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Partitions

There are several ways to decompose an integer into sums of smaller integers

4=1+1+1+1

4=2+1+1

Young diagrams

4=2+2

4=3+1

4=4+0




Partitions

Problem: Find all partitions of numbers 1,2,3,4,5,6,7,8,9 together with their Young diagrams

n=5 p(5)=7

n=6 p(6)=11







Partitions

n=7 p(7)=15

{7}, {6, 1}, {5, 2}, {5, 1, 1}, {4, 3}, {4, 2, 1}, {4, 1,1, 1}, {3, 3, 1}, {3, 2, 2}, {3, 2, 1, 1},
{3,1,1,1,1},{2,2,2,1},{2,2,1,1,1}, {2, 1,1, 1, 1,1}, {1, 1,1, 1,1, 1, 1}

n=8 p(8)=22

{8}, {7, 1}, {6, 2}, {6, 1, 1}, {5, 3}, {5, 2, 1}, {5, 1, 1, 1}, {4, 4}, {4, 3, 1}, {4, 2, 2}, {4, 2, 1, 1},
4,1,1,1,1},{3,3,2},{3,3,1,1},{3,2,2,1},{3,2,1, 1,1}, {3, 1, 1,1, 1, 1}, {2, 2, 2, 2},
2,2,2,1,1},{2,2,1,1,1,1}, {2,1,1, 1,1, 1,1}, {1,1,1,1, 1,1, 1, 1}

n=9 p(9)=30

{9}, {8, 1}, {7, 2}, {7, 1, 1}, {6, 3}, {6, 2, 1}, {6,1,1,1}, {5, 4}, {5, 3, 1}, {5, 2, 2}, {5, 2, 1, 1},
{5,1,1,1,1}, {4, 4,1}, {4, 3, 2}, {4, 3, 1, 1}, {4, 221}{42111}{4,1,1,1,1,1},
{3,3,3,1{3,3,2,1},{38,3,1,1,1},{3,2,2,2},{3,2,2, 1,1}, {3, 2, 1, 1, 1, 1},

{3, 1,1, , 1}, {2, 2, 2, 2, 1} {2, 2, 2,1,1,1}, {2,2,1,1, 1,15 {2,1,1,1, 1,1, 1, 1},
1,1,1,1,



Odd & Distinct Parts

Problem (a): Count the number of partitions with odd parts from the previous examples

Problem (b): Count the number of partitions with distinct parts from the previous examples



p(7)=15

n=7

{7}, {6, 1}, {5, 2}, {5, 1, 1}, {4, 3}, {4, 2, 1}, {4, 1,1, 1}, {3, 3, 1}, {3, 2, 2}, {3, 2, 1, 1},
{3,1,1,1,1},{2,2,2,1},{2,2,1,1,1},{2,1, 1,1, 1,1}, {1, 1, 1,1, 1, 1, 1}

n=8 p(8)=22
{8}, {7, 1}, {6, 2}, {6, 1, 1}, {5, 3}, {5, 2, 1}, {5, 1, 1, 1}, {4, 4}, {4, 3, 1}, {4, 2, 2}, {4, 2, 1, 1},
4,1,1,1,1}, {3, 3,2}, {3,3,1,1},{3,2,2,1},{3,2,1,1,1}, {3, 1, 1,1, 1, 1}, {2, 2, 2, 2},
{,2,2,1,1},{2,2,1,1,1,1}, {2, 1,1,1,1, 1,1}, {1,1,1,1, 1,1, 1, 1}

n=9 p(9)=30

{9}, {8, 1}, {7, 2}, {7, 1, 1}, {6, 3}, {6, 2, 1}, {6, 1, 1, 1}, {5, 4}, {5, 3, 1}, {5, 2, 2}, {5, 2, 1, 1},
{5,1,1,1,1},{4,4,1},{4,3,2},{4,3,1,1},{4,2,2,1}, {4,2,1, 1,1}, {4, 1,1, 1, 1, 1},
{3,3,3},1{3,3,2,1},{3,3,1,1,1},{3,2,2,2},{3,2,2,1, 1}, {3, 2, 1, 1, 1, 1},
{3,1,1,1,1,1,1},{2,2,2,2,1},{2,2,2,1, 1,1}, {2,2,1,1,1,1,1}, {2, 1,1, 1,1, 1, 1, 1},

