalkI6VX9PZCwyZhQFtjNiODDz3kT8z2unGJ77mVBJiqD4bFGYSooxnbxPe0IDRzmyhHEt7K2UD5hmHG1IJRuCN//yImmcVC+q3s1ppXaZp1EkB+SQHBOPnJEauSZ10iCcKPJMXsmbY5wX5935mLUWnHxmn/yB8/kDhq2RBA==</latexit><latexit sha1_base64="gqhkYh7MBm9GaiVNDBxVo5M1bBY=">AAAB8HicbVBNS8NAEN3Ur1q/qh69LBbBU0lEUG9FLx4rWFtsQ9lsJ+3SzSbuTsQS+i+8eFDx6s/x5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFpeWV1rbhe2tjc2t4p7+7dmTjVHBo8lrFuBcyAFAoaKFBCK9HAokBCMxheTfzmI2gjYnWLowT8iPWVCAVnaKX7DsITBmH2MO6WK27VnYIuEi8nFZKj3i1/dXoxTyNQyCUzpu25CfoZ0yi4hHGpkxpIGB+yPrQtVSwC42fTi8f0yCo9GsbalkI6VX9PZCwyZhQFtjNiODDz3kT8z2unGJ77mVBJiqD4bFGYSooxnbxPe0IDRzmyhHEt7K2UD5hmHG1IJRuCN//yImmcVC+q3s1ppXaZp1EkB+SQHBOPnJEauSZ10iCcKPJMXsmbY5wX5935mLUWnHxmn/yB8/kDhq2RBA==</latexit>

q’
<latexit sha1_base64="ZPVKn7sWcU0A41XCeU9vhhNw8LQ=">AAAB8XicbVBNS8NAEN3Ur1q/qh69LBbRU0lEUG9FLx4rGFtIQ9lsN+3SzW7cnYgl9Gd48aDi1X/jzX/jts1BWx8MPN6bYWZelApuwHW/ndLS8srqWnm9srG5tb1T3d27NyrTlPlUCaXbETFMcMl84CBYO9WMJJFgrWh4PfFbj0wbruQdjFIWJqQvecwpASsFHWBPEMX5w/G4W625dXcKvEi8gtRQgWa3+tXpKZolTAIVxJjAc1MIc6KBU8HGlU5mWErokPRZYKkkCTNhPj15jI+s0sOx0rYk4Kn6eyIniTGjJLKdCYGBmfcm4n9ekEF8EeZcphkwSWeL4kxgUHjyP+5xzSiIkSWEam5vxXRANKFgU6rYELz5lxeJf1q/rHu3Z7XGVZFGGR2gQ3SCPHSOGugGNZGPKFLoGb2iNwecF+fd+Zi1lpxiZh/9gfP5A+qTkTU=</latexit><latexit sha1_base64="ZPVKn7sWcU0A41XCeU9vhhNw8LQ=">AAAB8XicbVBNS8NAEN3Ur1q/qh69LBbRU0lEUG9FLx4rGFtIQ9lsN+3SzW7cnYgl9Gd48aDi1X/jzX/jts1BWx8MPN6bYWZelApuwHW/ndLS8srqWnm9srG5tb1T3d27NyrTlPlUCaXbETFMcMl84CBYO9WMJJFgrWh4PfFbj0wbruQdjFIWJqQvecwpASsFHWBPEMX5w/G4W625dXcKvEi8gtRQgWa3+tXpKZolTAIVxJjAc1MIc6KBU8HGlU5mWErokPRZYKkkCTNhPj15jI+s0sOx0rYk4Kn6eyIniTGjJLKdCYGBmfcm4n9ekEF8EeZcphkwSWeL4kxgUHjyP+5xzSiIkSWEam5vxXRANKFgU6rYELz5lxeJf1q/rHu3Z7XGVZFGGR2gQ3SCPHSOGugGNZGPKFLoGb2iNwecF+fd+Zi1lpxiZh/9gfP5A+qTkTU=</latexit><latexit sha1_base64="ZPVKn7sWcU0A41XCeU9vhhNw8LQ=">AAAB8XicbVBNS8NAEN3Ur1q/qh69LBbRU0lEUG9FLx4rGFtIQ9lsN+3SzW7cnYgl9Gd48aDi1X/jzX/jts1BWx8MPN6bYWZelApuwHW/ndLS8srqWnm9srG5tb1T3d27NyrTlPlUCaXbETFMcMl84CBYO9WMJJFgrWh4PfFbj0wbruQdjFIWJqQvecwpASsFHWBPEMX5w/G4W625dXcKvEi8gtRQgWa3+tXpKZolTAIVxJjAc1MIc6KBU8HGlU5mWErokPRZYKkkCTNhPj15jI+s0sOx0rYk4Kn6eyIniTGjJLKdCYGBmfcm4n9ekEF8EeZcphkwSWeL4kxgUHjyP+5xzSiIkSWEam5vxXRANKFgU6rYELz5lxeJf1q/rHu3Z7XGVZFGGR2gQ3SCPHSOGugGNZGPKFLoGb2iNwecF+fd+Zi1lpxiZh/9gfP5A+qTkTU=</latexit><latexit sha1_base64="ZPVKn7sWcU0A41XCeU9vhhNw8LQ=">AAAB8XicbVBNS8NAEN3Ur1q/qh69LBbRU0lEUG9FLx4rGFtIQ9lsN+3SzW7cnYgl9Gd48aDi1X/jzX/jts1BWx8MPN6bYWZelApuwHW/ndLS8srqWnm9srG5tb1T3d27NyrTlPlUCaXbETFMcMl84CBYO9WMJJFgrWh4PfFbj0wbruQdjFIWJqQvecwpASsFHWBPEMX5w/G4W625dXcKvEi8gtRQgWa3+tXpKZolTAIVxJjAc1MIc6KBU8HGlU5mWErokPRZYKkkCTNhPj15jI+s0sOx0rYk4Kn6eyIniTGjJLKdCYGBmfcm4n9ekEF8EeZcphkwSWeL4kxgUHjyP+5xzSiIkSWEam5vxXRANKFgU6rYELz5lxeJf1q/rHu3Z7XGVZFGGR2gQ3SCPHSOGugGNZGPKFLoGb2iNwecF+fd+Zi1lpxiZh/9gfP5A+qTkTU=</latexit>

