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Abstract

We presentherevariousstrategiesfor countingthings.Usually, the“things” arepatterns,or arrangements.
For example,“How many wayscanyou choose

�
ballsfrom a collectionof � balls?”

1 General Strategies

Following this initial sectionon generalstrategiesevery sectionwill begin with a shortsetof problemswhose
solutionillustratesa differenttechniquefor countingthings.Thesolutionsappearin anothersectionlater in the
document.Thebestway to readthis documentis to look at theproblemsandtry to solve themyourselfbefore
goingon to readthesolutions.At theend(seeSection10) is asetof miscellaneousproblemswithout solutions.

Especiallyatfirst, whenyou encounteraproblem,you will haveno ideahow to proceed.Herearesomegeneral
methods.Keepin mind thatmany problemsrequirea combinationof thesemethods.� Solve a few tiny problemsof the samesort andseeif you canfind a pattern.For example,if you don’t

know anything aboutcombinationsandyou areasked to find thenumberof waysto choosesix numbers
from a lottery ticket with 51 numberson it, try solvingtheproblemfor “lotteries” whereyou choose� � � �
or � numbersfrom collectionsof � � � � � � ��� or 	 possibilities.SeeSection2.� Canyou breakthe probleminto parts? In otherwords, if the thingsyou arecountingfall into distinct
classeswith no overlap,you cancountthethingsin eachclassandaddtheresultstogether. For example,
supposeyou arecountingpathsthrougha city, but you noticethat every pathhasto go throughoneof
two intersections.If you countthepathsthrougheachintersectionsomehow, you canaddthosenumbers
togetherto obtainthetotal count.SeeSection3.� If the itemsyou arecountinghave independentparts,you cancountthenumberof eachkind of partand
multiply theresults.For example,how many licenseplatesaretherethatbegin with a letterof thealphabet
andarefollowedby a 
 -digit number?Well, thereare � 
 waysto choosetheletter, andtherearea million
 -digit numbers,sothereare � 
��� � � � � � ����� 
 � � � � � � possiblelicenseplates.SeeSection3.� Therearestandardformulasfor countingcombinationsandpermutationsthatwill bediscussedlaterin this
paper. SeeSection4.� Sometimesit is easierto countthethingsyou do not want. For example,supposetheproblemis to count
all the 	 -digit numbersthatcontainat leastone � . This is amesssincethenumbercancontain � � � � � � ��� or	�� s, but you know thereare � � � � � � total numbers,andit is easyto countthenumberthathave no � s in
them(thereare � ����	 � � � � of these,sothereare � � � � � ����	 � � � ����� � � 	 � numberscontainingat least
one � . Seesection5.� Sometimesproblemsthatseemtotally differentareactuallyequivalent.For example,problems36 and38
arethe same,sincecountingthe routesthroughthe city is equivalentto dividing the movementsof one
block southinto eachof thepossiblenorth-southstreets.In otherwords,problem36 is a specialcaseof
problem38 where����
 and ����� .
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2 Organization (Discussion:seeSection6)

1. How many wayscanyouchoose� thing from asetof  ? of ! ? of " ? of # ?

2. Makea list of all thewaysto choose thingsfrom a setof  . Froma setof ! . Froma setof " . Froma set
of # . How canyou becertainthatyour list is complete?Is thelist arrangedin somelogical orderto make
certainyouhavenot left our any combinations?

3. Makea list of all orderingsof " items.“Ordering” is simply thearrangement.For example,herearea few
of the orderingsof 5 items: �  ! " $ , � !  " $ , $ " !  � , "��  ! $ , et cetera.(Rememberto find a logical listing,
andit might beagoodideato begin with listing theorderingsof � ,  , and ! items.)

4. Makealist of all of the ! $ shortestpathsfromtheupperleft cornerto thelowerright cornerof thefollowing
grid:

Onereasonableway to begin is to noticethatevery stepis eitherdown ( % ) or to theright ( & ). Thusone
possiblepathwill be: %'%�%'&�&�&�& .

3 Adding and Multiplying (Discussion:seeSection7)

5. ( , ) , and * arecities. If thereare " roadsfrom ( (,+-) ) and ! from ( ).+-* ), how many routesare
therefrom ( (�+/* )? (Assumethatall roadsareone-way, in thedirectionof thearrows.)

6. If, in additionto theroadslistedin theproblemabove, thereare 0 roadsfrom ( *�+1% ), how many ways
canyou travel from ( (�+/% )?

