Berkeley Math Circle
Monthly Contest 7 — Solutions

1. If k is an integer, prove that the numder+ & + 1 is not divisible by2006.
Solution. The numbet? + k + 1 = k(k + 1) + 1 is odd, becausk(k + 1) is even. Hence it can't be divisible 2006.
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2. Given am x n matrix whose entries;; satisfya,;; = " numbers are chosen from the matrix no two of which are
1 J—
from the same row or the same column. Prove that the sum of thesmbers is at leadt
Solution. Suppose that;; anday; are among the chosen numbers and suppose that andj < (. It is straightforward
to show thata,;; + aw; > aq + ax;. Hence, wheneves;; andag; with ¢ < k andj < [ are among chosen numbers, we
can lower the sum by replacing these two numbers wjtranda;;. Hence the smallest possible sum is when we choose
@1n,02,n—1,---,0n1 —and in that case the sumis 1.

3. Given a triangleA BC such thatZ B = 90°, denote byk the circle with center oiBC that is tangent toAC. Denote byl a
point of tangency of and the tangent from to & (different from AC). If B’ is the midpoint ofAC and M the intersection of
BB’ andAT, prove thatM B = MT.

Solution. Let O be the center ok. The quadrilaterah BT'O can be inscribed in a circle hene&' BB’ = /B’'CB and
/TAO = LOAC. Thus/MTB = L/ATB = ZAOB = LZACO + LOAC = /B'BC + /TAO = /B'BC + /TBO =
/T BM which immediately implies the given statement.

4. Let A be the number of-tuples(z, y, z, t) of positive integers smaller tha®062°°¢ such that
Pyt =2+ 4+
and letB the number ofi-tuples(z, y, z, t) of positive integers smaller th&9062°°¢ such that
2?4+ y? =2 R
Prove thatB > A.

Solution. For each natural numbér denote by, the number of pairér, y) such thatr® +y? = k. ThenB = [3+13+- - -+ 12
wherer is the maximak for whichl; # 0. Similarly, A = l5l3 + l3ly + - - - + 1, _11,.. Now
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We have used that® + b2 > 2ab.

N | =

5. Prove that the functional equations

f(@) + f(y),
f@)+fy) + flay) (z,y €R)

flz+y)
and  f(z+y+xy)

are equivalent.

Solution. Let us assume that(z + y) = f(x) + f(y) for all reals. In this case we trivially apply the equation to get
flea+y+ay) = fz+y)+ f(zy) = f(x) + f(y) + f(zy). Hence the equivalence is proved in the first direction.

Now let us assume thgt(x +y + xzy) = f(x) + f(y) + f(xy) for all reals. Plugging i = y = 0 we getf(0) = 0. Plugging
iny = —1 we getf(x) = —f(—x). Plugging iny = 1 we getf(2z 4+ 1) = 2f(x) + f(1) and hencef (2(u + v+ uwv) + 1) =
2f(u+v+w) + f(1) = 2f(uwv) + 2f(u) + 2f(v) + f(1) for all realu andv. On the other hand, plugging in= v and
y=2v+1wegetfQu+v+uv)+1)=flu+2u+1)+u2v+1)) = f(u) +2f(v)+ f(1) + f(2uv 4+ u). Hence it
follows that2 f (uv) + 2f (u) + 2f (v) + f(1) = f(u) +2f(v) + f(1) + f(2uv + u), i.e.,

fuv +u) = 2f (uv) + f(u). (1)

Plugging inv = —1/2 we get0 = 2f(—u/2) + f(u) = —2f(u/2) + f(u). Hence,f(u) = 2f(u/2) and consequently
f(2z) = 2f(x) for all reals. Now (1) reduces tf(2uv + u) = f(2uv) + f(u). Plugging inu = y andz = 2uwv, we obtain
f(z) + f(y) = f(z +y) for all nonzero reals: andy. Sincef(0) = 0, it trivially holds thatf(z + y) = f(z) + f(y) when
one ofx andy is 0.



