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First Digit Frequency According to Benford's Law
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Simon Newcomb
1835-1909

1881 Numberphile video (on log tables)

https://www.youtube.com/watch?v=VRzH4xBOGdM



The frequency of first digits thus follows closely the

FRANK BENFORD

logarithmic relation

used numbers.

F, = log(

where F, is the frequency of the digit a in the first place of

a+1
a  J

M

TABLE II
OBserVED AND CoMPUTED FREQUENCIES
Natural Number Observed Logarithm Observed Prob. Error
Number Interval Frequency Interval — Computed ean
1 1to2 0.306 0.301 +0.005 +0.008
2 2t03 0.185 0.176 +0.009 +0.004
3 3to4 0.124 0.125 —0.001 +0.004
4 4t05 0.094 0.097 —0.003 +0.003
5 5to06 0.080 0.079 -+0.001 +0.002
6 6to7 0.064 0.067 —0.003 +0.002
7 7to8 0.051 0.058 —0.007 +0.002
8 8to9 0.049 0.051 —0.002 =+0.002
9 9 to 10 0.047 0.046 +0.001 =+0.003
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Typical Numbers
484633 63561 1115503
668880 505118 216165
156018 657236 845984
28797010 5568493 908067
1330155 1158438 196667
133142 84857 1221
244970 3956086 162806
554794 365305 1224771000
1857 1632241 543923100
39981 1958540 186509
6031 2023571 892941
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Leading Digit

a. Tax return numbers, Benford’s law

FIGURE 34-2
Two examples of leading-digit histograms. The left figure shows the leading-digit distribution for
14,414 numbers taken from U.S. Federal income tax returns. The figure on the right is for numbers
produced by a computer random number generator (RNG). This shows one of the longstanding
mysteries of Benford’s law— Why do some sets of numbers follow the law (such as tax returns), while
others (such as this RNG) do not? Many have claimed that this is some sort of secret code hidden in
the fabric of Nature.
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Frank Benford
1883-1948
1938
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Typical Numbers

4,127200 7.329969
8,394767 5,010455
8,599026 5,505317
3.268541 2.550152
3.224844 3.861024
3.894938 2446967
5,623795 4922481
0.986852 8.820038
6.102519 0.902577
4 4.944671 6.476008
1065516 6,701705

1 2 3 4 5 6 7 8 9

Leading Digit

b. RNG numbers, not Benford’s law
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Back to Benfords Law
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“‘Die ganzen Zahlen hat der liebe Gott gemacht, alles

Leopold Kronecker _ )
1823-1891 andere ist Menschenwerk

1884 “God made the natural numbers; all else is the work
of man.”
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