Berkeley Math Circle
Monthly Contest 1 — Solutions

1. If nis an integer, prove that the number

1+n+n?>+n+nt
is not divisible by 4.

Solution. We will prove thatl + n 4+ n? + n® + n* is odd number and the required claim will follow immediatsiyce
no odd number is divisible by. There are two possibilities for— it can be even or odd. In the case whers even, then
n+n?+n3 +n?is even as a sum of even numbers. Thusn +n? + n3 +n? is odd number. On the other handgifs odd
then, all five numbers, n, n2, n3, andn* are odd and hence their sum must be also odd.

. In how many different ways one can ple&eooks on the cells of x 2006 chessboard such that they don't attack each other?

Solution. In order not to attack each other, the rooks no to rooks caresheow or a column. Since there @eolumns in
total, we have20 possibilities for choosing columns in which we will place our rooks. After choosing tlaumns, we will
place our rooks one by one in these columns. The first rook egsidzed ir2006 different ways. The second one, however
can't be placed in the row that contains the first rook. Heheeet are2005 possibilities for the second rook. Similarly, the
third rook can be placed 2004 different ways. In total, there ag - 2006 - 2005 - 2004 ways to placed rooks in6 x 2006
chessboard so that they don’t attack each other.

. Given a square table x n, two playersA and B are playing the following game: At the beginning all cellstio¢ table are
empty, and the players alternate playing with coins. Playéas the first move, and in each of the moves a player will put a
coin on some of the cells that doesn’t contain a coin and isadf#cent to any of the cells that already contains a coin. The
player who makes the last move is the winner. Which playeghamning strategy and what is the strategy?

Remark. The cells are adjacent if they share an edge.

Solution. If n is even,B has the winning strategy — he just needs to put the coin ine¢h&rally symmetric cell to the cell
whereA has put the coin in his prevoius move. Following this stratéwill always have a free cell to put his coin, and thus
he can never loose. Since the game has to driglthe looser.

If nis odd, A has a winning strategy: first he needs to put a coin in the aeoéll, and after that he puts the coin in the
centrally symmetric cell to the cell whefg has put his coin.

. Given a circlé;, let AB be its diameter. An arbitrary linkintersects the circlé at the pointsP? and@. If A; andB; are the
feet of perpendiculars from and B to PQ prove thatd; P = B, Q.

Solution. Let A, and B, be the intersections of the lingks4;
and BB; with the circlek. Furthermore, let be the line
through the center of perpendicular td. Then AB;B A,

is a rectangle (becauskA,|| BB2 andZABsB = 90° since
AB is a diameter) and is an axis of symmetry of that rect-
angle. A1 B; B2 A is also a rectangle andis also an axis of
symmetry for that rectangle. Sinéeis also symmetric with
repsect tos, we conclude thaf” and ) are symmetric with
respect ts. ThusA;Q = B1 P

. Find all functionsf : Z — Z such thatf (f(z) + y + 1) = = + f(y) + 1 for every two integers: andy.

Solution. Substitutingz = 0 we getf(f(0) +y + 1) = f(y) + 1. Now we haver + f(y) +1 = f(f(z) +y+1) =
flf@+ D) +yl=fIf(fO)+z+1)+(y—-1)+1]=f(y—1)+ (f(0) + = + 1) + 1 from where we conclude that

fly)=fly—1)+ f(0)+1. (1)
1)

Using the induction we obtaifi(n) = f(0) + n(f(0) + for all integersn. If we sety = 0in (1) we getf(—1) = —1 and
substitutingy = —1 in the original equation yieldg(f(x)) = =. If we apply f to both sides off (n) = f(0) + n(f(0) + 1)
we getn = f(0) + [f(0) + n(f(0) + 1)](f(0) + 1) Wh|ch is equivalent tov = f(0)(f(0) + 2) + n(f(0) + 1)? and this
can be satisfied for all integersif and only if f(0) = 0 or f(0) = —2. In the first case we geft(n) = n and in the second
f(n) = —n — 2. Itis easy to verify that both functions satisfy the reqdicenditions.