1,1,1,1,1,1,1,1, 1}



Odd & Distinct Partitions

Find odd and distinct partitions for n = 1,2,...,11

n=9, p(9)=30
19V, 48,1}, {7,2},{7,1,1}, 16,3}, {6,2,1}, {6,1, 1,1}, {5,4}, {5, 3,1}, {5,2,2}, {5,2,1, 1}
(5,1,1,1,1},{4,4,1},{4,3,2},{4,3,1,1},{4,2,2,1},{4,2,1,1,1},{4,1,1,1,1,1},{3, 3, 3},
{3,3,2,1},43,3,1,1,1},{3,2,2,2},{3,2,2,1,1},{3,2,1,1,1,1},{3,1,1,1,1,1,1},{2,2,2,2, 1}
{2,2,2,1,1,1},{2,2,1,1,1,1,1},{2,1,1,1,1,1,1,1},{1,1,1,1,1,1,1,1,1}

n=10, p(10)=42
(010}, {9,1Y, 18,2}, {8,1,1},{7,3} {7,2,1},{7,1,1,1}, {6,4} {6, 3,1}, {6,2,2},{6,2, 1,1},
6,1,1,1,1},{5,5},{5.4,1},{5,3,2},{5,3,1,1},{5,2,2, 1}, {5,2,1,1,1}, {5,1,1, 1,1, 1},
{4,4,2},{4,4,1,1},{4,3,3},{4,3,2,1},{4,3,1,1,1},{4,2,2,2},{4,2,2,1,1},{4,2,1,1,1,1},
{4,1,1,1,1,1,1},{3,3,3,1},{3,3,2,2},{3,3,2,1,1}.{3,3,1,1, 1,1}, {3,2,2,2,1},{3,2,2,1, 1,1}
{3,2,1,1,1,1,1},{3,1,1,1,1,1,1,1},{2,2,2,2,2},{2,2,2,2,1,1},{2,2,2,1,1, 1, 1},
{2,2,1,1,1,1,1,1},{2,1,1,1,1,1,1,1,1},{1,1,1,1,1,1,1,1,1,1}}



n=11, p(11)=56

{{11},{10,1},{9,2},{9,1,1},{8,3},{8,2,1},{8,1,1,1},{7,4},{7,3,1},{7,2,2},{7,2,1, 1},
(7,1,1,1,1},{6,5}, {6,4,1}, {6, 3,2}, {6,3,1,1},{6,2,2,1},{6,2,1,1,1},{6,1,1,1,1, 1}, {5, 5, 1},
(5,4,2},{5,4,1,1},{5,3,3},{5,3,2,1}.{5,3,1, 1,1}, {5,2,2,2},{5,2,2,1,1},{5,2, 1,1, 1, 1},
(5,1,1,1,1,1, 1}, {4,4,3},{4,4,2,1},{4,4,1,1,1},{4,3,3,1},{4,3,2,2},{4,3,2,1,1},{4,3,1,1, 1,1},
{4,2,2,2,1},{4,2,2,1,1,1},{4,2,1,1,1,1,1},{4,1,1,1,1,1,1,1},{3,3,3,2},{3,3,3,1, 1}, {3,3,2,2, 1}
{3,3,2,1,1,1},{3,3,1,1,1,1,1},{3,2,2,2,2},{3,2,2,2,1,1}.{3,2,2,1,1,1,1},{3,2,1,1,1,1,1, 1},
{3,1,1,1,1,1,1,1,1},{2,2,2,2,2,1},{2,2,2,2,1,1,1},{2,2,2,1,1,1,1,1},{2,2,1,1,1,1,1,1, 1},
{2,1,1,1,1,1,1,1,1,1},{1,1,1,1,1,1,1,1,1,1,1}}



Odd vs. Distinct

n 2134|516 |7 |89
p(n) 213|5|7|11]15]|22 |30
# odd 112123 4]5]6]8
# dist. 112123, 4]5]6]8

Problem: Why is the number of these partitions is the same for every n?



