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1 Definitions

A matrix (plural: matrices)is simplyarectangulararrayof “things”. For now, we’ll assumethe“things” arenumbers,
but asyougo on in mathematics,you’ll find thatmatricescanbearraysof verygeneralobjects.Prettymuchall that’s
requiredis thatyoubeableto add,subtract,andmultiply the“things”.

Herearesomeexamplesof matrices.Notice that it is sometimesuseful to have variablesasentries,aslong asthe
variablesrepresentthesamesortsof “things” asappearin theotherslots. In our examples,we’ll alwaysassumethat
all theslotsarefilled with numbers.All our examplescontainonly realnumbers,but matricesof complex numbers
areverycommon.
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Thefirst exampleis asquare
��*+�

matrix; thenext is a
� *+�

matrix (2 rowsand4 columns—ifwetalk aboutamatrix
that is “ , *.- ” we meanit has , rows and

-
columns).Thefinal two examplesconsistof a singlecolumnmatrix,

andasinglerow matrix. Thesefinal two examplesareoftencalled“vectors”—thefirst is calleda“columnvector”and
thesecond,a “row vector”. We’ll useonly columnvectorsin this introduction.

Often we areinterestedin representinga general, *.- matrix with variablesin every location,andthat is usually
doneasfollows: �"""��/ 0 01/ 0 23/ 0 465 5 5�/ 0 7/ 2 01/ 2 23/ 2 465 5 5�/ 2 7...

...
...

. . .
.../ 890:/ 8�2;/ 8
4�5 5 5</ 8
7
� ###�

Thenumberin row = andcolumn > is representedby / ? @ , where
�BA = A , and

�BA > AC- . Sometimeswhenthereis
no questionaboutthedimensionsof a matrix, theentirematrix cansimplybereferredto as:$ / ? @ )ED
1.1 Addition and Subtraction of Matrices

As long asyou canaddandsubtractthe“things” in your matrices,you canaddandsubtractthematricesthemselves.
Theadditionandsubtractionoccursin theobviousway—elementby element.Herearea coupleof examples:��E�F�G��3H ���� � 	�I �� � �� � � �	 D 	 �J�
K�L	%M � ��ONP�� � 	RQ� D 	  L���B��K� � S(I � M � ��
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TUEVFWGXY3Z�[�\Y V ]�^`_a [ TU W Y V] b ]%W [
cY ]%d Y _aOe TU [9Y V Z[ W b ]1W c9[.\f V f ^ [ d Y _a
To find whatgoesin row g andcolumnh of thesumor difference,just addor subtracttheentriesin row g andcolumnh of thematricesbeingaddedor subtracted.

In orderto makesense,bothof thematricesin thesumor differencemusthavethesamenumberof rowsandcolumns.
It makesnosense,for example,to adda

Y�ij\
matrix to a

W ij\
matrix.

1.2 Multiplication of Matrices

Whenyouaddor subtractmatrices,thetwo matricesthatyouaddor subtractmusthavethesamenumberof rowsand
thesamenumberof columns.In otherwords,bothmusthave thesameshape.

For matrix multiplication, all that is requiredis that the numberof columnsof the first matrix be the sameas the
numberof rows of the secondmatrix. In otherwords,you canmultiply an k i�l matrix by a

l`i`m
matrix, with

the k i�l matrix on the left andthe
l`i`m

matrix on the right. The exampleon the left below representsa legal
multiplicationsincetherearethreecolumnsin theleft multiplicandandthreerowsin theright one;theexampleonthe
right doesn’t make sense—theleft matrix hasthreecolumns,but theright onehasonly 2 rows. If thematriceson the
right werewrittenin thereverseorderwith the

Y�i W
matrixontheleft, it wouldrepresentavalid matrixmultiplication.TnnU V;W�]\ X Yo V Zf�Y�f _ ppa TU�V(XW%XX%V _a TUEV f%ff V%Vf V f _arq f V�VY V;W s

Sonow we know whatshapesof matricesit is legal to multiply, but how do we do theactualmultiplication?Hereis
themethod:

If we aremultiplying an k i�l matrix by a
l.i`m

matrix, the resultwill be an k i`m matrix. The elementin the
productin row g andcolumnh is gottenby multiplying term-wiseall theelementsin row g of thematrixon theleft by
all theelementsin columnh of thematrixon theright andaddingthemtogether.

Hereis anexample: TUEV(W Y] f XZ%o�t _a TU \ V VZ V f] o _aOe TUuW Y ] o] ]�V V tV V t�Y Y t _a
To find whatgoesin thefirst row andfirst columnof theproduct,take thenumberfrom thefirst row of thematrix on
theleft: v V w W w Y x , andmultiply them,in order, by thenumbersin thefirst columnof thematrix on theright: v \ w Z w ] x .
Add theresults:

V9y \�z W�y Z�zCY y ] e \Bz V t9z V f e W Y . To get the228in thethird row andsecondcolumnof the
product,theusethenumbersin thethird row of theleft matrix: v Z w o w t x andthenumbersin thesecondcolumnof the
right matrix: v V V w V f w o x to get

Z y V V z�o y V f9z�t y o e Z Z9z�o f9z X Y e Y Y t .
Checkyourunderstandingby verifying thattheotherelementsin theproductmatrix arecorrect.

In general,if we multiply a generalk i.l matrixby a general
luijm

matrix to getan k ium matrixasfollows:TnnnU�{ | |1{ | } y y y { | ~{ } |1{ } } y y y { } ~...
...

. . .
...{ �9|:{ ��} y y y { ��~
_ pppa
TnnnU�� | |(� | } y y y � | �� } |(� } } y y y � } �...

...
. . .

...� ~ |;� ~ } y y y � ~ �
_ pppa e
TnnnUB� | |3� | } y y y � | �� } |3� } } y y y � } �...

...
. . .