q”
<latexit sha1_base64="POUg/p+BTGMpRpQXC9R/u1zjsc8=">AAAB8nicbVBNS8NAEJ34WetX1aOXYJF6KokI6q3oxWMFYwtNKJvtpl262cTdiVhC/4YXDype/TXe/Ddu2xy09cHA470ZZuaFqeAaHefbWlpeWV1bL22UN7e2d3Yre/v3OskUZR5NRKLaIdFMcMk85ChYO1WMxKFgrXB4PfFbj0xpnsg7HKUsiElf8ohTgkbyfWRPGEb5Q6027laqTt2Zwl4kbkGqUKDZrXz5vYRmMZNIBdG64zopBjlRyKlg47KfaZYSOiR91jFUkpjpIJ/ePLaPjdKzo0SZkmhP1d8TOYm1HsWh6YwJDvS8NxH/8zoZRhdBzmWaIZN0tijKhI2JPQnA7nHFKIqRIYQqbm616YAoQtHEVDYhuPMvLxLvtH5Zd2/Pqo2rIo0SHMIRnIAL59CAG2iCBxRSeIZXeLMy68V6tz5mrUtWMXMAf2B9/gBOsZFm</latexit><latexit sha1_base64="POUg/p+BTGMpRpQXC9R/u1zjsc8=">AAAB8nicbVBNS8NAEJ34WetX1aOXYJF6KokI6q3oxWMFYwtNKJvtpl262cTdiVhC/4YXDype/TXe/Ddu2xy09cHA470ZZuaFqeAaHefbWlpeWV1bL22UN7e2d3Yre/v3OskUZR5NRKLaIdFMcMk85ChYO1WMxKFgrXB4PfFbj0xpnsg7HKUsiElf8ohTgkbyfWRPGEb5Q6027laqTt2Zwl4kbkGqUKDZrXz5vYRmMZNIBdG64zopBjlRyKlg47KfaZYSOiR91jFUkpjpIJ/ePLaPjdKzo0SZkmhP1d8TOYm1HsWh6YwJDvS8NxH/8zoZRhdBzmWaIZN0tijKhI2JPQnA7nHFKIqRIYQqbm616YAoQtHEVDYhuPMvLxLvtH5Zd2/Pqo2rIo0SHMIRnIAL59CAG2iCBxRSeIZXeLMy68V6tz5mrUtWMXMAf2B9/gBOsZFm</latexit><latexit sha1_base64="POUg/p+BTGMpRpQXC9R/u1zjsc8=">AAAB8nicbVBNS8NAEJ34WetX1aOXYJF6KokI6q3oxWMFYwtNKJvtpl262cTdiVhC/4YXDype/TXe/Ddu2xy09cHA470ZZuaFqeAaHefbWlpeWV1bL22UN7e2d3Yre/v3OskUZR5NRKLaIdFMcMk85ChYO1WMxKFgrXB4PfFbj0xpnsg7HKUsiElf8ohTgkbyfWRPGEb5Q6027laqTt2Zwl4kbkGqUKDZrXz5vYRmMZNIBdG64zopBjlRyKlg47KfaZYSOiR91jFUkpjpIJ/ePLaPjdKzo0SZkmhP1d8TOYm1HsWh6YwJDvS8NxH/8zoZRhdBzmWaIZN0tijKhI2JPQnA7nHFKIqRIYQqbm616YAoQtHEVDYhuPMvLxLvtH5Zd2/Pqo2rIo0SHMIRnIAL59CAG2iCBxRSeIZXeLMy68V6tz5mrUtWMXMAf2B9/gBOsZFm</latexit><latexit sha1_base64="POUg/p+BTGMpRpQXC9R/u1zjsc8=">AAAB8nicbVBNS8NAEJ34WetX1aOXYJF6KokI6q3oxWMFYwtNKJvtpl262cTdiVhC/4YXDype/TXe/Ddu2xy09cHA470ZZuaFqeAaHefbWlpeWV1bL22UN7e2d3Yre/v3OskUZR5NRKLaIdFMcMk85ChYO1WMxKFgrXB4PfFbj0xpnsg7HKUsiElf8ohTgkbyfWRPGEb5Q6027laqTt2Zwl4kbkGqUKDZrXz5vYRmMZNIBdG64zopBjlRyKlg47KfaZYSOiR91jFUkpjpIJ/ePLaPjdKzo0SZkmhP1d8TOYm1HsWh6YwJDvS8NxH/8zoZRhdBzmWaIZN0tijKhI2JPQnA7nHFKIqRIYQqbm616YAoQtHEVDYhuPMvLxLvtH5Zd2/Pqo2rIo0SHMIRnIAL59CAG2iCBxRSeIZXeLMy68V6tz5mrUtWMXMAf2B9/gBOsZFm</latexit>

Figure 2. Asymptotic regions of the space of GL(n) equivariant parame-
ters. In the n ! 1 limit, provided that (2.25) holds, we approach the given
fixed point.

Remark. The above theorem has an interesting interpretation from the point of view
of enumerative geometry viewpoint and Gromov-Witten theory in particular. Formulae
like (2.10), which are closed cousins of Givental J-functions, serve as generating functions
of the equivariant gravitational descendants of Xn. Due to (2.25) the q-hypergeometric-
type series truncate to polynomials thereby implying that these equivariant gravitational
descendants vanish identically starting from some order in ⇣i’s. The parameters of the
problem get adjusted in such a way that the equivariant volume of the moduli spaces of
quasimaps of degrees (d1, . . . , dn�1) which exceed (�1, . . . ,�n�1) become zero.3.

3I thank A. Okounkov and S. Katz for interesting discussions on these matters.
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Remark. Note that out n! fixed points of T acting on Xn only for single point q we
get a polynomial out of Vq. Other coe�cient functions Vp remain infinite series which we
shall further ignore. One can verify by examining (2.25) that in the n ! 1 limit these
coe�cient functions will be suppressed. A choice of fixed point q following the large-n limits
corresponds to zooming into a certain asymptotic region in which |aS(1)| � |aS(2)| � · · · �
|aS(n)|, where S 2 Sn is a permutation corresponding to the choice of fixed point q.

