Berkeley Math Circle
Monthly Contest 2 — Solutions

1. Four friendsOne, Two, Five, andTen are located on one side of the dark tunnel, and have only osidifjat. It takes one
minute for person One to walk through the tunnel, two min@itegwo, five for Five, and ten for Ten. The tunnel is narrow
and at most two people can walk at the same time with the figshlMWhenever two people walk together they walk at the
speed of the slower one. Show that all four friends can go fvomside of the tunnel to the other one in 17 minutes.

Remark. Your explanation should be something like this: The friexdandY first go through the tunnel using the flashlight,
then X returns with the flashlight to the other side,...

Solution. Friends One and Two should walk to the other side. It will tdl@m2 minutes. Then, One returns - this will last
additionall minute. Then, Ten and Five go to the other side — this will tBkeninutes, but Two should return the flashlight (

additional minutes), and together with One, go through ain@¢! for the last time — addition2lminutes. It remains to notice

that the time spent is exactly 17 minutes.

2. The integers from 1 to 16 are arranged ifi:a 4 array so that each row, column and diagonal adds up to the isamker.

(a) Prove that this number is 34.
(b) Prove that the four corners also add up to 34.

Solution.

(a) Add up all the numbers in the square in two ways. On the andht consists of four rows, each adding to the common
sumy§, so the entire square adds4t6. But the numbers in the square are also the integers from @, wHose sum is

16 - 17
— = 152.
5 5
Hence
Sum of all numbers in square 45 = 152
whenceS = 34.
(b) Denote the cells of the table as shown below.
al|lblc| d
el flglh
i|jlk|m
n P q T
Adding the equations
a+b+c+d = 34
n+p+qg+r = 34
a+f+k+r = 34
n+j+g+d = 34
—b—f—j-p = —34
—c—g—k—q = —-34

yields2a + 2d + 2n 4+ 2r =68, 0ra + d + n +r = 34.

3. Let A;, By, C; be the points on the sidd3C, C A, AB (respectively) of the trianglel BC. Prove that the three circles
circumscribed about the trianglésA B, Cy, ABC;1 A1, andAC A, B; intersect at one point.

Solution. Denote bya, 3, and~ the angles oA ABC'. Assume that the circumcircles dfAB; C; and BC1 A; intersect
at the pointd/. Assume thafl/ is in the interior of AABC (the other cases are similar). By the properties of the ibsdr
quadrilateralsAB; M Cy and BA; M C; we get: Z/C1MB; = 180° — ZC1AB; = 180° — a« and ZC1 M A; = 180° —
Z/C1BA; =180° — B hence/By M Ay = 360° — (LC1M By + ZC1 M Ay) = 360° — [360° — (o + B)] = a + 3. Therefore
/BIMA 4+ /B1CAy = /B1MA; + v =a+ 3+~ =180°. Thus the point®3,, M, A;, andC belong to a circle.



4. A Mystic Four Calculator has a four-digit display and fouttons. The calculator works as follows: Pressing buttospliaces
the number in the display with 1; Pressing buttodides the number in the display by 2; Pressing buttasuliracts 3 from
the number in the display; Pressing buttomdtipliesthe number in the display by 4.

Initially the display shows 0. Any operation yielding a nBga, fractional, or five-digit answer is ignored.

(a) Can 2007 appear in the display?
(b) Can 2008 appear in the display?

Solution.

(a) No. Notice that if the number on the display is not divisilny 3, then none of the operation can have as a result a number
divisible by 3. At the start, 1 is the only button producingeault, so we are required to press it at some point. After that
the number will never be divisible by 3 again, and 2007 issible by 3.

(b) Yes. Forinstance, press 1 so that the display shows &s @rsix times so that the display shows 4096, and press 3 696
times so that the display shows 2008.

5. A number bracelet in base m is made by choosing two non-
negative integers less than (not both 0) and continuing in
a clockwise loop, each succeeding nhumber being the mod
sum of its two predecessors. The figure is closed up as soon
as it starts to repeat. The figure to the right shows two number
bracelets in base 10, starting with the pairs (1,3), and),(2,2
respectively. Prove that the lengths of all number brasetet
a given base are divisors of the length of the number bracelet
beginning with(0, 1).

Solution. The elements of a number bracelétwill be denotedNy, N1, No, .. .; Ny and N; being the starting numbers. Let
F be the bracelet with starting numbdrg = 0, F; = 1. All congruences are modute unless otherwise noted.
Since there are only:? possible pair§ Ny, Ny 1), there must be repetition, so that

(Nks Nit1) = (Nptks Npykt1) 1)

for somep > 1 andk. If this is true for onek, it must be true for the next, sinceN,1 = Npii41 Dy hypothesis and
Niyo = Np + Nig1 = Npgi + Npikt1 = Npyr42, and so it is true for alk bigger than thak. It must also be true for the
previousk, sinceN;, = N, by hypothesis an&V,_1 = Ny11 — Ny = Npyp41 — Np+k = Npq—1, and so itis true for
all k smaller than that. Thereforellll) is true for alt. Let Py, theperiod of IV, be the smallest such thatlllL) is true for some
k (and therefore for alt).

Itis clear that if0 < 4,5 < P(N), ¢ # j, then(N;, Niy1) # (N;, N; + 1). Therefore, among the termd§, throughNp,,
there is no repetition even of pairs of adjacent terms. Boabse of propertyl{1) oPy, (No, N1) = (Npy ), (Npy+1) and
the repetition will continue. Thus the number bracéetonsists of a single loop d?y elements.

We will prove by induction that for ath > 1,
Np = NoFn1+ NiF,. (2)

The casen = 1 is trivial, andn = 2 follows directly from the definition ofV. If (B is true forn = k andn = k — 1,
Niy1 = Nk + N1 = NoFy—1+ N1Fy + NoFy_o + N1 F_1 = NoF}, + N1 Fi4q SOitis also true fon = k + 1.

It is clear from the circularity of the number bracelet that, r = N for all £k > 1 if and only if Py|R. SinceNyyp, =
NoFpeik—-1+ N1Fppir = NoF_1 + N1F), = Ny forall k > 1, Py|Pr. This completes the proof.