...� �
|:� �
} y y y � �
�
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Thenwe canwrite � � � (thenumberin row � , column� ) as:

� � �9����� ��� � � � � � � �
1.3 Square Matrices and Column Vectors

Althougheverythingabovehasbeenstatedin termsof generalrectangularmatrices,for therestof this tutorial,we’ll
consideronly two kinds of matrices(but of any dimension):squarematrices,wherethe numberof rows is equalto
the numberof columns,andcolumnmatrices,wherethereis only onecolumn. Thesecolumnmatricesareoften
called“vectors”,andtherearemany applicationswherethey correspondexactly to whatyoucommonlyuseassetsof
coordinatesfor pointsin space.In thetwo-dimensional� -� plane,thecoordinates� � � � � representa point that is one
unit to the right of theorigin (in thedirectionof the � -axis),andthreeunitsabove theorigin (in thedirectionof the� -axis).Thatsamepoint canbewrittenasthefollowing columnvector:� �� � �
If you wish to work in three dimensions,you’ll needthree coordinatesto locate a point relative to the (three-
dimensional)origin—an � -coordinate,a � -coordinate,and a � -coordinate. So the point you’d normally write as� ��� ��� � � canberepresentedby thecolumnvector: �� � � �

 ¡ �
Quiteoftenwe will work with a combinationof squarematricesandcolumnmatrices,andin thatcase,if thesquare
matrix hasdimensions¢`£u¢ , thecolumnvectorswill havedimension¢`£�� (¢ rowsand1 column)1.

1.4 Propertiesof Matrix Arithmetic

Matrix arithmetic(matrix addition, subtraction,and multiplication) satisfiesmany, but not all of the propertiesof
normalarithmeticthatyou areusedto. All of thepropertiesbelow canbeformally proved,andit’s not too difficult,
but wewill notdo sohere.In whatfollows,we’ll assumethatdifferentmatricesarerepresentedby upper-caseletters:¤ � ¥j� ¦�� � � � , andthatcolumnvectorsarerepresentedby lower-caseletters: §�� ¨�� � � � .
Wewill furtherassumethatall thematricesaresquarematricesor columnvectors,andthatall arethesamesize,either¢C£.¢ or ¢C£C� . Further, we’ll assumethat the matricescontainnumbers(realor complex). Most of the properties
listedbelow applyequallywell to non-squarematrices,assumingthatthedimensionsmakethevariousmultiplications
andaddtions/subtractionsvalid.

Perhapsthe first thing to noticeis that we canalwaysmultiply two ¢C£`¢ matrices,andwe canmultiply an ¢C£`¢
matrix by a columnvector, but we cannotmultiply a columnvectorby thematrix,nor a columnvectorby another. In
otherwords,of thethreematrixmultiplicationsbelow, only thefirst onemakessense.Besureyouunderstandwhy.�� �;©��ª%«�¬­(®�¯  ¡

�� � °� �� ©
 ¡ �� � °� �� ©

 ¡ �� �;©��ª%«�¬­(®�¯  ¡
�� � °� �� ©
 ¡ �� ­®¯  ¡

1We couldequallywell userow vectorsto correspondto coordinates,andthis conventionis usedin many places.However, theuseof column
matricesfor vectorsis morecommon
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Finally, an extremelyusefulmatrix is calledthe “identity matrix”, andit is a squarematrix that is filled with zeroes
exceptfor onesin thediagonalelements(having thesamerow andcolumnnumber).Here,for example,is the ±u²j±
identitymatrix: ³´´µ�¶;·�·%··�¶;·%··�·�¶(··�·�·�¶

¸ ¹¹º�»
Theidentitymatrix is usuallycalled“ ¼ ” for any sizesquarematrix. Usuallyyoucantell thedimensionsof theidentity
matrix from thesurroundingcontext.½ Associative laws:¾ ¿ÁÀ.Â ÃÁÄÅ¿�¾ À.Ã�Â ¾ ¿ÁÀ.Â Æ+ÄÅ¿�¾ ÀjÆ Â¾ ¿ÈÇ�À.Â�Ç�ÃÁÄÅ¿ÈÇÅ¾ ÀÉÇ�ÃBÂ�¾ Ê+Ç`Æ Â�Ç�ËÌÄÍÊ+ÇÍ¾ ÆBÇ�Ë9Â½ Commutative laws for addition:¿ÈÇ�ÀÎÄÅÀÉÇ�¿ Æ�Ç�ËÌÄÍËÍÇ�Æ½ Distributive laws:¿�¾ ÀÉÏ�ÃBÂEÄÅ¿ÁÀÉÏC¿ÁÃ ¾ ¿ÈÏ�À.Â ÃÁÄÅ¿ÁÃÍÏCÀ.Ã¿�¾ ÆBÏ`Ë�Â�ÄÍ¿ÌÆBÏC¿ÌË ¾ ¿ÈÏ�À.Â Æ+ÄÅ¿ÌÆBÏ�ÀjÆ½ Theidentity matrix:À ¼ Ä ¼ ÀOÄÅÀ ¼ Æ+ÄÍÆ
Probablythemostimportantthing to noticeaboutthelaws above is onethat’s missing—multiplicationof matricesis
not in generalcommutative. It is easyto find examplesof matrices

¿
and
À

where
¿ÁÀÑÐÄÁÀ.¿

. In fact,matrices
almostnevercommuteundermultiplication.Here’sanexampleof a pair thatdon’t:Ò ¶�¶·�¶

ÓÔÒ ¶(·¶%¶
Ó Ä ÒÖÕ ¶¶�¶

Ó�×ØÒ ¶(·¶%¶
ÓÔÒ ¶%¶·�¶

Ó Ä Ò ¶�¶¶ Õ
Ó »

Sotheorderof multiplication is very important;that’s why you mayhave noticedthecarethathasbeentakensofar
in describingmultiplicationof matricesin termsof “the matrix on theleft”, and“the matrix on theright”.