q
<latexit sha1_base64="gqhkYh7MBm9GaiVNDBxVo5M1bBY=">AAAB8HicbVBNS8NAEN3Ur1q/qh69LBbBU0lEUG9FLx4rWFtsQ9lsJ+3SzSbuTsQS+i+8eFDx6s/x5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFpeWV1rbhe2tjc2t4p7+7dmTjVHBo8lrFuBcyAFAoaKFBCK9HAokBCMxheTfzmI2gjYnWLowT8iPWVCAVnaKX7DsITBmH2MO6WK27VnYIuEi8nFZKj3i1/dXoxTyNQyCUzpu25CfoZ0yi4hHGpkxpIGB+yPrQtVSwC42fTi8f0yCo9GsbalkI6VX9PZCwyZhQFtjNiODDz3kT8z2unGJ77mVBJiqD4bFGYSooxnbxPe0IDRzmyhHEt7K2UD5hmHG1IJRuCN//yImmcVC+q3s1ppXaZp1EkB+SQHBOPnJEauSZ10iCcKPJMXsmbY5wX5935mLUWnHxmn/yB8/kDhq2RBA==</latexit><latexit sha1_base64="gqhkYh7MBm9GaiVNDBxVo5M1bBY=">AAAB8HicbVBNS8NAEN3Ur1q/qh69LBbBU0lEUG9FLx4rWFtsQ9lsJ+3SzSbuTsQS+i+8eFDx6s/x5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFpeWV1rbhe2tjc2t4p7+7dmTjVHBo8lrFuBcyAFAoaKFBCK9HAokBCMxheTfzmI2gjYnWLowT8iPWVCAVnaKX7DsITBmH2MO6WK27VnYIuEi8nFZKj3i1/dXoxTyNQyCUzpu25CfoZ0yi4hHGpkxpIGB+yPrQtVSwC42fTi8f0yCo9GsbalkI6VX9PZCwyZhQFtjNiODDz3kT8z2unGJ77mVBJiqD4bFGYSooxnbxPe0IDRzmyhHEt7K2UD5hmHG1IJRuCN//yImmcVC+q3s1ppXaZp1EkB+SQHBOPnJEauSZ10iCcKPJMXsmbY5wX5935mLUWnHxmn/yB8/kDhq2RBA==</latexit><latexit sha1_base64="gqhkYh7MBm9GaiVNDBxVo5M1bBY=">AAAB8HicbVBNS8NAEN3Ur1q/qh69LBbBU0lEUG9FLx4rWFtsQ9lsJ+3SzSbuTsQS+i+8eFDx6s/x5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFpeWV1rbhe2tjc2t4p7+7dmTjVHBo8lrFuBcyAFAoaKFBCK9HAokBCMxheTfzmI2gjYnWLowT8iPWVCAVnaKX7DsITBmH2MO6WK27VnYIuEi8nFZKj3i1/dXoxTyNQyCUzpu25CfoZ0yi4hHGpkxpIGB+yPrQtVSwC42fTi8f0yCo9GsbalkI6VX9PZCwyZhQFtjNiODDz3kT8z2unGJ77mVBJiqD4bFGYSooxnbxPe0IDRzmyhHEt7K2UD5hmHG1IJRuCN//yImmcVC+q3s1ppXaZp1EkB+SQHBOPnJEauSZ10iCcKPJMXsmbY5wX5935mLUWnHxmn/yB8/kDhq2RBA==</latexit><latexit sha1_base64="gqhkYh7MBm9GaiVNDBxVo5M1bBY=">AAAB8HicbVBNS8NAEN3Ur1q/qh69LBbBU0lEUG9FLx4rWFtsQ9lsJ+3SzSbuTsQS+i+8eFDx6s/x5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFpeWV1rbhe2tjc2t4p7+7dmTjVHBo8lrFuBcyAFAoaKFBCK9HAokBCMxheTfzmI2gjYnWLowT8iPWVCAVnaKX7DsITBmH2MO6WK27VnYIuEi8nFZKj3i1/dXoxTyNQyCUzpu25CfoZ0yi4hHGpkxpIGB+yPrQtVSwC42fTi8f0yCo9GsbalkI6VX9PZCwyZhQFtjNiODDz3kT8z2unGJ77mVBJiqD4bFGYSooxnbxPe0IDRzmyhHEt7K2UD5hmHG1IJRuCN//yImmcVC+q3s1ppXaZp1EkB+SQHBOPnJEauSZ10iCcKPJMXsmbY5wX5935mLUWnHxmn/yB8/kDhq2RBA==</latexit>

q
<latexit sha1_base64="gqhkYh7MBm9GaiVNDBxVo5M1bBY=">AAAB8HicbVBNS8NAEN3Ur1q/qh69LBbBU0lEUG9FLx4rWFtsQ9lsJ+3SzSbuTsQS+i+8eFDx6s/x5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFpeWV1rbhe2tjc2t4p7+7dmTjVHBo8lrFuBcyAFAoaKFBCK9HAokBCMxheTfzmI2gjYnWLowT8iPWVCAVnaKX7DsITBmH2MO6WK27VnYIuEi8nFZKj3i1/dXoxTyNQyCUzpu25CfoZ0yi4hHGpkxpIGB+yPrQtVSwC42fTi8f0yCo9GsbalkI6VX9PZCwyZhQFtjNiODDz3kT8z2unGJ77mVBJiqD4bFGYSooxnbxPe0IDRzmyhHEt7K2UD5hmHG1IJRuCN//yImmcVC+q3s1ppXaZp1EkB+SQHBOPnJEauSZ10iCcKPJMXsmbY5wX5935mLUWnHxmn/yB8/kDhq2RBA==</latexit><latexit sha1_base64="gqhkYh7MBm9GaiVNDBxVo5M1bBY=">AAAB8HicbVBNS8NAEN3Ur1q/qh69LBbBU0lEUG9FLx4rWFtsQ9lsJ+3SzSbuTsQS+i+8eFDx6s/x5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFpeWV1rbhe2tjc2t4p7+7dmTjVHBo8lrFuBcyAFAoaKFBCK9HAokBCMxheTfzmI2gjYnWLowT8iPWVCAVnaKX7DsITBmH2MO6WK27VnYIuEi8nFZKj3i1/dXoxTyNQyCUzpu25CfoZ0yi4hHGpkxpIGB+yPrQtVSwC42fTi8f0yCo9GsbalkI6VX9PZCwyZhQFtjNiODDz3kT8z2unGJ77mVBJiqD4bFGYSooxnbxPe0IDRzmyhHEt7K2UD5hmHG1IJRuCN//yImmcVC+q3s1ppXaZp1EkB+SQHBOPnJEauSZ10iCcKPJMXsmbY5wX5935mLUWnHxmn/yB8/kDhq2RBA==</latexit><latexit sha1_base64="gqhkYh7MBm9GaiVNDBxVo5M1bBY=">AAAB8HicbVBNS8NAEN3Ur1q/qh69LBbBU0lEUG9FLx4rWFtsQ9lsJ+3SzSbuTsQS+i+8eFDx6s/x5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFpeWV1rbhe2tjc2t4p7+7dmTjVHBo8lrFuBcyAFAoaKFBCK9HAokBCMxheTfzmI2gjYnWLowT8iPWVCAVnaKX7DsITBmH2MO6WK27VnYIuEi8nFZKj3i1/dXoxTyNQyCUzpu25CfoZ0yi4hHGpkxpIGB+yPrQtVSwC42fTi8f0yCo9GsbalkI6VX9PZCwyZhQFtjNiODDz3kT8z2unGJ77mVBJiqD4bFGYSooxnbxPe0IDRzmyhHEt7K2UD5hmHG1IJRuCN//yImmcVC+q3s1ppXaZp1EkB+SQHBOPnJEauSZ10iCcKPJMXsmbY5wX5935mLUWnHxmn/yB8/kDhq2RBA==</latexit><latexit sha1_base64="gqhkYh7MBm9GaiVNDBxVo5M1bBY=">AAAB8HicbVBNS8NAEN3Ur1q/qh69LBbBU0lEUG9FLx4rWFtsQ9lsJ+3SzSbuTsQS+i+8eFDx6s/x5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFpeWV1rbhe2tjc2t4p7+7dmTjVHBo8lrFuBcyAFAoaKFBCK9HAokBCMxheTfzmI2gjYnWLowT8iPWVCAVnaKX7DsITBmH2MO6WK27VnYIuEi8nFZKj3i1/dXoxTyNQyCUzpu25CfoZ0yi4hHGpkxpIGB+yPrQtVSwC42fTi8f0yCo9GsbalkI6VX9PZCwyZhQFtjNiODDz3kT8z2unGJ77mVBJiqD4bFGYSooxnbxPe0IDRzmyhHEt7K2UD5hmHG1IJRuCN//yImmcVC+q3s1ppXaZp1EkB+SQHBOPnJEauSZ10iCcKPJMXsmbY5wX5935mLUWnHxmn/yB8/kDhq2RBA==</latexit>
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Figure 2. Asymptotic regions of the space of GL(n) equivariant parame-
ters. In the n ! 1 limit, provided that (2.25) holds, we approach the given
fixed point.

