Berkeley Math Circle before AMC10 January 29, 2013

1 Warmup Problems

We probably won’t have time to do all of these, but I’d be very interested to hear your ideas about
any of them.

Problem 1 At a movie theater, the manager announces that a free ticket will be given to the
first person in line whose birthday is the same as someone in line who has already bought a ticket.
You have the option of getting in line at any time. Assuming that you don’t know anyone else’s
birthday, and that birthdays are uniformly distributed throughout a 365-day year, what position
in line gives you the best chance of being the first duplicate birthday?

Problem 2 There are 29 trees in a long row. Your pet squirrel is hiding in one of them, out of
sight in the top branches. Once each minute, you pick one of the trees (any one of them) and climb
it. If he’s there, you find him.

If he’s NOT there, you climb down. As you do, your squirrel leaps from the trees he is in to
an adjacent tree (He has two choices unless he’s at one of the trees at the end of the row, in which
case he must move to the only available tree) and hides again. In the next minute, you again may
pick any one of the trees and climb it, repeating the process. After each unsuccessful search, your
squirrel moves to an adjacent tree. (He never stays put!)

If you keep trying, and use a good strategy, can you be certain to eventually find the squirrel?
Can you find him in 29 tries? in 30 tries? in 100 tries? or can he keep evading you forever no
matter what?

Problem 3 You are blindfolded, and handed a deck of (52) cards, of which 29 cards are face up
and 23 cards are face down. You don’t know which cards are face up and which are face down.
Your task is to divide the deck into two stacks, in which both stacks have the same number of
face-down cards. (You may count cards into stacks, and flip individual cards over, transposing
them from face up to face down, and vice versa, but you don’t know which cards are face up and
which cards are face down.)

Problem 4 (2004 Missouri Collegiate Mathematics Competition) A chess position pos-
sesses the following property: On every vertical column and on every horizontal row, there is an
odd number of pieces. Prove that there is an even number of pieces on black squares.

Problem 5 (1983 AIME) A machine shop cutting tool is in the shape of a notched circle, as
shown. The radius of the circle is v/50 cm, the length of AB is 6 cm, and that of BC' is 2 cm. The
angle ABC'is a right angle. Find the square of the distance (in centimeters) from B to the center
of the circle.

A



Problem 6 1. (Putnam 2004) Basketball star Shanille OKeals team statistician keeps track of
the number, S(V), of successful free throws she has made in her firrst N attempts of the season.
Early in the season, S(IV) was less than 80% of N, but by the end of the season, S(N) was more
than 80% of N. Was there necessarily a moment in between when S(N) was exactly 80% of N7

2 AMC Intro

e Brief History of the AMC 10 from 1950 through 2012
e what happens next (120 or 2.5% qualify for AIME), 240 or so will take USAJMO.
e Content of the test

The AMC 10 covers mathematics normally associated with grades 9 and 10. To
challenge students at all grade levels, and with varying mathematical skills, the
problems range from fairly easy to extremely difficult. Approximately 12 questions
are common to the AMC 10 and AMC 12. The AMC 10 assumes knowledge of
elementary algebra; basic geometry knowledge including the Pythagorean Theorem,
area and volume formulas; elementary number theory; and elementary probability.
What are excluded are trigonometry, advanced algebra, and advanced geometry.

Statistics on AMC FAQ comparing AMC 10 questions to NCTM Standards suggest: 40%
“Algebra”, 40% “Geometry”, and the rest a smattering of “Number Operations”, “Data and
Probability”, and “Problem Solving”. But what does that mean?

For our purposes, the main content can be broken down into four categories: Algebra, Number
Theory, Combinatorics, and Geometry. We'll try to itemize the most common mathematical
ideas that show up repeatedly on the test as we go through representative problems.

e AMC 10 vs. AMC 127
e Statistics
e How to take the AMC 10

— read carefully! Be sure you understand what the question is asking for.

If you know the right theorem or concept, great! If not, you may still be able to do the
problem if you are careful and systematic [especially in counting problems]

If you can safely add simplifying assumptions to a problem, give it a try! (If some-
thing should work for any quadrilateral, try a square). Beware, though, be sure your
simplifying assumption is justified.

— If you’re stuck, use the fact that the problems are multiple choice.

e (Taking the contest at Stanford — probably not relevant here)
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