The associative laws above areextremelyuseful,andto take onesimpleexample,considercomputergraphics.As
we’ll seelater, operationslike rotation,translation,scaling,perspective,andsoon,canall berepresentedby a matrix
multiplication. Supposeyou wish to rotateall thevectorsin your drawing andthento translatetheresults.SupposeÙ

and Ú arethe rotationandtranslationmatricesthat do thesejobs. If your picturehasa million points in it, you
cantake eachof thosemillion points

Æ
androtatethem,calculating

Ù Æ
for eachvector

Æ
. Then, the resultof that

rotationcanbetranslated:Ú ¾ Ù Æ Â , so in total, therearetwo million matrix multiplicationsto make your picture. But
theassociative law tellsuswecanjustmultiply Ú by

Ù
onceto getthematrix Ú Ù , andthenmultiply all million points

by Ú Ù to get
¾ Ú Ù Â Æ , soall in all, thereareonly 1,000,001matrixmultiplications—oneto produceÚ Ù andamillion

multiplicationsof Ú Ù by theindividual vectors.That’squiteasavingsof time.

The other thing to notice is that the identity matrix behaves just like 1 undermultiplication—if you multiply any
numberby 1, it is unchanged;if youmultiply any matrix by theidentitymatrix, it is unchanged.
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2 Applications of Matrices

Thissectionillustratesa tiny numberof applicationsof matricesto real-world problems.Somedetailsin thesolutions
havebeenomitted,but that’s becauseentirebooksarewrittenon someof thetechniques.Our goalis to make it clear
how amatrix formulationmaysimplify thesolution.

2.1 Systemsof Linear Equations

Let’sstartby takingalook ataproblemthatmayseemabit boring,but in termsof practicalapplicationsis perhapsthe
mostcommonuseof matrices:thesolutionof systemsof linearequations.Following is a typical problem(although
real-world problemsmayhavehundredsof variables).

Solve thefollowing systemof equations: Û+Ü`Ý ÞBÜCß à%áãâä Û+Ü�å ÞBÜ�Ý à%á�æ æÛuç`ß Þ�ç ä à%á3å è
Thekey observationis this: theproblemabovecanbeconvertedto matrixnotationasfollows:éê æëÝìßä åíÝæ�ç9ß�ç ä îï éê

Û Þ à îï á éê
âæ æå îï è (1)

Thenumbersin thesquarematrix arejust thecoefficientsof

Û
,

Þ
, and

à
in thesystemof equations.Checkto seethat

thetwo forms—thematrix form andthesystemof equationsform—representexactly thesameproblem.

Ignoring all the difficult details,here is how suchsystemscan be solved. Let ð be the

ß.ñÍß
squarematrix in

equation(1) above,sotheequationlookslike this:ð éê
Û Þ à îï áPéê

âæ æå îï è (2)

Supposewe cansomehow find anothermatrix ò suchthat ò.ð áró . If we can, we can multiply both sidesof
equation(2) by ò to obtain: ò.ð éê

Û Þ à îï áÅó.éê
ÛÞ à îï áPéê

Û Þ à îï á ò éê
âæ æå îï�ô

sowecansimplymultiply ourmatrix ò by thecolumnmatrixcontainingthenumbers7, 11,and5 to getoursolution.

Withoutexplainingwherewegot it, thematrixon theleft below is justsuchamatrix ò . Checkthatthemultiplication
below doesyield theidentitymatrix:éê ä çBæ
æõ ç9å äç�æ æöâ÷ç
ß îï éê

æëÝìßä åíÝæ�ç9ß�ç ä îï áPéê
æ;ø%øø�æ(øø�ø�æ îï è

Sowe just needto multiply thatmatrix ò by thecolumnvectorcontaining7, 11,and5 to getour solution:éê ä çBæ
æõ ç9å äç�æ æöâ÷ç
ß îï éê
âæ æå îï áréê õæ æç�æ å îï áPéê

ÛÞÞ îï è
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Fromthis lastequationweconcludethat ùjúÅû , ü+úÁý ý , and þ�úÌÿBý � is asolutionto theoriginalsystemof equations.
You canplug themin to checkthatthey do indeedform asolution.

Although it doesn’t happenall that often, sometimesthe samesystemof equationsneedsto be solved for a variety
of column vectorson the right—not just one. In that case,the solution to every onecanbe obtainedby a single
multiplicationby thematrix � .

Thematrix � is usuallywritten as ����� , called“ � -inverse”. It is a multiplicative inversein just thesameway thatý � � is the inverseof � : �
	 � ý � � �
úÔý , and ý is themultiplicative identity, just as 
 is in matrix multiplication. Entire
booksarewritten thatdescribemethodsof finding theinverseof a matrix,sowe won’t go into thathere.

Rememberthat for numbers,zerohasno inverse;for matrices,it is muchworse—many, many matricesdo not have
aninverse.Matriceswithout inversesarecalled“singular”. Thosewith aninversearecalled“non-singular”.

Justasan example,the matrix on the left of the multiplication below can’t possiblyhave an inverse,aswe cansee
from thematrixontheright. No matterwhatthevaluesareof ��� � � � � ��� � , it is impossibleto getanythingbut zeroesin
certainspotsin thediagonal,andweneedonesin all thediagonalspots:�� ý�������������� ����� ����� �!�"#%$ � �� ú �� �%������������� �� �
If thesetof linearequationshasno solution,thenit will be impossibleto invert theassociatedmatrix. For example,
thefollowing systemof equationscannotpossiblyhaveasolution,sinceù'&uü(&jþ cannotpossiblyaddto two different
numbers(7 and11) aswouldberequiredby thefirst two equations:ù)&`ü*&�þ�ú,+ù)&`ü*&�þ�úãý ýù+ÿ-� ü�ÿ/. þ�ú0� �
Soobviously theassociatedmatrixbelow cannotbeinverted:�� ý
ýìýý
ýìýý�ÿ(��ÿ'. �� �
2.2 Computer Graphics

Somecomputerscanonly draw straightlineson thescreen,but complicateddrawingscanbemadewith a long series
of line-drawing instructions.For example,theletter“F” couldbedrawn in its normalorientationat theorigin with the
following setof instructions:

1. Draw a line from � � � � � to � � � � � .
2. Draw a line from � � � � � to � � � � � .
3. Draw a line from � � � � � to � . � � � .