_ odd [ distinct odd distinct
odd distinct 7 7
T 5 |21 | o |5 o
3,11 4.1 5 1’1 7 4’2 3,3,1 5,2
1,1,1,1,1 3,2 ] 1’1’1’1 T3 é 7 3,1,1,1.1 4.3
Sk ik Ak - 1,1,1,1,1,1,1 | 4,2,1
odd distinct
odd distinct Q 9
7,1 8 7,11 8,1
5,3 7,1 5,1,1,1 7,2
5,1,1.1 0,2 5,3,1 0,3
3,3,1,1 5,3 3,3,3 06,2,1
3,1,1,1,1,1 5,2.1 3,3,1,1,1 5,4
1,1,1,1,1,1,1,1 | 4,3,1 3,1,1,1,1,1,1 5,3,1
1,1,1,1,1,1,1,1,1 | 4,3,2




Matching

From Distinct to Odd.
2 51,1

4-1,1,1,1
6— 3,3
8 —»1,1,1,1,1,1,1,1

From Odd to Distinct.
1 —1

1,1 — 2
1,1,1 = 2.1

1,1,1,1 — 4
1,1,1,1,1 — 4,1
1,1,1,1,1,1 — 4,2
1,1,1,1,1,1,1 = 4,2. 1

1,1,1,1,1,1,1,1 — 8
1,1,1,1,1,1,1,1,1 — 8.1

8—1,1,1,1,1,1,1,1
7,1 =171
6,2 —3,3,1,1
5,3 —95,3
5,2,1 —5,1,1,1
4,3,1 —3,1,1,1,1,1

Binary presentation

3=2142Y 5=22420 8 =23



Conjugated Partitions

Flip Young diagrams over the diagonal

YNy

Problem: how many self-conjugated (symmetric) partitions are there?






p(9)

{9}, {8, 1}, {7, 2}, {7, 1, 1}, {6, 3}, {6, 2, 1}, {6, 1, 1, 1}, {5, 4}, {5, 3, 1}, {5, 2, 2},
{5,2,1,1},{5,1,1,1,1}, {4, 4,1}, {4, 3, 2}, {4, 3,1, 1}, {4, 2, 2, 1}, {4, 2, 1, 1, 1},
4,1,1,1,1,1},{3,3,3},{3,3,2,1},{3,3, 1,1, 1}, {3, 2, 2, 2}, {3, 2, 2, 1, 1},
3,2,1,1,1,1},{3,1,1,1,1,1,1},{2,2,2,2,1}, {2,2, 2,1, 1,1}, {2,2, 1, 1,1, 1, 1},
2,1,1,11,1, 1,1}, {1,1,1,1,1,1, 1,1, 1}}



p(10)

{{10}, {9, 1}, {8, 2}, {8, 1, 1}, {7, 3}, {7, 2, 1}, {7, 1, 1, 1}, {6,4}, {6, 3, 1}, {6, 2, 2}, {6, 2, 1, 1},
{6,1,1,1,1}, {5, 5}, {5, 4, 1}, {5, 3, 2}, {5, 3, 1, 1}, {5, 2, 2, 1}, {5, 2, 1, 1, 1},
65,1,1,1,1,1}, {4,4,2},{4,4,1,1},{4, 3,3}, {4, 3,2, 1}, {4, 3,1, 1,1}, {4, 2, 2, 2}, {4, 2, 2,
1,14, {4,2,1,1,1,1},{4,1,1,1,1,1,1}, {3, 3, 3,1}, {3, 3,2, 2}, {3, 3,2, 1, 1}, {3, 3, 1, 1,
1,1}, {3,2,2,2,1},{3,2,2,1,1,1},{3,2,1,1,1,1,1},{3, 1,1, 1,1, 1, 1,1}, {2, 2, 2, 2,
2},{2,2,2,2,1,1},{2,2,2,1,1,1,1}, {2,2,1,1,1,1, 1,1}, {2, 1,1, 1, 1,1, 1, 1, 1},
1,1,1,1,1,1,1,1,1,1}}



p(11)
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Odd, Distinct, Symmetric

n 21374567 [ &8[9 [10[11]12
p(n) 213 5[ 7[11[15]22]30]42]56] 77

% odd 122314568 [10[12]15
# distinct 122314568 [10[12]15
# symmetric ol1|1|1|1 |12 [22]27]3
% odd&distinct ol1|[1]|1|1 |12 22273

Problem: Show that Symmetric = Odd&Distinct



Symmetric

Odd&:

Distinct




10

11

12







Odd&Distinct vs Symmetric
Triangular numbers

(25,21,17,13,9,5,1} {13,12,11,10,9,8,7,6,5,4,3,2,1



Odd&Distinct vs Symmetric
Square numbers

{19,17,15,13,11,9,7,5,3, 1} {10, 10, 10, 10, 10, 10, 10, 10, 10, 10}



Computing Sums

Compute the sum. How many terms are in the sum?