7. As in theproblemabove,but " from ( (�+/) ), ! from ( )�+/* ), $ from ( (�+/% ), and $ from ( %,+/* ).
How many wayscanyou travel from ( (�+2* )?

8. In how many wayscanyouchooseacaptainandco-captainof a football teamwith � � members,assuming
thatthecaptainandco-captainaredifferentpeople,andthatthechoice(captain=Tomandco-captain=Fred)
is differentfrom thechoice(captain=Fredandco-captain=Tom)?

9. In how many ways are thereto choosea president,a vice-president,and treasurerfrom a club of � $ ,
assumingall threearedifferentpeople?

10. In how many waysto put a white andblack rook on a chessboardso that neithercanattackthe other?
(Rookscanonly attackalongrowsandcolumns—notalongthediagonals.)

11. In how many waysto placea white andblackking on a chessboardso thatneitherattackstheother?(A
king attacksonly thosesquaresadjacentto it, so a king away from the edgeof the boardattacksthe 3
adjacentsquares.)

12. If you have analphabetof  0 letters,how many ! -letterwordscanyou make?Whatif thethreelettersall
have to bedifferent?How many $ letterwordscanyou make, if you canrepeatletters,but cannothave  
in a row thatarethesame?
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4 Permutations and Combinations (Discussion:seeSection8)

13. How many four digit numbersaretherethatcontainthedigits 4 5 6 5 7 5 and 8 in someorder?

14. How many wayscanyouput 9 mutuallynon-attackingrookson astandard9�:;9 chessboard?

15. How many rearrangementscanbemadeof the lettersin the following words: VECTOR, TRUST, CAR-
AVAN, CLOSENESS,MATHEMATICAL? (For example, for “VECTOR”, somepossibilitiesinclude:
VECTRO, OTCEVR,andROTVEC.)

16. How many waysarethereto choosea teamof 7 studentsfrom agroupof 7 < ?
17. How many wayscana groupof 4 < girls bedividedinto two basketballteamsof = girls each?

18. Onestudenthas > booksandanotherhas 9 . In how many wayscanthey exchange7 booksof the first
studentfor 7 booksof thesecond?

5 Subtracting (Discussion:seeSection9)

19. How many > -letter“words” containat leastoneletter“A” (if any sequenceof letterscountsasaword)?

20. How many wholenumbersaretherefrom < to 4 < < < < thatdo not haveany factorsof 6 or 7 ?
21. How many wholenumbersaretherefrom < to 4 < < < < thatdo not haveany factorsof 6 , 7 , or = ?

6 Organization: Discussion

Themainideahereis to comeupwith aplanfor listing theresultsin a logicalwaywhenyouarecountingsmall
setsto be certainthat you haven’t left out anything. If, for example,you want to list all the waysto choose7
thingsfrom a setof > andyou just startlisting theonesthatpop into your head,it is very difficult to know for
surethatyou have gottenall of them.Thereare 6 < in total,andif you seea list of 4 ? , it is almostimpossibleto
seewhichoneis missing.

Onegoodmethodis to arrangethemin “alphabeticalorder”. For example,supposewewantto list all thesubsets
with threeelementsof theset: @ A�5 B 5 C 5 D�5 E F . Hereis the“alphabetical”listing:

A B C 5 A B D�5 A B E 5 A C D�5 A C E 5 A D E 5 B C D 5 B C E 5 B D E 5 C D E G
Makesureyouunderstandhow to make listingslike this.

If you have never donethis before,work out all theexamplesin problems1 through4. For problem2 thereare4 , 7 , > , and HJI H;K�4 L M 6 solutions.Problem3 thereare 6 8 orderings.

7 Adding and Multiplying: Discussion

In problem5, every routemustpassthroughcity N , andthechoiceyou make to getfrom O to N is independent
of thechoiceyou make to get from N to P . Thus,for every oneof the4 roadsfrom O to N , thereare 7 from N
to P , sothegrandtotal is 8�:�7�QR4 6 .
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In problem6, you canusethesamereasoning,but think of it asfollows: You alreadycalculatedthat thereareS T
routesfrom U to V , andfor every oneof thoseroutes,thereare W routesfrom V to X . ThustheanswerisS T�Y W�Z�[ T total differentwaysto movefrom U to X .

To solve problem7, we noticethat to get from U to V , we mustpassthrough \ or through X . Thuswe can
count(asin problems5 and6) thenumberof routesthrough \ (] Y�^ Z S T ) andthrough X ( _ Y _'Z T _ ) and
addthosetogetherto obtain

S T�`�T _�Z ^ [ total routes.