Imaginethatyouhaveadrawing that’sfarmorecomplicatedthanthe“F” aboveconsistingof thousandsof instructions
similar to thoseabove. Let’s takea look at thefollowing sortsof problems:

1. How would you convert thecoordinatessothat thedrawing would betwice asbig? How aboutstretchedtwice
ashigh ( ü -direction)andthreetimesaswide ( ù -direction)?

2. Couldyou draw themirror imagethroughthe ü -axis?
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3. How wouldyoushift thedrawing 4 unitsto theright and5 unitsdown?

4. Couldyourotateit 1 2 3 counter-clockwiseabouttheorigin?Couldyourotateit by anangle4 counter-clockwise
abouttheorigin?

5. Couldyou rotateit by anangle4 aboutthepoint 5 6 7 8'9 : ?
6. Ignoringtheproblemof makingthedrawing on thescreen,what if your “drawing” werein threedimensions?

Couldyou solve problemssimilar to thoseabove to find thenew (3-dimensional)coordinatesafteryour object
hasbeentranslated,scaled,rotated,et cetera?

It turnsout thattheanswersto all of theproblemsabovecanbeachievedby multiplying your vectorsby a matrix. Of
coursea differentmatrixwill solveeachone.Herearethesolutions:

Graphics Solution 1:

To scalein the ; -directionby a factorof 2, weneedto multiply all the ; coordinatesby 2. To scalein the < -direction,
we similarly needto multiply the < coordinatesby thesamescalefactorof 2. Thesolutionto scaleany drawing by a
factor = > in the ; -directionand = ? in the < -directionis to multiply all theinput vectorsby a generalscalingmatrix as
follows: @ = >0220= ? A @ ; < ACB @ = > ;= ? < AED
To uniformly scaleeverythingto twiceasbig, let = > B = ? BGF . To scaleby afactorof 2 in the ; -directionand3 in the< -direction,let = > BGF and = ? B 9 .
We’ll illustrate the generalprocedurewith the drawing instructionsfor the “F” that appearedearlier. The drawing
commandsaredescribedin termsof a few points: 5 2 7 2 : , 5 2 7 H : , 5 9 7 H : , 5 2 7 9 : , and 5 F 7 9 : . If we write all five of those
pointsascolumnvectorsandmultiply all five by the samematrix (eitherof the two above), we’ll get five new sets
of coordinatesfor thepoints.For example,in thecaseof thesecondexamplewherethescalingis 2 timesin ; and3
timesin < , thefivepointswill beconvertedby matrix multiplicationto: 5 2 7 2 : , 5 2 7 I H : , 5 J 7 I H : , 5 2 7 1 : and 5 K�7 1 : . If we
rewrite thedrawing instructionsusingthesetransformedpoints,we get:

1. Draw a line from 5 2 7 2 : to 5 2 7 I H : .
2. Draw a line from 5 2 7 I H : to 5 J 7 I H : .
3. Draw a line from 5 2 7 1 : to 5 J 7 1 : .

Follow theinstructionsaboveandseethatyoudraw anappropriatelystretched“F”. In fact,do thesamething for each
of the matrix solutionsin this setto verify that the drawing is transformedappropriately. Notice that if = > or = ? is
smallerthan1, thedrawing will beshrunk—notexpanded.

Graphics Solution 2:

A mirror imageis just a scalingby 8LI . To mirror throughthe < -axismeansthateach; -coordinatewill be replaced
with its negative.Here’samatrix multiplicationthatwill do thejob:@ 8
I�22MI A @ ; < ACB @ = > ;= ? < AED
Graphics Solution 3:

To translatepoints4 to theright and5 unitsdown, you essentiallyneedto add4 to every ; coordinateandto subtract
5 from every < coordinate.If you try to solve this exactly asin theexamplesabove, you’ll find it is impossible.To
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convinceyourselfit’s impossiblewith any N)OPN matrix, considerwhatwill happento theorigin: Q R S R T . You wantto
move it to Q U�S V(W T , but look whathappensif youmultiply it by any N*OXN matrix ( Y , Z , [ , and \ canbeany numbers):] Y^Z[_\ ` ] RR `Ca ] RR `Eb
In otherwords,nomatterwhat Y�S Z S [ S and \ are,thematrixwill maptheorigin backto theorigin, sotranslationusing
this schemeis impossible.

But there’sagreattrick2. For everyoneof yourtwo-dimensionalvectors,addanartificial third componentof 1. Sothe
point Q c S d T will becomeQ c S d S e T , theorigin will becomeQ R S R S e T , et cetera.Thecolumnvectorswill now have three
rows,sothetransformationmatrixwill needto be c
O)c . To translateby f g in the h -directionand f i in the j -direction,
multiply theartificially-enlargedvectorby a matrixasfollows:kl e_R_f gR^e�f iR�R0e mnokl h j e mn a kl h)p-f gjLp/f ie mn b
Theresultingvectoris just whatyou want,andit alsohastheartificial 1 on theendthatyou canjust throw away. To
gettheparticularsolutionto theproblemproposedabove,simply let f g a U and f i a V(W .
But now you’reprobablythinking, “That’sa neattrick, but whathappensto thematriceswe hadfor scaling?Whata
pain to have to convert to theartificial 3-dimensionalform andbackif we needto mix scalingandtranslation.” The
nice thing is that we canalways usethe artificially extendedform. Justusea slightly differentform of the scaling
matrix: kl�q grR0RR q i�RRsRte mnokl h j e mn a kl�q g hq i je mn b
In thesolutionsthatfollow, we’ll alwaysadda1 astheartificial third component3.