o 1+3+5+...+117+119="7

® 1 +5+9+13+17+21+25="°

® 1+5+9+13+...+481="7



Divisibility by 3

Consider partitions of n whose parts are not divisible by 3

Compare those with partitions of n in which each part is not repeated 3 or more times



Divisibility by 4

Consider partitions of n whose parts are not divisible by 4

Compare those with partitions of n in which each part is not repeated 4 or more times



Divisibility by n

Consider partitions of n whose parts are not divisible by n

Compare those with partitions of n in which each part is not repeated n or more times



Restricted Partitions

Restricted Partitions. Let us now look at integer partitions of n which
are not allowed to have more than k parts. For instance, let n =7 and £k = 4. Then we
shall only look at partitions which have ezxactly 4 parts. From the list of partitions of 7

{{7},{6,1},{5,2},{5,1,1},{4,3},{4,2,1},{4,1,1,1},{3,3,1},{3,2,2},
{3,2,1,1},{3,1,1,1,1},{2,2,2,1},{2,2,1,1,1},{2,1,1,1, 1, 1},{1,1,1,1,1,1,1}}
Only these qualify
{{4,1,1,1},{3,2,1,1},{2,2,2,1}}
Make lists for n = 4, 5,6 with all possible restricted parts, i.e. all partitions of 4 with 1,

with 2, with 3 parts, etc., same for n = 5 and n = 6. Count each number of partitions,
call it pg(n). Do you see any pattern?









p(9)

{9}, {8, 1}, {7, 2}, {7, 1, 1}, {6, 3}, {6, 2, 1}, {6, 1, 1, 1}, {5, 4}, {5, 3, 1}, {5, 2, 2},
{5,2,1,1},{5,1,1,1,1}, {4, 4,1}, {4, 3, 2}, {4, 3,1, 1}, {4, 2, 2, 1}, {4, 2, 1, 1, 1},
4,1,1,1,1,1},{3,3,3},{3,3,2,1},{3,3, 1,1, 1}, {3, 2, 2, 2}, {3, 2, 2, 1, 1},
3,2,1,1,1,1},{3,1,1,1,1,1,1},{2,2,2,2,1}, {2,2, 2,1, 1,1}, {2,2, 1, 1,1, 1, 1},
2,1,1,11,1, 1,1}, {1,1,1,1,1,1, 1,1, 1}}



p(10)

{{10}, {9, 1}, {8, 2}, {8, 1, 1}, {7, 3}, {7, 2, 1}, {7, 1, 1, 1}, {6,4}, {6, 3, 1}, {6, 2, 2}, {6, 2, 1, 1},
{6,1,1,1,1}, {5, 5}, {5, 4, 1}, {5, 3, 2}, {5, 3, 1, 1}, {5, 2, 2, 1}, {5, 2, 1, 1, 1},
65,1,1,1,1,1}, {4,4,2},{4,4,1,1},{4, 3,3}, {4, 3,2, 1}, {4, 3,1, 1,1}, {4, 2, 2, 2}, {4, 2, 2,
1,14, {4,2,1,1,1,1},{4,1,1,1,1,1,1}, {3, 3, 3,1}, {3, 3,2, 2}, {3, 3,2, 1, 1}, {3, 3, 1, 1,
1,1}, {3,2,2,2,1},{3,2,2,1,1,1},{3,2,1,1,1,1,1},{3, 1,1, 1,1, 1, 1,1}, {2, 2, 2, 2,
2},{2,2,2,2,1,1},{2,2,2,1,1,1,1}, {2,2,1,1,1,1, 1,1}, {2, 1,1, 1, 1,1, 1, 1, 1},
1,1,1,1,1,1,1,1,1,1}}
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Recurrent Formula px(n) =pr_1(n—1)+ pp(n —k)

p3(9) = p2(8) + p3(6)
7 4 3




+[]

HEEEE

+0=

[ [ 1]

+0=

Matching

pe(n) =pr—1(n —1) +pr(n — k)

+0=




Understanding p(n)

n 21314516 | 7] 8910|1112

p(n) 213571115122 (30|42 |56 |77

# odd 1122|345 |68 1012|155

# distinct 1122|345 6|8 ]1012]15

# symmetric o(1(1(1(1 (122|223
# odd&distinct o(1(1|1|1]1}22|2|2]|3




Odd and Even Number of parts

For each n count distinct partitions with odd and even number of parts

n=8 n=9







[ LT[ T]

