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Motivating Problem

We have a cube and he color to assign
to each face

Q How many colorings

modern

what is group theory
What ishalgebra



Set theory

Set collection of objects of
a s b a

Ya a a

X Y es HaEX a EY
also HBEY SEX

Y e.g
x I

xEZ x B Z

III XY



Def A bingrelatio R between X Y

is a subset of caÉ.aproduct
ng

Def A function f from X Y is a b r

s t HxEX I yEY s e xylef
e.g nonexample tix

If ZcX then fly is a function

x Def xEZ



ing f y EY Fx EX G g Ef
Given ZCY f z EX JEZ g of

a

Def f inject if Hx NEX

flat fled x x2

Def f is surjective if Hy EY
Fx EX sit flag

es



Def f is a bijection E f ing and serj

Def An equivalencerelation R

x y G g ER

between X and Y is a b r S E

1 reflexivity HEX x HER

2 Symmetry Hx g EX se G g ER

Ly NER

3 Transitivity if ay ly z ER x 2 ER



Def Given an equivalence rel R on X
the equivalence of EX is

x JEX G g
ER

y we know
y Ely

Fact HA g ER then x ly

Pf Need to show x Cly and f CEA
Let EEG then IX HER
But also ly NER Ly E ER

Ely ACG E



Easy check If f a function then

the relation R x x fat flit
is an

eq
rel

X Z R x.gl x y is even

Symmetry

Combining two symmetries should be a sym

Doing nothing is a sgm

Any sym should be invertible



I.Def A guy
is a set G

together with a function m 6 6 G
la b tab

if Associativity
It g Lik E G mlmlg.hl.la mlg mlhik

2.3 4 2 3 4

ii Identity DEEG s t Hye G
ge g eg fit

iii Hye G The G s.e gh ng e

5



Another clef A group G m

Tais aft
is abelian iff Haib EG a b b a

Klein 4 Viergrup

G et s c
Exercise

ah Check group
axiom for

i
I

G K Ky
U



Symmetric group
on a set X

G Sym x bijection X X

and multiplication ie function composition

Closure given bijection f E Sym X

fog is bijective Injectivity

fo g x fog x Wts xx

flycal fight ga g x

x x



Surj Suppose EX WTS FIE X s e

f g x x

3 a EX s e f a x

Fie X s.t.ge a

flglil x

f g x x fog irsay



Assoc

Identity
Invercee

e

Ex

g n is the
qq.fi

Sgm 1,22 I 2 I 2

e a

0
where a a



Symn

Facts about groups

Identity is unique

Fe e se e g ge g EG

e'g ge g
e ee

Inverses are unique g 3h h s t

gh ng e

gh ng e I h h e h gh
hg n e n'th



Cancellation
gx gy

g ga g lg x g

gx yg

Facts g't g go e
T.is

a 5 a a e a

ta a



Def For G a group
a subset HEG

is called a subgiant of G if the gp

operation restricted to Hx H 6 6

malice H into a group Denote HEG

C E E
Subgps

l element subgp e

2 gal Yes e



Thn subgp criterion

A nonempty subset of G is a subgp

Hx y EH x g E H

Pf
E

1 Let heh let x y heh
h h e E ti identity

21 Set x y e h Then xy e LIKE
inverses

3 If hike H x g
h lil

If

h lit h k EH



Def A group is

A set G with an an operation
a functionE Gil identity e sit

Hg mle.gl mlg el g
e g g e g

2 inverses

HgE6 7g s.egj.gg e

3 Associativity
Hgh KEG G h k g h k



e.g Sym I the set of bijection
on 9112,3 i n

fist
fiBijection a Inj Swj

f In flat fist a s

t

f Sari iff HSE 91,2 n3 Fae t

s t flats



Def A homomorphism L G H

is a function G H S E

Hg hEG Ugh 4cg echt
T ly

in malt in H

Note Iced ex

ely Hee g Cleo Clg

Clg eled Clg HgEG



ele ed eled eced elect