Graphics Solution 4:

Convinceyourself(by drawing a few examples,if necessary)thatto rotateapointcounter-clockwiseby u R v aboutthe
origin, you will basicallymake theoriginal h coordinateinto a j coordinate,andvice-versa.But not quite. Anything
thathadapositive j coordinatewill, afterrotationby u R v , haveanegative h coordinateandvice-versa.In otherwords,
thenew j coordinateis theold h coordinate,andthenew h coordinateis thenegativeof theold j coordinate.Convince
yourselfthatthefollowing matrixdoesthetrick (andnoticethatwe’veaddedthe1 asanartificial third component):kl R%VLe�RewRxRRyRse mn kl h j e mn a kl Vzjh e mn b
Thegeneralsolutionfor a rotationcounter-clockwiseby anangle{ is givenby thefollowing matrix multiplication:kl}| ~ � {^V � � � {%R� � � { | ~ � {sRR�R�e mn�kl h j e mn a kl h | ~ � {LVPj � � � {h � � � {
p/j | ~ � {e mn b
If you’veneverseenanything like thisbefore,youmightconsidertrying it for acoupleof simpleangles,like { a U W v
or { a c R v andput in thedrawing coordinatesfor theletter“F” givenearlierto seethatit’s transformedproperly.

2In fact,it’s a lot morethana trick—it is really partof projective geometry.
3But in theworld of computergraphicsor projective geometry, it is oftenusefulto allow valuesotherthan1—in perspective transformations,

for example
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Graphics Solution 5:

Hereis wherethe power of matricesreally comesthrough. Ratherthansolve the problemfrom scratchaswe have
above, let’s just solve it usingthe informationwe alreadyhave. Why not translatethe point � � � �(� � to the origin,
thendo a rotationabouttheorigin, andfinally, translatethe resultbackto � � � �'� � ? Eachof thoseoperationscanbe
achievedby a matrixmultiplication.Hereis thefinal solution:����_� ��^� �(����M�*�� ��}� � � � � � � �z���� � �(��� � � �M������ �� ��z��� �
��%� ����M�*�� ����� � ����
Noticecarefullytheorderof thematrixmultiplication.Thematrixclosestto the � � � � � � � columnvectoris thefirst one
that’s appliedto it—it shouldmove � � � �'� � to theorigin. To do that,we needto translate

�
coordinatesby �'� and

�
coordinatesby � . Thenext operationto bedoneis therotationby anarbitraryangle

�
, usingthematrix form from the

previousproblem.Finally, to translatebackto � � � �(� � wehaveto translatein theoppositedirectionfrom whatwedid
originally, andthematrixon thefar left abovedoesjust that.

Rememberthatfor any particularvalueof
�
,
� � �z�

and
� � � �

arejust numbers,soif youknew theexactrotationangle,
you could just plug the numbersin to the middle ���-� matrix andmultiply togetherthe threematriceson the left.
Thento transformany particularpoint, therewould beonly onematrix multiplicationinvolved.

To convince yourself that we’ve got the right answer, why not put in a particular(simple) rotationof � � � into the
matricesandwork it out?

� � � � � �' ¡� and
� � � � � �' ¢� , sotheproductof thethreematriceson theleft is:�� �_� ��^� �(����M� �� �� � � ����£�y��x�M� �� �� ��� �
��%� ����M� ��   �� � � �¥¤�£� � � ��x�¦� ����

Try multiplying all the vectorsfrom the “F” exampleby the singlematrix on the right above andconvinceyourself
thatyou’vesucceededin rotatingthe“F” by � � � counter-clockwiseaboutthepoint � � � �(� � .
Graphics Solution 6:

The answeris yes. Of courseyou’ll have to add an artificial fourth dimensionwhich is always 1 to your three-
dimensionalcoordinates,but theform of thematriceswill besimilar.

On the left below is the mechanismfor scalingby § ¨ , § © , and § ª in the
�

-,

�
-, and « -directions;on the right is a

multiplicationthattranslatesby ¬ ¨ , ¬ © , and ¬ ª in thethreedirections.�­­� § ¨ �M�r�� § © �r��®� § ª ��®�M�,� � ¯¯�
�­­� � � « � � ¯¯�

�­­� ����� ¬ ¨�%�_� ¬ ©���^� ¬ ª�����r� � ¯¯�
�­­� � � « � � ¯¯�

Finally, to rotateby an angleof
�

counter-clockwiseaboutthe threeaxes,multiply your vectoron the left by the
appropriateoneof thefollowing threematrices(left, middle,andright correspondto rotationaboutthe

�
-axis,

�
-axis,

and « -axis: �­­� �°���±���� � � � � � � �(����%� � �(��� � � �M��²����� � ¯¯�
�­­� � � � �s�%� � �(�^����°�²�� � � �z�%��� � � ����±�²�³� � ¯¯�

�­­� � � � � � � � �(������ � �(��� � � �s�������������±�%� � ¯¯�
2.3 Gambler’s Ruin Problem

Considerthefollowing questions:
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1. Supposeyou have $20andneed$50for a busride home.Your only chanceto getmoremoney is by gambling
in acasino.Thereis only onepossiblebetyoucanmakeat thecasino—youmustbet$10,andthenafair coin is
flipped.If “heads”results,youwin $10(in otherwords,yougetyouroriginal$10backplusanadditional$10),
andif it’s “tails”, you losethe$10bet. Thecoin hasexactly thesamé µ ¶ probabilityof comingup headsor
tails. Whatis thechancethatyouwill getthe$50youneed?Whatif youhadbegunwith $10?Whatif youhad
begunwith $30?