Remark. The above theorem has an interesting interpretation from the point of view
of enumerative geometry viewpoint and Gromov-Witten theory in particular. Formulae
like (2.10), which are closed cousins of Givental J-functions, serve as generating functions
of the equivariant gravitational descendants of Xn. Due to (2.25) the q-hypergeometric-
type series truncate to polynomials thereby implying that these equivariant gravitational
descendants vanish identically starting from some order in ⇣i’s. The parameters of the
problem get adjusted in such a way that the equivariant volume of the moduli spaces of
quasimaps of degrees (d1, . . . , dn�1) which exceed (�1, . . . ,�n�1) become zero.3.

3I thank A. Okounkov and S. Katz for interesting discussions on these matters.
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Remark. Note that out n! fixed points of T acting on Xn only for single point q we
get a polynomial out of Vq. Other coe�cient functions Vp remain infinite series which we
shall further ignore. One can verify by examining (2.25) that in the n ! 1 limit these
coe�cient functions will be suppressed. A choice of fixed point q following the large-n limits
corresponds to zooming into a certain asymptotic region in which |aS(1)| � |aS(2)| � · · · �
|aS(n)|, where S 2 Sn is a permutation corresponding to the choice of fixed point q.
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Figure 2. Asymptotic regions of the space of GL(n) equivariant parame-
ters. In the n ! 1 limit, provided that (2.25) holds, we approach the given
fixed point.

Remark. The above theorem has an interesting interpretation from the point of view
of enumerative geometry viewpoint and Gromov-Witten theory in particular. Formulae
like (2.10), which are closed cousins of Givental J-functions, serve as generating functions
of the equivariant gravitational descendants of Xn. Due to (2.25) the q-hypergeometric-
type series truncate to polynomials thereby implying that these equivariant gravitational
descendants vanish identically starting from some order in ⇣i’s. The parameters of the
problem get adjusted in such a way that the equivariant volume of the moduli spaces of
quasimaps of degrees (d1, . . . , dn�1) which exceed (�1, . . . ,�n�1) become zero.3.

3I thank A. Okounkov and S. Katz for interesting discussions on these matters.

12 PETER KOROTEEV

Remark. Note that out n! fixed points of T acting on Xn only for single point q we
get a polynomial out of Vq. Other coe�cient functions Vp remain infinite series which we
shall further ignore. One can verify by examining (2.25) that in the n ! 1 limit these
coe�cient functions will be suppressed. A choice of fixed point q following the large-n limits
corresponds to zooming into a certain asymptotic region in which |aS(1)| � |aS(2)| � · · · �
|aS(n)|, where S 2 Sn is a permutation corresponding to the choice of fixed point q.
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Figure 2. Asymptotic regions of the space of GL(n) equivariant parame-
ters. In the n ! 1 limit, provided that (2.25) holds, we approach the given
fixed point.

Remark. The above theorem has an interesting interpretation from the point of view
of enumerative geometry viewpoint and Gromov-Witten theory in particular. Formulae
like (2.10), which are closed cousins of Givental J-functions, serve as generating functions
of the equivariant gravitational descendants of Xn. Due to (2.25) the q-hypergeometric-
type series truncate to polynomials thereby implying that these equivariant gravitational
descendants vanish identically starting from some order in ⇣i’s. The parameters of the
problem get adjusted in such a way that the equivariant volume of the moduli spaces of
quasimaps of degrees (d1, . . . , dn�1) which exceed (�1, . . . ,�n�1) become zero.3.

3I thank A. Okounkov and S. Katz for interesting discussions on these matters.
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coe�cient functions will be suppressed. A choice of fixed point q following the large-n limits
corresponds to zooming into a certain asymptotic region in which |aS(1)| � |aS(2)| � · · · �
|aS(n)|, where S 2 Sn is a permutation corresponding to the choice of fixed point q.
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Figure 2. Asymptotic regions of the space of GL(n) equivariant parame-
ters. In the n ! 1 limit, provided that (2.25) holds, we approach the given
fixed point.

Remark. The above theorem has an interesting interpretation from the point of view
of enumerative geometry viewpoint and Gromov-Witten theory in particular. Formulae
like (2.10), which are closed cousins of Givental J-functions, serve as generating functions
of the equivariant gravitational descendants of Xn. Due to (2.25) the q-hypergeometric-
type series truncate to polynomials thereby implying that these equivariant gravitational
descendants vanish identically starting from some order in ⇣i’s. The parameters of the
problem get adjusted in such a way that the equivariant volume of the moduli spaces of
quasimaps of degrees (d1, . . . , dn�1) which exceed (�1, . . . ,�n�1) become zero.3.

