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Sketch of Proof: The idea is to find a subset S of squares of the board
such that any row, any column, and any diagonal intersects S in an even
number of squares. One such set would be the eight squares adjacent to the
four corners of the board. Thus, if you consider the parity of the number of
dots in S throughout the game, you will find out that it is invariant. ♦

Here is a challenging problem for you.

Problem 10. In the set-up of Gopher Gun, find

(a) all subsets S whose parity of dots is invariant under the operations;
(b) all attainable configurations of dots.

4. Tilings and More Invariants

No invariant session would be complete without tilings. Recall that to tile
a figure with a particular shape means to cover that figure completely with
copies of the given shape which do not overlap. For example, it is possible
to tile a 4×4 board with eight copies of a 1×2 domino. In the following, we
shall consider two shapes the same (or congruent) if they are obtained from
one another by rotating, translating, flipping, or any combination of those.

Exercise 13 (Warm-up). Clearly, one can tile a 4× 4 board with 2 copies
of a 2 × 4 rectangle. It turns out that there are 5 other shapes, each built
from eight 1× 1 unit squares, such that 2 copies of each shape can also tile
the 4× 4 board. Find these other 5 shapes and tilings of the 4× 4 board.

Exercise 14. There are 5 distinct shapes which can be constructed using
four unit squares on a sheet of graph paper. These are called the tetrominoes.
Draw all 5 tetrominoes and decide which ones can be used to tile a 4 × 4
board (one type of tetromino per tiling!).

Both Exercises 13 and 14 call for an intelligent trial and error approach.
Obviously, symmetry (across the center of the board, or across a line) will
play a part. You should organize your solutions in a systematic way so that
they can generalize to larger boards of suitable sizes.

Problem 11. Show that it is impossible to cover a 4 × 5 rectangle with a
complete set of tetrominoes, i.e., using each tetromino once.

Hint: In a chessboard coloring, which tetromino covers an unequal number
of black and white squares? Why is the board non-tileable? ♦

Exercise 15 (Warm-up). Draw a rectangle 7 squares wide and 3 squares
high, missing the middle square of the top row. Then find a way to tile this
figure with one complete set of tetrominoes. Can you find another interesting
shape consisting of 20 unit squares which can be built from one complete set
of tetrominoes?
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Problem 12. Consider a 7 × 7 board. Which square can be removed to
allow a tiling with 3 × 1 trominoes of the resulting 48-square board? For
example, removing a corner square is one answer: find a way to tile the
resulting board. What are the remaining answers?

Hint: Some other answers are the top middle square and the middle square.
By symmetry, you should find all 9 answers, provide a tiling for each, and
explain why the removal of no other squares would do. Note that using one
of the diagonal 3-coloring schemes will not be sufficient: you will need both
of the two possible 3-coloring schemes. ♦

Our last tiling problem is probably the most interesting question here
because it leads to some creative coloring schemes.

Problem 13. For each of the 5 tetrominoes, determine whether or not it
can be used to tile a 6× 6 board. In each case, find a way to do the tiling or
demonstrate that it cannot be done using an appropriate coloring scheme.

Hint: This one is fun, but I’ll let you sort out the details. For example,
the L-tetromino is impossible due to a vertical striped 2-coloring. Finding
out why the S-tetromino is “obviously” impossible takes a few tries! ♦

If you like these problems, a similar activity on tilings is presented in
Ravi Vakil’s book A Mathematical Mosaic [94]; there, for instance, you
can find a more interesting 8 × 8 version of Problem 12. We direct the
moderately advanced reader to an accessible, beautiful, and deep account of
the mathematics of tilings by Federico Ardila and Richard Stanley [4].

5. Escape of the Clones

This is a version of a famous puzzle attributed originally to Maksim
Kontsevich, which appeared in the Tournament of the Towns and in the
Russian journal Kvant in 1981 (cf. [54, 50]). Its solution will require the
creation of invariants with infinite series.

5.1. The set-up of the game. Consider the first quadrant in the Carte-
sian plane divided into unit squares by horizontal and vertical lines at the
positive integers. Place 3 dots (clones) in the shape of an L-tromino in the
bottom left-most squares, and draw a “barbed wire fence” enclosing the dots
and their 3 respective squares: this is the orange fence in Figure 8.

Figure 8. Escape of the Clones