2. Sameasabove,exceptthis time you startwith $40andneed$100for thebusticket. But this time,you canbet
either$10or $20on eachflip. What’s yourbestbettingstrategy?

3. Realcasinosdon’t giveyou a fair bet.Supposetheproblemis thesameasabove,exceptthatyouhave to make
a$10beton “red” or “black” ona roulettewheel.A roulettewheelin theUnitedStateshas18 rednumbers,18
blacknumbersand2 greennumbers.Winning a redor blackbetdoublesyour money if you win (andyou lose
it all if you lose),but obviously you now have a slightly smallerchanceof winning. A redor blackbethasa
probabilityof · ¸ ¹ º ¸L»¡¼ ¹ · ¼ of winning oneachspinof thewheel.Answerall thequestionsabove if yourbets
mustbemadeon a roulettewheel.

All of theseproblemsareknown asthe“Gambler’s Ruin Problem”—agamblerkeepsbettinguntil hegoesbroke,or
until hereachesacertaingoal,andthereareno otherpossibilities.Theproblemhasmany elegantsolutionswhichwe
will ignore.Let’s just assumewe’re stupidandlazy, but we have a computeravailableto simulatetheproblem.Here
is a nicematrix-basedapproachfor stupidlazypeople.

At any stagein theprocess,therearesix possiblestates,dependingonyour “fortune”. Youhaveeither$0(andyou’ve
lost), or you have $10,$20,$30,$40 (andyou’re still playing),or you have $50 (andyou’ve won). You know that
whenyou begin playing, you arein a certainstate(having $20 in the caseof the very first problem). After you’ve
playeda while, lots of differentthingscouldhave happened,sodependingon how long you’vebeengoing,you have
variousprobabilitiesof beingin the variousstates.Call the statewith $0 “state0”, andso on, up to “state5” that
representshaving $50.

At any particulartime, let’s let ½ ¾ representtheprobabilityof having $0, ½�¿ theprobabilityof having $10,andsoon,
up to ½�À of having won with $50.

We cangiveanentireprobabilisticdescriptionof yourstateasa columnvectorlike this:ÁÂÂÂÂÂÂÃ ½ ¾½�¿½�Ä½�Å½ Æ½�À
Ç ÈÈÈÈÈÈÉËÊ

Now look at the individual situations.If you’re in state0, or in state5, you will remaintherefor sure. If you’re in
any otherstate,there’s a 50% chanceof moving up a stateanda 50% chanceof moving down a state.Look at the
following matrixmultiplication:ÁÂÂÂÂÂÂÃ · Ê ´Ìµ,µtµÍµµÍµ Ê ´ÍµtµÍµµ Ê ´Ìµ Ê ´ÍµÍµµÍµ Ê ´Íµ Ê ´�µµÍµtµ Ê ´ÍµÍµµÍµtµ,µ Ê ´%·

Ç ÈÈÈÈÈÈÉ
ÁÂÂÂÂÂÂÃ ½ ¾½�¿½�Ä½�Å½ Æ½�À
Ç ÈÈÈÈÈÈÉ »
ÁÂÂÂÂÂÂÃ ½ ¾(Î Ê ´ ½�¿Ê ´ ½�ÄÊ ´ ½�¿}Î Ê ´ ½�ÅÊ ´ ½�Ä�Î Ê ´ ½ ÆÊ ´ ½�ÅÊ ´ ½ ÆzÎP½�À

Ç ÈÈÈÈÈÈÉËÊ (3)

Clearly, multiplicationby thematrix aboverepresentsthechangein probabilitiesof beingin thevariousstates,given
aninitial probabilisticdistribution. Thechanceof beingin state0 afteracoinflip is thechanceyouweretherebefore,
plushalf of thechancethatyouwerein state1. Checkthattheothersmakesenseaswell.
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Soif thematrix on theleft in equation(3) is called Ï , eachtime youmultiply thevectorcorrespondingto your initial
situationby Ï , you’ll find theprobabilitiesof beingin thevariousstates.Soafter1000coin-flips,your statewill be
representedby ÏLÐ Ñ Ñ Ñ Ò , whereÒ is thevectorrepresentingyour original situation(Ó ÑLÔ Ó Ð'Ô Ó�Õ Ô Ó Ö Ô Ó�× ÔCØ andÓ�Ù Ô¢Ú ).
But multiplying Ï by itself 1000timesis apain,evenwith acomputer. Here’sanicetrick: If youmultiply Ï by itself,
you get Ï Ù . But now, you canmultiply Ï Ù by itself to get Ï Ö . Thenmultiply Ï Ö by itself to get ÏLÛ , andsoon. With
just 10 iterationsof this technique,we canwork out Ï*Ð Ñ Ù Ö , which couldevenbedoneby hand,if you weredesperate
enough.

Here’swhatthecomputersayswegetwhenwe calculateÏLÐ Ñ Ù Ö to tendigits of accuracy:ÜÝÝÝÝÝÝÞ Ú ß à ß á ß â ß ã ØØ%Ú ß ä â åLæ-Ú Ø ç�è × Ø ã ß ä Ø áLæ-Ú Ø ç�è × Ø ØØ Ø â�ß Ø äLæ-Ú Ø ç�è × Ø ã ß ä Ø á ç�è × ØØ�ã ß ä Ø áLæ-Ú Ø ç�è × Ø â�ß Ø ä*æ/Ú Ø ç�è × ØØ Ø ã ß ä Ø á*æ/Ú Ø ç�è × Ø Ú ß ä â åLæ-Ú Ø ç�è × ØØ ß ã ß â ß á ß à Ú
é êêêêêêë ß

For all practicalpurposes,wehave:

Ï Ð Ñ Ù Ö Ô
ÜÝÝÝÝÝÝÞ Ú�ß à%ß á%ß â^ß ã�ØØÍØtØtØtØÍØØÍØtØtØtØÍØØÍØtØtØtØÍØØÍØtØtØtØÍØØ^ß ã%ß â^ß á%ß à%Ú

é êêêêêêë ß
Basically, if you startwith $0,$10, ß ß ß , $50,you haveprobabilitiesof 0, .2, .4, .6, .8, and1.0of winning (reachinga
goalof $50),andthecomplementaryprobabilitiesof losing.As we saidabove,this canbeprovenrigorously, but just
multiplying thetransitionmatrixby itself repeatedlystronglyimpliestheresult.