3I thank A. Okounkov and S. Katz for interesting discussions on these matters.
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Remark. Note that out n! fixed points of T acting on Xn only for single point q we
get a polynomial out of Vq. Other coe�cient functions Vp remain infinite series which we
shall further ignore. One can verify by examining (2.25) that in the n ! 1 limit these
coe�cient functions will be suppressed. A choice of fixed point q following the large-n limits
corresponds to zooming into a certain asymptotic region in which |aS(1)| � |aS(2)| � · · · �
|aS(n)|, where S 2 Sn is a permutation corresponding to the choice of fixed point q.
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Figure 2. Asymptotic regions of the space of GL(n) equivariant parame-
ters. In the n ! 1 limit, provided that (2.25) holds, we approach the given
fixed point.

Remark. The above theorem has an interesting interpretation from the point of view
of enumerative geometry viewpoint and Gromov-Witten theory in particular. Formulae
like (2.10), which are closed cousins of Givental J-functions, serve as generating functions
of the equivariant gravitational descendants of Xn. Due to (2.25) the q-hypergeometric-
type series truncate to polynomials thereby implying that these equivariant gravitational
descendants vanish identically starting from some order in ⇣i’s. The parameters of the
problem get adjusted in such a way that the equivariant volume of the moduli spaces of
quasimaps of degrees (d1, . . . , dn�1) which exceed (�1, . . . ,�n�1) become zero.3.

3I thank A. Okounkov and S. Katz for interesting discussions on these matters.

Problem: how many self-conjugated (symmetric) partitions are there?





{{9}, {8, 1}, {7, 2}, {7, 1, 1}, {6, 3}, {6, 2, 1}, {6, 1, 1, 1}, {5, 4}, {5, 3, 1}, {5, 2, 2},

 {5, 2, 1, 1}, {5, 1, 1, 1, 1}, {4, 4, 1}, {4, 3, 2}, {4, 3, 1, 1}, {4, 2, 2, 1}, {4, 2, 1, 1, 1}, 

{4, 1, 1, 1, 1, 1}, {3, 3, 3}, {3, 3, 2, 1}, {3, 3, 1, 1, 1}, {3, 2, 2, 2}, {3, 2, 2, 1, 1}, 

{3, 2, 1, 1, 1, 1}, {3, 1, 1, 1, 1, 1, 1}, {2, 2, 2, 2, 1}, {2, 2, 2, 1, 1, 1}, {2, 2, 1, 1, 1, 1, 1}, 
{2, 1, 1, 1,1, 1, 1, 1}, {1, 1, 1, 1, 1, 1, 1, 1, 1}}

p(9)



p(10)

{{10}, {9, 1}, {8, 2}, {8, 1, 1}, {7, 3}, {7, 2, 1}, {7, 1, 1, 1}, {6,4}, {6, 3, 1}, {6, 2, 2}, {6, 2, 1, 1}, 
{6, 1, 1, 1, 1}, {5, 5}, {5, 4, 1}, {5, 3, 2}, {5, 3, 1, 1}, {5, 2, 2, 1}, {5, 2, 1, 1, 1}, 

{5, 1, 1, 1, 1,1}, {4, 4, 2}, {4, 4, 1, 1}, {4, 3, 3}, {4, 3, 2, 1}, {4, 3, 1, 1, 1}, {4, 2, 2, 2}, {4, 2, 2, 
1, 1}, {4, 2, 1, 1, 1, 1}, {4, 1, 1, 1, 1, 1, 1}, {3, 3, 3, 1}, {3, 3, 2, 2}, {3, 3, 2, 1, 1}, {3, 3, 1, 1, 
1, 1}, {3, 2, 2, 2, 1}, {3, 2, 2, 1, 1, 1}, {3, 2, 1, 1, 1, 1, 1}, {3, 1, 1, 1, 1, 1, 1, 1}, {2, 2, 2, 2, 
2}, {2, 2, 2, 2, 1, 1}, {2, 2, 2, 1, 1, 1, 1}, {2, 2, 1, 1, 1, 1, 1, 1}, {2, 1, 1, 1, 1, 1, 1, 1, 1}, 

{1, 1, 1, 1, 1, 1, 1, 1, 1, 1}}



p(11)

{{11}, {10, 1}, {9, 2}, {9, 1, 1}, {8, 3}, {8, 2, 1}, {8, 1, 1, 1}, {7, 4}, {7, 3, 1}, {7, 2, 2}, {7, 2, 1, 
1}, {7, 1, 1, 1, 1}, {6, 5}, {6, 4, 1}, {6, 3, 2}, {6, 3, 1, 1}, {6, 2, 2, 1}, {6, 2, 1, 1, 1}, 

{6, 1, 1, 1, 1, 1}, {5, 5, 1}, {5, 4, 2}, {5, 4, 1, 1}, {5, 3, 3}, {5, 3, 2, 1}, {5, 3, 1, 1, 1}, {5, 2, 2, 2}, 
{5, 2, 2, 1, 1}, {5, 2, 1, 1, 1, 1}, {5, 1, 1, 1, 1, 1, 1}, {4, 4, 3}, {4, 4, 2, 1}, {4, 4, 1, 1, 1}, 

{4, 3, 3, 1}, {4, 3, 2, 2}, {4, 3, 2, 1, 1}, {4, 3, 1, 1, 1, 1}, {4, 2, 2, 2, 1}, {4, 2, 2, 1, 1, 1},

{4, 2, 1, 1, 1, 1, 1}, {4, 1, 1, 1, 1, 1, 1, 1}, {3, 3, 3, 2}, {3, 3, 3, 1, 1}, {3, 3, 2, 2, 1}, {3, 3, 2, 1, 
1, 1}, {3, 3, 1, 1, 1, 1, 1}, {3, 2, 2, 2, 2}, {3, 2, 2, 2, 1, 1}, {3, 2, 2, 1, 1, 1, 1}, 

{3, 2, 1, 1, 1, 1, 1, 1}, {3, 1, 1, 1, 1, 1, 1, 1, 1}, {2, 2, 2, 2, 2, 1}, {2,2, 2, 2, 1, 1, 1}, 

{2, 2, 2, 1, 1, 1, 1, 1}, {2, 2, 1, 1, 1, 1, 1, 1, 1}, {2, 1, 1, 1, 1, 1, 1, 1, 1, 1}, 

{1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1}}



Odd, Distinct, Symmetric

Lecture #4 02/04/2020

1. Partitions

Our new task was to study integer partitions which are odd and distinct at the same
time. We observed previously that they should match with symmetric partitions. Now
we are ready to prove that this is indeed the case.