It maybehelpful to think of thecombinationsof routesin problems5, 6 and7 in termsof thelogical operators
“AND” and“OR”. In problem5 ourrouteneedsto movefrom U to \ AND from \ to V . In problem7 theroute
passesthrough\ OR X . Usually, AND correspondsto multiplicationin problemslike this,andOR to addition.

Thus,hereis adescriptionof theroutesfor problems5, 6 and7 expressedasmathematicalequations.Ontheleft
is a logical descriptionof thepossibleroutes,andon theright is a translationto a formulawhereAND andOR
havebeenreplacedby

Y
and
`

, respectively.a U�b/\�c AND
a \db/V�ceZf] Y;^ Z S Ta U�b/\�c AND

a \�b/V�c AND
a V�b/X�ceZf] Y;^�Y W�Z�[ Ta a U�b/\�c AND

a \�b/V�c c ORa a U�b/X�c AND
a Xgb/V�c ceZ a ] Y;^ c ` a _ Y _ cJZ ^ [ h

Problems8 and9 areactuallysimilar to thefirst problems.In problem8, for example,we begin without having
chosenanyone,andwe will consider“routes” thatgetusto theconditionof having chosena captain(thereareS S

waysto do this), andthenwe needto move from thereto theconditionof having alsochosena co-captain.
It’sa little differentin thateachdifferentchoiceof thecaptainleavesadifferentsetof

S i
choicesfor co-captain,

but in every case,thereare
S i

differentpathsto choose.Thusthereare
S S�YjS i Z S S i total choicesof captain

andco-captain.

In problem9, similar reasoninggives
S _ YjS ] YS ^ Z T [ ^ i totalwaysto chooseall threeclubofficers.

Problem10 seemsdifferent,but it is not. You canplacethewhite rook on any of the W ] squares,but assoonas
youhaveplacedit, youcannotplacetheblackrookonany of thesquaresin thesamerow or columnasthewhite
rook. In fact,

S _ squaresarealwayseliminated,sothereare W ]�k S _�Zl] m possibleplacementsof theblackrook
for everyplacementof thewhite rook. Thustheansweris W ] Y ] m�Z ^ S ^ W possiblearrangements.

Problem11 is like problem7. Whenyou placethe white king on the board,it eliminatesa numberof squares
availableto theblackking, but thenumberof squareseliminateddependson wherethewhite king is placed.If
it is placedaway from theedge,it eliminatesn neighboringsquares,so(includingthesquarewhereit is placed),
theotherking canonly beput on W ]�k�m�ZR_ _ squares.If thewhite king is in a corner, it eliminates] possible
squares,including the onein the corner, so the black king canonly be placedon W ]�kj]ZdW i squares.For a
whiteking on theedgebut not in a corner, thereare W squareseliminated,sothereremain W ]�kjW�Z�_ n squares.

Thereare
^ W interior squares,

T ] edgesquaresthatarenot in a corner, and ] cornersquares.Usingthe logic of
problem7, thereare

^ W Y _ _ `�T ] Y _ n ` ] Y W i Z ^ W S T arrangementsof non-attackingkings.

Finally, problem12is like thepreviousones.Thereare
T W Y�T W Y�T W three-letterwords,

T W Y�T _ Y�T ] three-letter
wordswhereall thelettersaredifferent,and

T W Y�T _ Y�T _ Y;T _ Y�T _ five-letterwordswhereno two lettersin a
row canbethesame.(Thefirst lettercanbechosenfreely, but afterthat,thereis alwaysasingleletterthatcannot
beused,leaving

T _ possibilitiesfor eachsuccessivechoice.)
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8 Permutations and Combinations: Discussion

To solveproblem13,noticethatthefirst numbercanbeany of o , andafterit is chosen,thereremainp possibili-
ties.After thesecondis chosen,thereremainq , et cetera.Thus,thereare o�r;p�r�q�rs�tlq o rearrangements.