HEEEEEEEEE

[ [ []

[ L1 1]

[ [ ]

n=10

[ 1]







Pentagonal Numbers

0000

........
............
...............
.................
...................
....................
.....................
OOOOOOOOOOOOOOOOOOOOO

1,2 5,7 12,15 22,26 35,40 51,57



Pentagonal Numbers

n -8 | -7 —-6|-95|-4|-3|-2|-1]10(1(2] 3|4 |5 |6 |78
T, | 28 | 21 | 15 | 10 | © 3 1 O (0|1 (3] 6 |10 15|21 | 28 | 36
Sn | 64 |49 | 36 | 25 | 16 | 9 4 L (01149 16]25]|36 |49 | 64
P, | 100 | 77 | 57 | 40 | 26 | 15 7 2 |0 1|5 12]22]35 |51 | 70|92

1,2, 5,7, 12,15, 22,26, 35,40, 51,57, 70,77, 92,100,




Pentagonal Numbers

[]
1]

Show that P, = n(3g_1)

(P,P.) (Py,Ps) (Ps,P3) (PuP.) ...

Theorem: If n is not a pentagonal number, then the number of even distinct partitions
of n, call it ¢.(n) equals the number of odd distinct partitions of n, call it g,(n). So g.(n) =
¢,(n) and so the total number of distinct partitions of n, call it g(n) is ¢(n) = 2¢,(n) which
IS even.

If n is a pentagonal number, say n = P; , then ¢.(n) = ¢,(n) + (—=1)? and so ¢(n) =
2¢,(n) + (—1)? which is odd.

N

n=5 n=7

VS




Generating Function for Partitions

(1—2)(1—2°) =1x(1—2")—2x(1-2*) = 1x1—-1x2"—2x1—zx(—2*) =1—z—2" 42"

(1-2)(1=2)(1-2%) = (1—2—2"+2)(1-2%) = (1—2—2"+2° = 2°) 1+ (1 —2—2"+2°) (—2°)

—1—2—-2 2427 - -+ =1 -2

=1[a-)=0-20-2)1-22)1-2" ...

P(2)=1—2" =2 +2°+ 2" =217 =21 4 2% 27 —

coefficient for 2" equals: #distinct even partitions of n
-#distinct odd partitions of n

1 1 1
p(z) = 5(2) :Hl_zk ~ (1—2)(1—-22)(1—=23)(1—2%)-...

k=1



Recall that 1

7 — 14zt 22 34
— z

SO
— 1 a2k 3k AR

1 — zk

Generating function

1 = 1 1
S I § el s e

k=1
p2)=(1+z+22+2+. . )A+2+22+2 4+ A +2+25 127 +.00) -

@)

p(z):H(l—l—zk—l—z%—l—z%—i—...)
k=1



p(2)=(1+z+224+2+. )1+ +2+2 4+ VA + 2+ 427+,

Now we need to collect terms in front of each power of z. Each term 2" in the resulting
product will look like
k1

2ko . mkm, _ Zk1—|—2k2—|—3k3—|—---—|—mkm

Z 5z

We want to count the number of such products with ki 4+ 2ky + 3ks +- - - +mk,, =n

n=k +2k+-+mhy=14-+1+2+--+2+--+m+4---+m

TV TV TV
k1 ko Km
which is the number of partitions of n {’\m,...,fr@,’\m— L...,m— 1/,...,\2,...,2/,\1,...,1/}
km km—1 ko k1

consider partition {6,6,4,3,1} of 20
m = 6 and k6 = 2,]€5 = 0,/€4 = 1,]€3 = 1,]{?2 = O,kl = 1.

p(z) =1+p(1)z+ p(2)2* +p(3)2° + p(4)z*+

p(2) = 1+24+222 4325 +52 4 727+ 1124152742225 4+3027 +422' 0+ 56 2 47722 10124 .



i M Recurrent Formula for p(n)

{1,1,2,3,5, 7,11, 15, 22, 30, 42, 56, 77, 101, 135, 176, 231, 297, 385, 490, 627}

p(n) =p(n—1)+p(n—2)—p(n—>5)—p(n—7)+p(n—12)+p(n—15)—p(n—22)—p(n—206)+. ..