Recall that symmetric partitions are partitions which do not change under reflection

along the diagonal. For example, partitions and are symmetric, but partitions

or are not.
The students were puzzled in the beginning so we started to list all symmetric and all

odd and distinct partitions on the board. We skipped small integers and started with
n = 7, see Table 1. We used toy blocks as well as grid paper to visualize partitions in the
left column and lists of integer partitions from the last homework to understand the right
column.

We can see that the number of partitions in both columns of Table 1 grows much slower
than the number of partitions with only odd parts:

n 1 2 3 4 5 6 7 8 9 10 11 12

p(n) 1 2 3 5 7 11 15 22 30 42 56 77
# odd 1 1 2 2 3 4 5 6 8 10 12 15

# distinct 1 1 2 2 3 4 5 6 8 10 12 15
# symmetric 1 0 1 1 1 1 1 2 2 2 2 3

# odd&distinct 1 0 1 1 1 1 1 2 2 2 2 3

Then we tried to understand how using these pictures to match the two columns. We
did not finish so this task carries over to the homework.

1

Problem: Show that Symmetric = Odd&Distinct



2

n Symmetric Odd&Distinct

7

8

9

10

11

12
Table 1. List of symmetric vs. odd and distinct partitions for n = 7, . . . , 12.

Homework

First, we need to finish the proof of the above statement.
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Matching12

For instance in the example below we have partition {5, 3, 1} becomes symmetric par-
tition {3, 3, 3}. The number of parts in the red partition is equal to the number of hooks
in the green partition:

3

One can see that the remaining entries in the table can be matched accordingly. We
can easily repeat this exercise for any symmetric partition (we did an example of a larger
partition in class).

1.2. Odd&Distinct to Symmetric. In order to finish the proof we nee to construct
the map backwards – given any odd and distinct partition we should be able to construct
a unique symmetric partition. Keep in mind that the one-to-one correspondence exists
provided that we can make identifications in both directions!

In this case the inverse mapping is more or less straightforward – we can merely reverse
the arrows in the previous argument. Indeed, since each part of the red partition is odd
we can ‘bend’ each column into an L-shaped hook. Since all parts are distinct we can
then stack all hooks one on top of each other in the same order as in the partition. For
instance in the example below we have partition 5, 3, 1

7!

becomes symmetric partition 3, 3, 3. The number of parts in the red partition is equal to
the number of hooks in the green partition.

⌅
If you understood the proof solve the following
Problem: Find symmetric partition which corresponds to the following odd and dis-

tinct partition {19, 17, 15, 13, 11, 9, 7, 5, 3, 1}

3.3. First part > Second part. Our next problem was the following: Count partitions
of n such that the first part is strictly greater than the second. For instance, for partitions
{3, 2, 1}, {5, 2, 1, 1}, {4} this condition is satisfied (if there is only one part, as in {4} we
count it as well). However, for partitions {2, 2, 1}, {3, 3, 3} the first and second parts are
equal, so we do not count them. Notice that we do not worry about how second and
third, third and fourth, etc parts are related.

We used the first slide of the Keynote to do the counting and quickly came up with the
following table (here we denoted the total number of such partitions with Q(n))

n 1 2 3 4 5 6 7 8

Q(n) 1 1 2 3 5 7 11 15

In particular, for n = 4 out of five partitions only in {2, 1, 1}, {3, 1} and {4} their first
parts are strictly greater than the second parts. We then asked the students if they have



2

It is instructive to do the same exercise using partitions. Consider odd and distinct
partition {25,21,17,13,9,5,1}.

If we convert it to a symmetric partition (check Lecture 4 if you forgot) we’ll get {13,12,11,10,9,8,7,6,5,4,3,2,1}

So the Young diagram has a shape of a triangle (well, almost, it’s more of a staircase,
however, if you put dots in the middle of blocks then it will become an actual right
triangle), hence the name – triangular number.

How can we know the number of blocks in this triangle without counting? Students
quickly realized that we need to complete this shape to a square or to a rectangle. In the
first case we can put on top of the above green diagram another triangular diagram which
is smaller by one row and one column
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quickly realized that we need to complete this shape to a square or to a rectangle. In the
first case we can put on top of the above green diagram another triangular diagram which
is smaller by one row and one column

Odd&Distinct vs Symmetric



Lecture #5 02/13/2020

1. Partitions

1.1. Square numbers. We started our class by reviewing our progress up to date which
is summarized in the table below

n 1 2 3 4 5 6 7 8 9 10 11 12

p(n) 1 2 3 5 7 11 15 22 30 42 56 77
# odd 1 1 2 2 3 4 5 6 8 10 12 15

# distinct 1 1 2 2 3 4 5 6 8 10 12 15
# symmetric 1 0 1 1 1 1 1 2 2 2 2 3

# odd&distinct 1 0 1 1 1 1 1 2 2 2 2 3

As a warm-up we asked the students to find symmetric partition will correspond to the
following odd and distinct partition {19, 17, 15, 13, 11, 9, 7, 5, 3, 1}

It took a little while for the students to recall the idea – we take each column and the
bend it around the middle block (which always exists since each part is odd). The result
is the following 10⇥ 10 square

or partition {10, 10, 10, 10, 10, 10, 10, 10, 10, 10}. Indeed, the first column 19 of the above
red partition can be bent into a hook whose arms have length 9 (including the middle
block: 19 = 9 + 1 + 9), then the second column 15 will give a hook 8 + 1 + 8, etc. Then
we stack the hooks together to get the square which contains 10⇥ 10 = 102 = 100 blocks.
Of course it means that the red partition above also contains 100 blocks.
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Computing Sums
Compute the sum. How many terms are in the sum?

1 + 3 + 5 + … + 117 + 119 = ?

1 + 5 + 9 + 13 + 17+ 21 + 25 = ?

1 + 5 + 9 + 13 + … + 81 = ?



Divisibility by 3
Consider partitions of n whose parts are not divisible by 3

Compare those with partitions of n in which each part is not repeated 3 or more times



Divisibility by 4
Consider partitions of n whose parts are not divisible by 4

Compare those with partitions of n in which each part is not repeated 4 or more times



Divisibility by n
Consider partitions of n whose parts are not divisible by n

Compare those with partitions of n in which each part is not repeated n or more times
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7. Restricted Partitions

Next we would like to find recurrent relations within partitions with fixed number of
parts.

