Berkeley Math Circle
Monthly Contest 3 — Solutions
1. Is the numbef230°0 — 32006 higger or smaller thag?

Solution. Notice that|239°0 — 320%6| is a non-negative integer, so it is eittteor bigger thari /2. However, this number is not
0 since23000 £ 32006 hence|23000 — 32006| > 1

2. If a,b, ¢, d are positive real numbers such tats = 548 and 7¢E8 — 9, calculate3ets.

Solution. Let gjjdb = gjid” = k. Thenba + b = k(5¢c + d) and6a + b = k(6¢ + d). Subtracting these two equations gives

a = ke. Now we can easily get that= kd. From I8 — Thethd — | — 9 we get3%t — 9 as well.

3. Letn > 3 be an integer which is not divisible 3y Two players4 and B play the following game withh x n chocolate table.
First, playerA has to chose and remove one piece of the chocolate, without breaking other pieces. After his mové player
tries to partition the remaining chocolate irto< 1 (and1 x 3) rectangles. IfB manages to do so, then he/she is the winner.
Otherwise the winner igl. Determine which player has a winning strategy and describe the strategy.

Solution. The playerA has a winning strategy. Imagine that the chocolate is paint8ctaiors, R(ed), G(reen), andB(lue)
as shown in the table

TAWIQAT
QWA ID
QI QAW
FTQATWIQAW=S
QTIQATIQ
QI QAW
FTQAWIQAWD

Notice that everyl x 3 rectangle will contain exactly one red, one green, and one blue piece. Moreover the orignal table had
equal number of green and blue pieces, and one red piece extréakEs out any green or blue piece, playgwon't be able
to fullfil the requirement, and! is the winner.

4. Given atriangled BC, let D be the point of the ray3 A such thatBD = BA + AC. If K andM are points on the sidé8 A
andBC, respectively, such that the trianglBD M and BC K have the same areas, prove thd8 K M = %ABAO.

Solution. Since the area of the triangl@D M is equal toBD - BM - sin ZDBM and similar formula holds for the area

of ABCK we immediately have thaBD - BM = BC - BK. This implies that32 = Z< henceK M||CD. Thus

/ZBKM = /BDC = ZADC. The last angle is equal @ABAC sinceADAC is isosceles.
5. Determine the greatest real numhesuch that the inequality
2 2 2 2 2
] + a5+ x5 + xy + x5 > a(x129 + Taws + X324 + T4Ts)

holds for every five real numberts, x, 3, T4, T5.
Solution. Note that

22 202z x2 222 x2
o]+ a3+ 23 +af + 2= <xf—&-;>+(2+3>+(3+4>+<4+x§>.

Now applying the inequalitg? + > > 2ab we get

2, .2, .2 2 2 2 )
x] + oy + a5 +ay+ a5 > (129 + Toxs + T3x4 + T4T5).

V3
This proves that, > % In order to prover < % it is enough to notice that fory, 2, 23, 74, z5) = (1,v/3,2,v/3,1) we
have 5
o s a4l = %(1}1332 + zox3 + X324 + T4T5).
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