5=3+42
11=7+5—1,
15=114+7-2—-1,

56 =42 +30 — 11— 5,
T7T=564+42—15—T+1,
101 =77+56—22—11+1.
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Plane Partitions

1 4+ 2 + 32° + 62° 4+ 132* + 242° + - - -

(1 — xzk)F

00
k=1

Z PL(n)x" =

n=0



Appendix



p(9)

{9}, {8, 1}, {7, 2}, {7, 1, 1}, {6, 3}, {6, 2, 1}, {6, 1, 1, 1}, {5, 4}, {5, 3, 1}, {5, 2, 2},
{5,2,1,1},{5,1,1,1,1}, {4, 4,1}, {4, 3, 2}, {4, 3,1, 1}, {4, 2, 2, 1}, {4, 2, 1, 1, 1},
4,1,1,1,1,1},{3,3,3},{3,3,2,1},{3,3, 1,1, 1}, {3, 2, 2, 2}, {3, 2, 2, 1, 1},
3,2,1,1,1,1},{3,1,1,1,1,1,1},{2,2,2,2,1}, {2,2, 2,1, 1,1}, {2,2, 1, 1,1, 1, 1},
2,1,1,11,1, 1,1}, {1,1,1,1,1,1, 1,1, 1}}



p(10)

{{10}, {9, 1}, {8, 2}, {8, 1, 1}, {7, 3}, {7, 2, 1}, {7, 1, 1, 1}, {6,4}, {6, 3, 1}, {6, 2, 2}, {6, 2, 1, 1},
{6,1,1,1,1}, {5, 5}, {5, 4, 1}, {5, 3, 2}, {5, 3, 1, 1}, {5, 2, 2, 1}, {5, 2, 1, 1, 1},
65,1,1,1,1,1}, {4,4,2},{4,4,1,1},{4, 3,3}, {4, 3,2, 1}, {4, 3,1, 1,1}, {4, 2, 2, 2}, {4, 2, 2,
1,14, {4,2,1,1,1,1},{4,1,1,1,1,1,1}, {3, 3, 3,1}, {3, 3,2, 2}, {3, 3,2, 1, 1}, {3, 3, 1, 1,
1,1}, {3,2,2,2,1},{3,2,2,1,1,1},{3,2,1,1,1,1,1},{3, 1,1, 1,1, 1, 1,1}, {2, 2, 2, 2,
2},{2,2,2,2,1,1},{2,2,2,1,1,1,1}, {2,2,1,1,1,1, 1,1}, {2, 1,1, 1, 1,1, 1, 1, 1},
1,1,1,1,1,1,1,1,1,1}}



p(11)

—_
- [q\|
ol ~ .
N 2, ;
— e
= — - =
.,1h4|4|4|.,{
N R —
., T = —_
I ,4,1 L
1!.,.1.,1.,4.,22., e
12;3{n/_n/_lb1.,
OO., _:O.,lf.,. .,OO.,1
&{1H N
7.,{ - 00.,1 41|I
{,.LPJZ,,.L{.MZ
1h4| v .,4|1h .,n/_14|a
42,242,112,1,
.—”“2,&,.%.121.,2’{11
L&mm\nn/_,&Z,ﬂlj ,
— - 534.,00100., 51
1.,1h..nuu14.,{Qu.,{n/_.,1.,
1L3Mﬂ{ﬂ21
: ] ~ — .,
nf‘mLQu.,mw..ﬂh1.,n/_1n/_.,1
<G ,1,3,2, 2
1{11 D ~ &L
% .,1.,132 ——
n/_m\/_f.1 .,OO.,n/_.,.lf.,.}
nxu., 4.,1.,00.,{ .,11
- M !11M_|\L1\h.nl<ul11
— .,m\ut LR
N .,1.,1\h .,Nl/_f.11
e .
— T = .,1.,2., -
,{1 ,
1b4,41h ,1,2,11
— 5,12 e
L%{L&12L1
Qu.,lh.plll .,4..1.,00., .,1}
{5 1{ ,{12”'}
%aan%nwa =
o ¢ ,{m/_l
’{ ) - 7 5
mwuljln_b,Z,L ,ﬂljﬂlh1,
—— .,1{311 .,1
11 ,\I\b ) ’1’11
0,1 51{ ) ,11,
S ,113.L11 -
{1 . , ,11-:
1h7s1sn/_a .,131 1
“”{1.,2.,31.,%“ .,11
[ ) | 1 ll II
,1 | -
< < 3,21
21,

)
r~—
(S
N
) )
r~—
N
N
)