Problem 17. Restricted Partitions. Let us now look at integer partitions of n which
have exactly 4 parts. From the list of partitions of 7

{{7}, {6, 1}, {5, 2}, {5, 1, 1}, {4, 3}, {4, 2, 1}, {4, 1, 1, 1}, {3, 3, 1}, {3, 2, 2},

{3, 2, 1, 1}, {3, 1, 1, 1, 1}, {2, 2, 2, 1}, {2, 2, 1, 1, 1}, {2, 1, 1, 1, 1, 1}, {1, 1, 1, 1, 1, 1, 1}}
Only these qualify

{{4, 1, 1, 1}, {3, 2, 1, 1}, {2, 2, 2, 1}}
Make lists for n = 4, 5, 6 with all possible restricted parts, i.e. all partitions of 4 with 1,
with 2, with 3 parts, etc., same for n = 5 and n = 6. Count each number of partitions,
call it pk(n). Do you see any pattern?

In class we looked at restricted partitions from n = 1 to n = 10 and drew table 7
This table is larger than the one from the previous class so we had more information

and could observe more patterns. On the video you can see how those new patterns
appeared in front of our eyes.

Eventually we have found that if you take a number, say p5(10) = 7, then move to
its upper-left corner where p4(9) = 6 resides. Then we need to compensate for missing
7�6 = 1. There are a lot of 1s in the table, so it may be confusing which 1 to pick. Since
we?re after a pattern which should always work we need a simple rule which would tell
us how to pick the missing number. One suggestion in class was to take p5(6) = 1 works
perfectly. Still, there’s another 1 on top of it – p5(5), so we could as well picked that one.

In order to remove the ambiguity let us consider another example. Start with p4(10) =
9, then go towards its top-left corner, find it to be p3(9) = 7. We are short by 9 � 7 = 2.
Luckily for us there’s only one 2 corresponding to p4(6). So we conclude that

p4(10) = p3(9) + p4(6).

We did couple more examples and convinced ourselves that the rule indeed works, say

p3(11) = p2(10) + p3(8) (10 = 5 + 5)

Let?s now try to write this rule for all n-integer and k-number of parts. It states

(9) pk(n) = pk�1(n � 1) + pk(n � k)

Here we assume that k is less or equal n, otherwise we’ll get a negative number for n � k.
We concluded that in this case pk(n � k) should be zero. Indeed, this is correct and it
implies that

pk(n) = pk�1(n � 1)

for k > n One can check this by looking at the right half of the table. That?s why we
have diagonals of 1s, 2s, 3s on the right.





1 2 3 4 5 6 7 8

p(1) 1

p(2) 1 1

p(3) 1 1 1

p(4) 1 2 1 1

p(5) 1 2 2 1 1

p(6) 1 3 3 2 1 1

p(7) 1 3 4 3 2 1 1

p(8) 1 4 5 5 3 2 1 1



{{9}, {8, 1}, {7, 2}, {7, 1, 1}, {6, 3}, {6, 2, 1}, {6, 1, 1, 1}, {5, 4}, {5, 3, 1}, {5, 2, 2},

 {5, 2, 1, 1}, {5, 1, 1, 1, 1}, {4, 4, 1}, {4, 3, 2}, {4, 3, 1, 1}, {4, 2, 2, 1}, {4, 2, 1, 1, 1}, 

{4, 1, 1, 1, 1, 1}, {3, 3, 3}, {3, 3, 2, 1}, {3, 3, 1, 1, 1}, {3, 2, 2, 2}, {3, 2, 2, 1, 1}, 

{3, 2, 1, 1, 1, 1}, {3, 1, 1, 1, 1, 1, 1}, {2, 2, 2, 2, 1}, {2, 2, 2, 1, 1, 1}, {2, 2, 1, 1, 1, 1, 1}, 
{2, 1, 1, 1,1, 1, 1, 1}, {1, 1, 1, 1, 1, 1, 1, 1, 1}}

p(9)



p(10)

{{10}, {9, 1}, {8, 2}, {8, 1, 1}, {7, 3}, {7, 2, 1}, {7, 1, 1, 1}, {6,4}, {6, 3, 1}, {6, 2, 2}, {6, 2, 1, 1}, 
{6, 1, 1, 1, 1}, {5, 5}, {5, 4, 1}, {5, 3, 2}, {5, 3, 1, 1}, {5, 2, 2, 1}, {5, 2, 1, 1, 1}, 

{5, 1, 1, 1, 1,1}, {4, 4, 2}, {4, 4, 1, 1}, {4, 3, 3}, {4, 3, 2, 1}, {4, 3, 1, 1, 1}, {4, 2, 2, 2}, {4, 2, 2, 
1, 1}, {4, 2, 1, 1, 1, 1}, {4, 1, 1, 1, 1, 1, 1}, {3, 3, 3, 1}, {3, 3, 2, 2}, {3, 3, 2, 1, 1}, {3, 3, 1, 1, 
1, 1}, {3, 2, 2, 2, 1}, {3, 2, 2, 1, 1, 1}, {3, 2, 1, 1, 1, 1, 1}, {3, 1, 1, 1, 1, 1, 1, 1}, {2, 2, 2, 2, 
2}, {2, 2, 2, 2, 1, 1}, {2, 2, 2, 1, 1, 1, 1}, {2, 2, 1, 1, 1, 1, 1, 1}, {2, 1, 1, 1, 1, 1, 1, 1, 1}, 

{1, 1, 1, 1, 1, 1, 1, 1, 1, 1}}



p(11)

{{11}, {10, 1}, {9, 2}, {9, 1, 1}, {8, 3}, {8, 2, 1}, {8, 1, 1, 1}, {7, 4}, {7, 3, 1}, {7, 2, 2}, {7, 2, 1, 
1}, {7, 1, 1, 1, 1}, {6, 5}, {6, 4, 1}, {6, 3, 2}, {6, 3, 1, 1}, {6, 2, 2, 1}, {6, 2, 1, 1, 1}, 

{6, 1, 1, 1, 1, 1}, {5, 5, 1}, {5, 4, 2}, {5, 4, 1, 1}, {5, 3, 3}, {5, 3, 2, 1}, {5, 3, 1, 1, 1}, {5, 2, 2, 2}, 
{5, 2, 2, 1, 1}, {5, 2, 1, 1, 1, 1}, {5, 1, 1, 1, 1, 1, 1}, {4, 4, 3}, {4, 4, 2, 1}, {4, 4, 1, 1, 1}, 

