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1 Pick’s Theorem Applications

Theorem 1.1. Let S be a polygon whose vertices all occur at lattice points. Let A be its area, I be
the number of interior points and P be the number of points on the perimeter. Then A = I+P/2@1.

Exercis Prove that you cannot draw an equilateral triangle so that all of its vertices are
—_—

lattice [mu

errcnse Prove that you cannot draw a regular hezagon so that all of its vertices are lattice

points.

errclse%ﬂ ‘hat is the smal est arca of a convex pentagen that has all its vertices at lattice

(Ao w\[tgc 5\\4;‘«:}

Exercise 1.5. Consider the tetrahedron in 3D with verfices at (0,0,0),(1,0,0),(0,1,0),(1,1,r).
What is its volume? How many lattice points are in the interior? What about on the boundary?

points?

2 Ford Circles
Definition 2.1. A Ford circle is a circle whose center is at (f 2%) and whose radius is #

Exercise 2.2. Draw the Ford circles corresponding to 0/1,1/1 and 1/2. What do you notice about
them?

Exercise 2.3. Find the radius and center of the circle that is tangent to both the Ford circles

0/1,1/2 and the  axis.
Exercise 2.4. Do you notice anything? Can you prove any conjecture that you have?

Exercise 2.5. Prove that two Ford circles are either tangent to each other or don’t touch each
aother at all.

Exercise 2.6. Geometrically prove that if o is irrational, then there are infinitely many fractions
p/q such that | — p/q| < ﬁ,
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Sup pese Phe 5 verhx Fah}rs o (\&L/\i\) (7(9/76).
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Definition 2.1. A Ford circle is a circle whose center is at (&, L,) and whose radius is $

Exercise 2.2. Draw the Ford circles corresponding to 0/1,1/1 and 1/2. What do c;) L 1o about
[y may o

them?
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the Ford circles

Exercise 2.3. Find the radius and center of the circle that is tangent to be
0/1,1/2 and the = aris

Exercise 2.4. Do you notice anything? Can you prove any conjecture that you have?

Exercise 2.5. Prove that two Ford cireles are either tangent 1o each other or don’t touch each
other at alf.

Exercise 2.6. Geomelrically prove that if o is rrational, then there are infinitely many froctions

pfq such that |o — pfg| < %g \O \\)
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