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On Saturday, December 4, 2010, a record number of 4,315 students from about 600 colleges in the U.S. and Canada participated in the 71st annual William Lowell Putnam Competition.
The Putnam contest is given annually on the first Saturday of December. The competition is open only to regularly enrolled undergraduates, in colleges and universities of the United States and Canada, who have not yet received a college degree.
 This competition, which has been called by Time Magazine the "World's Toughest Math Test", consists of 12 challenging problems, to be solved over 6 hours. Each problem is graded on a 0-10 point scale, for a maximal total score of 120 points. An indication of the difficulty of the contest is the fact that in 2009 a score of 60 out of 120 points was enough to place in the top 1 percent of all participants; 30 points was enough to place in the top 10 percent; and 10 points (corresponding to a single problem correctly solved) guaranteed a place among the top third of all participants.
The following problem was one of 12 problems of the 71st Putnam contest.

(Putnam, 2010, B2)  Given that A, B, and C are noncollinear points in the plane with integer coordinates such that the distances AB, AC, and BC are integers, what is the smallest possible value of AB?

The problem above has an unmistakable flavor of geometric combinatorics, as do the following problems, as well.

In the problems (1) – (3) we need to find the largest number n for which it is possible to satisfy the given conditions.

1. Place n points in the plane so that all triangles with vertices at these points are right triangles.
 What if we can place n points anywhere in 3-d space?
2. Place n points in the plane so that all triangles with vertices at these points are obtuse.  What if we can place n points anywhere in 3-d space?
3. Place n points in the plane so that all triangles with vertices at these points are isosceles.  What if we can place n points anywhere in 3-d space?
In the next couple of problems we deal with distances between points, again. 

4. Is it possible to place infinitely many points in the plane in such a way that all pairwise distances have integer values?

5. Is it possible to place infinitely many points in the plane in such a way that all pairwise distances have integer values and points are noncollinear?
To solve problem 5 it might be helpful to recall: (1) the triangle inequality (in the form we used for the Putnam problem: if a, b, and c are side lengths of a triangle then 
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; and (2) the definition of a hyperbola.

Let’s call a set of points with all pairwise distances having integer (rational) values an integral (rational) point set.  If  such a set lies in a plane it’s called a plane integral (rational) point set.  Finding integral or rational sets which satisfy some additional conditions happens to be a fascinating endeavor that might take us to many different areas of mathematics.  In particular, we might immediately use the following notions and theorems.
An ordered triple of positive integers (a, b, c) is called a Pythagorean Triple if 
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Theorem 1: (a, b, c) is called a Pythagorean Triple iff 
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 for some integers u, v, and r.

A point (x, y) is called a rational point if both x and y are rational.

Theorem 2: A point P of the unit circle is rational iff P has coordinates 
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 for some rational number t.
Ptolemy’s Theorem:  Four A, B, C, and D all lie on a circle (in that order) iff the lengths of the diagonals and edges of the quadrilateral ABCD satisfy the following equation:  
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Using Theorem 1, it is easy to construct for any natural number n a plane integral set with n points where all but one of these points are collinear, and using other two theorems it’s not hard to construct a plane integral set with n points all lying on a circle. (Look at the example below, and by all means, do it yourself for some number n of your choice). 
Example: Points 
[image: image8.wmf])

0

,

425

(

),

408

,

119

(

),

408

,

119

(

,

17

6000

,

17

4025

),

0

,

425

(

-

÷

ø

ö

ç

è

æ

-

-

 all lie on a circle and form a plane integral set. (Check it!).
Now it makes sense to ask: how large can a plane integral set of points be if no three points are on a line and no four points are on a circle?

This happens to be an open question – nobody knows the answer yet!
Geometric combinatorics (a.k.a. combinatorial geometry) is a relatively new and rapidly growing branch of mathematics. It deals with geometric objects described by a finite set of building blocks, for example, bounded polyhedra and the convex hulls of finite sets of points. Other examples include arrangements and intersections of various geometric objects. Typically, problems in this area are concerned with finding bounds on a number of points or geometric figures that satisfy some conditions, or make a given configuration “optimal” in some sense.  

Geometric combinatorics has many connections to linear algebra, discrete mathematics, mathematical analysis, and topology, and it has applications to economics, game theory, and biology, to name just a few.

Problems encountered within geometric combinatorics come in various forms; some are easy to state. Nevertheless, there are lots of problems that are extremely hard to solve, including a great many that remain open despite the efforts of some leading mathematicians - recall, for example, the Chromatic Number problem.  The following problems have not been solved yet:
I. What is the largest area that an n-gon of unit diameter
 can have?

II. Can every set of 8 points in the plane be partitioned to form two triangles and a line segment so that the segment cuts the interior of both triangles?

III. For 
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, find n points in the plane such that no three of them are on a line, no four are on a circle, and all pairwise distances have integer values.
� We declare that three collinear points are vertices of a triangle with the angles of 0, 180, and 0 degrees.


� The diameter of a set of points is the largest distance between any two points of the set.
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