{4, 3, 3, 1}, {4, 3, 2, 2}, {4, 3, 2, 1, 1}, {4, 3, 1, 1, 1, 1}, {4, 2, 2, 2, 1}, {4, 2, 2, 1, 1, 1},

{4, 2, 1, 1, 1, 1, 1}, {4, 1, 1, 1, 1, 1, 1, 1}, {3, 3, 3, 2}, {3, 3, 3, 1, 1}, {3, 3, 2, 2, 1}, {3, 3, 2, 1, 
1, 1}, {3, 3, 1, 1, 1, 1, 1}, {3, 2, 2, 2, 2}, {3, 2, 2, 2, 1, 1}, {3, 2, 2, 1, 1, 1, 1}, 

{3, 2, 1, 1, 1, 1, 1, 1}, {3, 1, 1, 1, 1, 1, 1, 1, 1}, {2, 2, 2, 2, 2, 1}, {2,2, 2, 2, 1, 1, 1}, 

{2, 2, 2, 1, 1, 1, 1, 1}, {2, 2, 1, 1, 1, 1, 1, 1, 1}, {2, 1, 1, 1, 1, 1, 1, 1, 1, 1}, 

{1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1}}



1 2 3 4 5 6 7 8 9 10 11 12

p(1) 1

p(2) 1 1

p(3) 1 1 1

p(4) 1 2 1 1

p(5) 1 2 2 1 1

p(6) 1 3 3 2 1 1

p(7) 1 3 4 3 2 1 1

p(8) 1 4 5 5 3 2 1 1

p(9) 1 4 7 6 5 3 2 1 1

p(10) 1 5 8 9 7 5 3 2 1 1

p(11)

p(12)



{{9}, {8, 1}, {7, 2}, {7, 1, 1}, {6, 3}, {6, 2, 1}, {6, 1, 1, 1}, {5, 4}, {5, 3, 1}, {5, 2, 2},

 {5, 2, 1, 1}, {5, 1, 1, 1, 1}, {4, 4, 1}, {4, 3, 2}, {4, 3, 1, 1}, {4, 2, 2, 1}, {4, 2, 1, 1, 1}, 

{4, 1, 1, 1, 1, 1}, {3, 3, 3}, {3, 3, 2, 1}, {3, 3, 1, 1, 1}, {3, 2, 2, 2}, {3, 2, 2, 1, 1}, 

{3, 2, 1, 1, 1, 1}, {3, 1, 1, 1, 1, 1, 1}, {2, 2, 2, 2, 1}, {2, 2, 2, 1, 1, 1}, {2, 2, 1, 1, 1, 1, 1}, 
{2, 1, 1, 1,1, 1, 1, 1}, {1, 1, 1, 1, 1, 1, 1, 1, 1}}

p(9)



p(10)

{{10}, {9, 1}, {8, 2}, {8, 1, 1}, {7, 3}, {7, 2, 1}, {7, 1, 1, 1}, {6,4}, {6, 3, 1}, {6, 2, 2}, {6, 2, 1, 1}, 
{6, 1, 1, 1, 1}, {5, 5}, {5, 4, 1}, {5, 3, 2}, {5, 3, 1, 1}, {5, 2, 2, 1}, {5, 2, 1, 1, 1}, 

{5, 1, 1, 1, 1,1}, {4, 4, 2}, {4, 4, 1, 1}, {4, 3, 3}, {4, 3, 2, 1}, {4, 3, 1, 1, 1}, {4, 2, 2, 2}, {4, 2, 2, 
1, 1}, {4, 2, 1, 1, 1, 1}, {4, 1, 1, 1, 1, 1, 1}, {3, 3, 3, 1}, {3, 3, 2, 2}, {3, 3, 2, 1, 1}, {3, 3, 1, 1, 
1, 1}, {3, 2, 2, 2, 1}, {3, 2, 2, 1, 1, 1}, {3, 2, 1, 1, 1, 1, 1}, {3, 1, 1, 1, 1, 1, 1, 1}, {2, 2, 2, 2, 
2}, {2, 2, 2, 2, 1, 1}, {2, 2, 2, 1, 1, 1, 1}, {2, 2, 1, 1, 1, 1, 1, 1}, {2, 1, 1, 1, 1, 1, 1, 1, 1}, 

{1, 1, 1, 1, 1, 1, 1, 1, 1, 1}}



p(11)

{{11}, {10, 1}, {9, 2}, {9, 1, 1}, {8, 3}, {8, 2, 1}, {8, 1, 1, 1}, {7, 4}, {7, 3, 1}, {7, 2, 2}, {7, 2, 1, 
1}, {7, 1, 1, 1, 1}, {6, 5}, {6, 4, 1}, {6, 3, 2}, {6, 3, 1, 1}, {6, 2, 2, 1}, {6, 2, 1, 1, 1}, 

{6, 1, 1, 1, 1, 1}, {5, 5, 1}, {5, 4, 2}, {5, 4, 1, 1}, {5, 3, 3}, {5, 3, 2, 1}, {5, 3, 1, 1, 1}, {5, 2, 2, 2}, 
{5, 2, 2, 1, 1}, {5, 2, 1, 1, 1, 1}, {5, 1, 1, 1, 1, 1, 1}, {4, 4, 3}, {4, 4, 2, 1}, {4, 4, 1, 1, 1}, 

{4, 3, 3, 1}, {4, 3, 2, 2}, {4, 3, 2, 1, 1}, {4, 3, 1, 1, 1, 1}, {4, 2, 2, 2, 1}, {4, 2, 2, 1, 1, 1},

{4, 2, 1, 1, 1, 1, 1}, {4, 1, 1, 1, 1, 1, 1, 1}, {3, 3, 3, 2}, {3, 3, 3, 1, 1}, {3, 3, 2, 2, 1}, {3, 3, 2, 1, 
1, 1}, {3, 3, 1, 1, 1, 1, 1}, {3, 2, 2, 2, 2}, {3, 2, 2, 2, 1, 1}, {3, 2, 2, 1, 1, 1, 1}, 

{3, 2, 1, 1, 1, 1, 1, 1}, {3, 1, 1, 1, 1, 1, 1, 1, 1}, {2, 2, 2, 2, 2, 1}, {2,2, 2, 2, 1, 1, 1}, 

{2, 2, 2, 1, 1, 1, 1, 1}, {2, 2, 1, 1, 1, 1, 1, 1, 1}, {2, 1, 1, 1, 1, 1, 1, 1, 1, 1}, 

{1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1}}