To solve the secondproblem,simply do the samecalculationwith either6 states(a áXæ-á matrix) or 11 states(anÚ ÚLæEÚ Ú matrix) andfind a high power of the matrix. You’ll find it doesn’t make any differencewhich strategy you
use.

On thefinal problem,youcanuseexactly thesametechnique,but this time theoriginalmatrix Ï will not haveentries
of ß ä , but ratherof å ì Ú å and Ú Ø ì Ú å . But afteryouknow what Ï is, theprocessof findingahighpowerof Ï is exactly
thesame.In general,if you have a probability Ó of winning eachbetanda probabilityof í ÔËÚ(î Ó of losing,here’s
thetransitionmatrixcalculation: ÜÝÝÝÝÝÝÞ Ú í Ø�Ø�Ø�ØØ�Ø í Ø�Ø�ØØ Ó Ø í Ø�ØØ�Ø Ó Ø í ØØ�Ø�Ø Ó Ø�ØØ�Ø�Ø�Ø Ó Ú

é êêêêêêë
ÜÝÝÝÝÝÝÞ Ó ÑÓ ÐÓ�ÙÓ�ÕÓ ÖÓ�×
é êêêêêêë Ô
ÜÝÝÝÝÝÝÞ Ó Ñ(ï í Ó Ðí Ó�ÙÓ Ó Ð�ï í Ó�ÕÓ Ó�Ù ï í Ó ÖÓ Ó�ÕÓ Ó Ö ï Ó�×

é êêêêêêë ß
2.4 Board GameDesign

Imaginethatyou aredesigninga boardgamefor little childrenandyou wantto makesurethat thegamedoesn’t take
too long to finish or thechildrenwill getbored.How many moveswill it take,on average,for a child to completethe
following games:
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1. Thegamehas100squares,andyourmarkerbeginsonsquare1. Youroll asinglediewhichturnsupanumber1,
2, 3, 4, 5, or 6, eachwith probability1/6. You advanceyour marker thatmany squares.Whenyou reachsquare
100,thegameis over. You do not have to hit 100exactly—for exampleif you areon square98 andthrow a 3,
thegameis over.

2. Sameasabove,but now youmusthit square100exactly. Is thereany limit to how long this gamecouldtake?

3. Sameasabove,but certainof thesquareshavespecialmarkings:ð Square7 says“advanceto square55”.ð Square99says“go backto square11”.ð Square58says“go backto square45”.ð Squares33 and72 say, “losea turn”.ð Square50says“lose two turns”.

In a sense,this is exactly thesameproblemas“gambler’s ruin” above, but not quitesouniform, at leastin the third
example. For the first problem,thereare100 states,representingthe squareyou arecurrentlyupon. So a column
vector100 itemslong canrepresentthe probability of beingin any of the 100states,anda transitionmatrix of sizeñ ò ò*óEñ ò ò

canrepresentthe transitionprobabilities.Ratherthanwrite out theentire
ñ ò ò)óEñ ò ò

matrix for thegame
initially specified,let’s write out thematrix for a gamethat’s only 8 squareslong. You begin on square1, andwin if
you reachsquare8. let ô�õ betheprobabilityof beingon square1, etcetera.Here’s thetransitionmatrix:ö÷÷÷÷÷÷÷÷÷÷ø

ò^ñ ù ú�ñ ù ú%ñ ù ú%ñ ù ú%ñ ù ú%ñ ù ú®òò�ò¥ñ ù ú%ñ ù ú%ñ ù ú%ñ ù ú%ñ ù ú�ñ ù úò�òûò¥ñ ù ú%ñ ù ú%ñ ù ú%ñ ù ú_ü ù úò�òûòûò¥ñ ù ú%ñ ù ú%ñ ù ú_ý ù úò�òûòûòûò¥ñ ù ú%ñ ù ú�þ ù úò�òûòûòûòûò¥ñ ù ú_ÿ ù úò�òûòûòûòûò ò¦ñò�òûòûòûòûò ò¦ñ

� ����������
�

ö÷÷÷÷÷÷÷÷÷÷ø
ô�õô��ô��ô �ô��ô�	ô�
ô��

� ����������
�
�

If you insiston landingexactlyon square8 to win, thetransformationmatrixchangesto this:ö÷÷÷÷÷÷÷÷÷÷ø
ò^ñ ù ú�ñ ù ú%ñ ù ú%ñ ù ú%ñ ù ú%ñ ù ú®òò�ò¥ñ ù ú%ñ ù ú%ñ ù ú%ñ ù ú%ñ ù ú�ñ ù úò�ò¥ñ ù ú%ñ ù ú%ñ ù ú%ñ ù ú%ñ ù ú�ñ ù úò�òûò�ü ù ú%ñ ù ú%ñ ù ú%ñ ù ú�ñ ù úò�òûòûò�ý ù ú%ñ ù ú%ñ ù ú�ñ ù úò�òûòûòûò®þ ù ú%ñ ù ú�ñ ù úò�òûòûòûòûò�ÿ ù ú�ñ ù úò�òûòûòûòûò ò¦ñ

� ����������
�

ö÷÷÷÷÷÷÷÷÷÷ø
ô�õô��ô��ô �ô��ô�	ô�
ô��

� ����������
�
�

In the situationwheretherearevarious“go to” squares,thereis no chanceof landingon them. As the problemis
originally stated,it is impossibleto landonsquares7, 99,and58,sothereappearto beonly 97possibleplacesto stop.
But therearereally two statesfor eachof squares33 and72—youeitherjust landedthere,or you landedthereand
have waiteda turn. Thereare3 statesfor square50—justlandedthere,waitedoneturn, andwaitedtwo turns.Thus,
thetransitionmatrixcontains101terms:

ñ ò ò�
-ý��Gñ��¡ñ��-ü��Cñ ò ñ
.