Cleo eled.eced fecedt.ee

TE T
elect en

Similarly

4cg Llg
Exerise i proofs



Y G e is a homorphism

for ANY function 4 G Ge

Thn If L G H is a hom

and KEH then Y K EG
ii

geo g Ek

Pf Y k is nonempty b c e Ek

so sine flee ex Ege e K



Now use subgp criterion

Reminder If ACG G a group

then AEG Ha bed as EA

Let x yE E Kl WI that Xy Eck

Xcx lately l eately Ek

EE
Leg

1 Ek
g EE K

So ECK E G



Def The Gel of a hom e G H

is 4 Sez

Def the image of Y is

416 441g I 4gE6

Thn Y G H is injective
Kel keg ie kel is trivial

f e If 41 1 44 xty
Then eldelyl elxlyljy elxg Y e.tl
In particular xy tee and xg E ker l

l



Suppose here is nontrivial
1 1 I g E Kerl x y

So 465 een

41 1461

echeelylafly
4G Ely E

Def An isomorphic s a bijective

homomorphism Y
same shape



Two groups are isomorph if
I e G H an isomorphism

Exernise Composition of isomorphisms is a

isomorphism L G H
so

y Hop
44 G P
is an iso

Eg Aut G isomorphism G G

is a group Aut m automorphism

z Zha
Check2

42 7 4
t

this is a nontrivial
1 A 3
mod 4 mod 4 isomorphism



Rnk If G Lg g Inez

then G is called cyclic
and any

hom 4 G H is

determined by Clg

If 6 49 gz

it suffice to define Clg Hi

In an abelian gp generators for
G g 9ns behave like a basic of rec

Spr

Hg EG g cigi Cig tag t tonga



Ight Ight

Going back Ant G is a group

Associativity If f g h E Aut G

Why is f h fight
Identity id gig

is the identity

Inverses HEE Aut G I e a function

sit 14 EY idg
and l is indeed a homorphism



Group actions
Left

Def A Fupation of a
group G

on a set X is a homorphism

l G Sym x

X is called a G set

j
3,123,43

go on
X G Cy e g g3g3

gee

gal ee g x

e.g above 4 11 2



I can also be thought of as a function

Gx X X elet idx eg.ca

g
x t g x s t e.x x_

and gh x g hx

Right action Ugh A g ease

Xx G X eight elytech

x g X sit X e x

x gh X g h



e.g Left action G AG generally denote

gp
anti by

6261

Indeed groups can be thought of a

symmetries of an object

e.g
The dihedral

group Dn ca be

thought of aethgoup of symmetry

of the regular Agon under rotation and

reflection across an axis



e.g Deaf
as follows D Lg As

ga 0790 É
ht

Note Wal

g l i gh ng

Dy 49,5 high gah gah

Del 2.4 more gen Dal 2n



Def For G AX and xEX
the orbit of X under G is the set

Gx g x HgEG

Morally Everything we get by acting on x

with G

e.g C D D by reflection across É
high Gx 9x X X

Gy Gy Gg y



If Gx X HEX then GIX
is called transitive

Claim xny iff Gx Gy is

a equivalence relation

Pf Reflexive Sym Trane
wtf if XY y Z

Wis xx Hx WR if try
the x uz

Gx Gx Then I
Let x'C Gx

X X Gt O
was that x'EG Z

Gy GY x g x g y

sixiggbyty



so y g it for some
g EG

x g g z gig z x'EGz
CxCGz

Similarly GzcGx

Since orbit for equivalence classes
we

can consider elite of X a being parttime
into orbit

Burnside's Lemma

Let G a finite group
that ante on X



f g

HgEG let X EX g xx

1 161 1
21 1
gEG

Fief
X by orbit

in for HEG we consider gig

if g gth for some heth



Coloring the case

3 colour and how many distinctcolorings of
the c be

up to rotation

1 1 36

161 24 of rotation

49 Ig

1 4 36 1 901 33 1 4 34



IX 3 1
180

33

1 161 I go
1 91

4
57


