Berkeley Math Circle
Monthly Contest 5 — Solutions

. The rectangld/ N PQ is inside the rectangld BC'D. The portion of the rectanglé BC' D outside ofM N P() is colored in
green. Using just a straightedge construct a line that dg/ittie green figure in two parts of equal areas.

Solution. The line passing through the centersBC' D and M N PQ divides each of the rectangles in two pieces of equal
areas. Hence that line will divide the grean part into equeds. The line can be easily constructed using only a stexigle
because we can construct the centers of the given rectaasgyletersections of their diagonals.

. Determine the positive real numberandb satisfying9a? + 166> = 25 such thai - b is maximal. What is the maximum of
a - b? Explain your answer!
Hint. If z andy are any two real numbers thef + 32 > 2xy.

Solution. Applying the inequalityr? + y? > 2xy onx = 3a andy = 4b we get25 = (3a)? + (4b)? > 2 - 3a - 4b = 24ab.

Henceab < 22. The equality is attained for = y or equivalently for3a = 4b. In that case€5 = (3a)? + (4b)? = 2 - 9a?

hencex = —2-. Now we have) = 3 5

3v2 19= 35
. Find all pairs of integeréz, y) for whichz? + zy = 2.
Solution. The only such pair is (0,0). It = 0, we easily gety = 0 which satisfies the equation. Otherwise dividing through

by 2 we get
BEOR

This implies(%)2 — ¥ _ 1 = 0 and the quadratic formula gives és = Y5, Hence2 = 1 + /5 or equivalently
212 — +./5. SinceV/5 is irrational, this is a contradiction.

. Letn be a positive integer. Prove that there exist distinct pasihtegerse, y, z such that

xnfl 4 yn — ZnJrl'

Solution. One solution is
T = 2n23n+1 Y= 2n27n3n y = 2n272n+23n71

. Let ABC be a triangle such thatA = 90° andZB < ZC'. The tangent a#l to its circumcirclew meets the lineBC at D.
Let £ be the reflection oA acrossBC, X the foot of the perpendicular from to BE, andY the midpoint ofAX. Let the
line BY meetw again atZ. Prove that the lind3 D is tangent to the circumcircle of triangheD Z.

Solution.Let M be the point of intersection ol £ and BC, and letN be the point onv diametrically opposited. Since
/B < £C, pointsN andB are on the same side df~.
Furthermore/ NAFE = /BAX = 90° — ZABFE; hence the

trianglesN AE and BAX are similar. Consequentiy BAY
and ANAM are also similar, sincé/ is the midpoint of

AE. Thus/ANZ = /ABZ = /ABY = ZANM, im- B JIMJC
plying that N, M, Z are collinear. Now we havgZM D = [ ~\
90° — LZMA = LEAZ = /ZED (the last equality be- N g J

causeFE D is tangent tav); henceZ M E D is a cyclic quadri-
lateral. It follows thayZDM = LZFEA = ZZAD, which
is enough to conclude that D is tangent to the circumcircle
of AZD.

Remark. The statement remains valid4ifB > ZC.