2.5 Graph Routes

Imaginea situationwherethereare7 possiblelocations:1, 2, � � � , 7. Thereareone-way streetsconnectingvarious
pairs.For example,if youcangetfrom location3 to location7, therewill beastreetlabeled� ý � � � . Hereis acomplete
list of thestreets:
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� � � � �
,
� � � � �

,
� � � � �

,
� � � � �

,
� � � � �

,
� � �  �

,
� ��� � �

,
� ���  �

,
� � �  �

,
� � � � �

, and
�  � � �

,
� � � � �

.

If youbegin onlocation1, andtake16steps,how many differentroutesaretherethatputyouoneachof thelocations?
(Thediscussionthat follows will be mucheasierto follow if you draw a picture. Make a circle of 7 dots,labeled1
through7, andfor eachof thepairsabove,draw anarrow from thefirst dot of thepair to thesecond.)

This time,we canrepresentthenumberof pathsto eachlocationby acolumnvector:!""""""""
#

$&%$�'$�($ )$�*$�+$�,

- ........
/
�

where$�0 is the numberof pathsto location 1 . The initial vectorfor time=0has$&%�2 � and $�'324$�(325$ )625$�*�2$�+728$�,925: . In otherwords,afterzerosteps,thereis exactly onepathto location1, andno pathsto otherlocations.
You canseethat if you multiply that initial vectorby thematrix once,it will show exactly onepathto 2 andonepath
to 7 andno otherpaths.

Thetransitionmatrix lookslike this: !""""""""
#

:;:;:<:;:;: �� :;:<:;:;:;:: � :<:;:;:;:: � :<:;:;:;:: � : � :;:;::;: �<�;� :;:� :;:<: �;� :

- ........
/

!""""""""
#

$&%$�'$�($ )$�*$�+$�,

- ........
/
= (4)

which will generatethecountof thenumberof pathsin >6? � stepsif theinput is thenumberof pathsat step> .
If thematrix on theleft of equation(4) is called @ , thenafter16 steps,thecountswill begivenby:

@ % +
!""""""""
#

$&%$�'$�($ )$�*$�+$�,

- ........
/
=

Fromacomputer, hereis @ % + : !""""""""
#

� A �B� � : � : �;� A : � C �D� A A;� A A� A A;� C �E� �F� C �D� �  D� : �G� A A� A AD� A �H� AF� � �D� � : � �I� : �� A AD� A �H� AF� � �D� � : � �I� : �� C �;� : : � �J� : �D� C �<� � : � �  � A �;� : �G� : �K� A �K� A : � � �;�  �� � A; �  D� A AK� A : � �  ;� A AL� A �

- ........
/
=
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Sinceinitially M&NPORQ andM�S�OTM�U�OTM V7OTM�W�OTM�X�OTM�Y�O[Z , we have:

\ N X
]^^^^^^^^
_

M&NM�SM�UM VM�WM�XM�Y

` aaaaaaaa
b
O
]^^^^^^^^
_

c d Q c c Z<Q Z c<e d Z e f e Q d dLe d de d d;e f gEh e Q f e Q h i Q Z c Q d dQ d d Q d cHc d Q e j Q e Z h e Q Z cQ d d Q d cHc d Q e j Q e Z h e Q Z ce f e;g Z Z h hJe Z g Q f h Q e Z<Q h ig d c;c Z c Q Z hLe d Q e d ZDQ h gLe i ch e d;i h i Q d dLc d Z c h i;e d dKc d Q

` aaaaaaaa
b

]^^^^^^^^
_

QZZZZZZ

` aaaaaaaa
b
O
]^^^^^^^^
_

c d Qe d d
Q d dQ d de f eg d ch e d

` aaaaaaaa
b
k

sothereare481routesto location1, 288routesto location2, 188routesto location3, andsoon.

This is, of course,verydifficult to check.Why don’t youchecktheresultsfor
\ U —threesteproutes.Thecorrespond-

ing equationfor only 3 stepsis:

\ N X
]^^^^^^^^
_

M&NM�SM�UM VM�WM�XM�Y

` aaaaaaaa
b
O
]^^^^^^^^
_

ZDQ;Q e QKZDQQKZ;Z<ZDQ;QKZZ;Z;Z<Z;Z;ZDQZ;Z;Z<Z;Z;ZDQQKZ;Z<Z;Z;ZDQg QKZ<Z;Z;Z;ZeLc ZGQ;Q;QKZ

` aaaaaaaa
b

]^^^^^^^^
_

QZZZZZZ

` aaaaaaaa
b
O
]^^^^^^^^
_

Z QZZ Qge

` aaaaaaaa
b
l

Sothereis nowayto getto location1 in threesteps,onewayto getto location2: m Q�n h noQ�n e p , nowaysto getto
locations3 or 4, oneway to getto location5: m Q7n e n c n j p , threewaysto getto location6: m Q7n e n g n i p ,m Qqn e n c n i p , and m Qqn e n j n i p , andfinally, two waysto get to location7: m Qqn e n j n h p andm Q�n h noQ�n h p .
Obviously, thereis nothingspecialaboutthesetof pathsandnumberof locationsin theproblemabove. For any given
setup,you just needto work out theassociatedtransitionmatrix andyou’re in business.Evenif thereare“loops”—
pathsthatleadfrom alocationto itself—thereis noproblem.A loopwill simplygenerateanentryof 1 in thediagonal
of thetransitionmatrix.
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