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vertices connected by
edges no multiple
edges for our purposes

forest my't

If we have n vertices in a tree how many edges

n ledges no yurt

II Zedges
3vertices

toy
3 edges



Pf Induction
Repeatedly remove a vertex and anedge to get
a smaller tree

Basecase vertex o edges

vertices ledge

3 vertices a edges at

tightfisted
Assume statement holds for trees

Can every tree with n vertices be formed byadding

I vertex and Iedge to
a smaller tree Is there

always a vertex andedge
we can remove

Yes such a node is a leaf meaning it has only

oneedge coming out only one neighbor

1
remove a leaf
and corresponding
edge



Question We have n vertices labeled 1,3 n

How many
trees can we draw

h l
t

n Is

3n 3n

I
n

most
path j

Star

Pat 4 fE.ITiasthoice
4 orders

Fife
each tree has been

counted twice so

2
12 paths

start lift
was
just need

to choose middle vertex

12 4 16tr 42



n soooo
pain If Ifstar

Y shape

Paths 60 same argument as before

Stars 5 just choose middle
vertex

Yshapts WE 3 choices 5.4 3 60

É
60 5 60 125t 53

t

Inchon Hard togo from nm to Int htt

Degree Hard to check whether it's
a tree from

list of degrees

n choices for each term say each term
is a

from I to n



Idea Find one to one correspondence bijection

between trees and sequences of length n 2

Given a tree how do we construct the corresponding

sequence

Approach remove vertices one leaf at a time add

one entry to the sequence
each time

Iff
5

Ig
added to the sequence is

the

neighbor of the
leaf we remove

8 1 3 4 can't just use
the of the

7 vertex removed
because then

Yentries of the sequencewould

be unique then we'dhave n

sequences not n

How do we choose which leaf to remove

The one with the smallest number



Algorithm trees to sequences

Remove smallest
leaf at end step

Add its neighborto
the sequence

1 Remee 4
3

2 Remove 5adf.EE8s.in.e32
5,2 10

4 Remove 7

h 10 3 2,10 I

sequence has length8 5 Remove 8

3,4 to I l

5 57.2 a real
3,2 10,111110

7 Remove 9

3,210 1 1,10 3

8 Remove 3

3,2 10 I I 1013 2

Stop



Question How do wego from a sequence to a tree

E Xxxx FX
Want to reconstruct the tree

First leaf
removed is smallest not insequence

I3h Laststef connect
the z

that never showed
up as

joy leaves

7

Reverseatgrithm sequences to
trees

Find smallest not in our sequence feat

Connect it to current
first

Remove that
from the sequence

Repeat until no terns
left in our sequence

Connect the 2 vertices
that never showed up as

leaves



ÉÉ É counting problem
about functions whose

answer is n
2

functions
f l 2 in 1 2 h

M for each of the n inputs
n ways

to choose the output

Tugetn fix output for 2 inputs

fu I

f n n

sont Find a bijection between
trees on n verses

and functions f 1,2 on
1 2 in

such that fuel and f n n

How to represent a function using a graph

Dida h eachedge is an arrow in one direction

Draw an arrow from

y

fu I
Dj

ans
4 f 3 5

5 8141 2

Allow self loopsand edgesgoing for 3
both ways FIG 6



First Turn tree into adirectedgraph
5

6 path from i to n

ate because no cycles

4 toward 1

Direct otherstoward

I 9
4 4

thepath

M
8 4 3

6
7

Can we interpret this graph
as a function

Add loop from 1 to
itself

Want to to map to itself

1 If i boy
can this mapping

A be one to one

94 I 1 No Can't uniquely
recover tree from

8 4 3 5 6 I function Go could
havemapped to 9

Lots of functions currently don't have preimages

ones with self loops or other loops besides Iand 10

Need to change this to introduce some cycles



Things like

L
t

correspond to

is

202

BiggerexampleaEE

9 12

Idey Remove some edges along path and create

cycles I I
nA sty 17.14TI i

sI 2

Mark vertices along the path which are smaller then all

the ones to their right lived in red

Erase edges going into those vertices

Add edges from each that now needs one to

the next red vertex to the right including itself



f 4 I f 67 14 fin to

f 2 IT f 7 3 71123 7

113 7 F 8 4 f 1137 8

f 41 13 f 9 11142 10

f 5 11 flu o f 157 15

How do wego from a function to a tree

P GE.ir
I 1h stop9 Iz e.g

i
Find the red points smallest in each cycle

Remake top line by ordering red points

ate.IE IOa.exe
9 an

z 11 4149 12 I 6

Get rid of loops and fill in the path Always point
to next smallest redpoint



Why can't multiple cycles in one
connected

component
5 There would have

to an edgecoming

IÉ out of a neem
one cycle andthen
that node is trying
to map to 2places

Don't have toworry about this

Pf due to Egaciogh
and Remmel