Problem14 seemsdifferentfrom thepreviousproblem,but in fact it is not. You placea rook on thefirst row in
any of the u differentsquares,but onceyou pick a square,you have eliminatedthat square’s entirecolumn,so
thereareonly v availablesquaresin thesecondrow. Placingthissecondrookeliminatesyetanothercolumn,and
soon. Thetotalnumberof non-attackingrookarrangementsis thus u�r�v�r�w�rx x x r;q�rjs�tlo y p q y .
Thereis a standardmathematicalnotationfor theproductof all theintegersfrom s to z , andthat is zJ{ which is
read,“ z factorial”. In therookexampleabove,thereare u { arrangements.o�{ tlo�r;p�r�q�rs�tlq o , et cetera.It
maynot seemlogical now, but therearesomevery goodreasonsto definey { (“zero factorial”) to be s .
In problem15, thingsarestraight-forward if all the lettersin the word aredifferent. For example,the word
VECTOR has w differentletters,sothefirst letterof a rearrangementcanbechosenin any of w ways,leaving |
choicesfor thesecondletter, o for thethird,andsoon. Thus,thereare w}r�|}r�x x x r�s�t�w { t�v q y rearrangements
of thelettersof thewordVECTOR.

Problemsarise,however, if thereareduplicates.Ratherthanconsideroneof theexampleproblems,let’s look at
a simplecase:how many rearrangementsarethereof theword TEE?Oneapproachis to imaginefirst that the
two Esaredifferent:TEe,for example.Thereare p�r�q�rs�t�w rearrangements:

TEe ~ TeE,ETe ~ eTE,EeT ~ eET

But noticethatfor everypositionof theT, theE andecanbearrangedin two ways(thetwo versionsonopposite
sidesof the “ ~ ” symbolabove). Thatmeansthat in the w total rearrangementswith the two differenttypesof
E, every exampleis countedtwice, so to get the correctanswer, we needto divide by q , yielding p different
rearrangements:

TEE,ETE,andEET.

If therewerethreedifferentcopiesof E in theoriginal word,eachrearrangementwith threedifferenttypesof E
wouldyield w differentversionscorrespondingto the w rearrangementsof threeitems.

Similarly, if aword containsthreeEsandfour Ts,we needto divide by p { o�{ to getthetrueresult.Consequently,
herearethesolutionsto all theexamplesin problem15:���}�}������� w { t�v q y������� ��� | { � q { t�p w y�}������������� v { � p { t�u o y�}����� �}���J� ����� { � � p { q { �Jt�p y q o y���������}�����}� �}����� s q { � � p { q { q { �JtRs � � | u o y y
To solveproblem16,wecanbegin by choosingthreestudentsin order. Thefirst canbechosenin any of p y ways;
thesecondin any of q � , andthethird in q u ways.Thusat first glance,thereare p y�r�q � r�q u possiblechoices,
but noticethatfor any particulargroupof threestudents,thismethodincludesall possiblerearrangements.

If threeof the studentsare named � , � , and � (pretty dull names),then the methodabove includesall of
thesechoices: ����� , ����� , ����� , ����� , ����� , and ����� . This grouphasbeencountedw times,oncefor
eachof thepossiblerearrangements.But the samething will occurwith every setof threestudents.Every set
is countedw times. Thus the number p y;rjq � rjq u is w times larger than it shouldbe, so the real answeris� p y�r;q � r;q u � � w�tlo y w y �

5



Problem17 is almostthesamesortof problem.Noticethatonceyouhavechosenthefirst team,thesecondteam
is completelydetermined.Thereare � �' ¡' ¢' j£� j¤;¥d¦ � § ¨ � waysto choosethe girls for oneteam,but
eachsetof © girls will bepickedin many orderings—© ª ¥R� § � of them,to beexact.Thusthenumberof waysof
choosingthefirst teamis ¦ � § ¨ � « � § ��¥l§ © § .
Thereare § © § waysto pick © girls on team ¬ andto put theother © on team . If you don’t carethat theteams
arecalled ¬ and  , you shouldprobablydivide the § © § by § for your answer. If you don’t divide by two, then
youareconsideringthesetwo divisionsto bedifferent:Girls � ® § ® ¦ ® ¨�® and © on team¬ (with theotherson team ), andGirls � ® § ® ¦ ® ¨�® and © on team (with theotherson team¬ ).

Eitheranswer( § © § or § © § « §�¥R� § ¤ ) is correct,dependingonexactlywhatis meantby theanswer. As stated,the
questiondoesnot make it perfectlyclear.

Finally, in problem18, the exchangeis completelydeterminedwhen eachstudenthaschosenthe booksto
exchange.Thestudentwith ¤ cando this in ¯ ¤� �©� ;¨ ° « ¯ ¦� �§� j� °�¥�§ � ways,andthestudentwith ¢ cando
it in ¯ ¢� j£� �¤ ° « ¯ ¦� §� �� °�¥�© ¤ ways. Sincethechoicesareindependent,andany choiceof onestudentis
compatiblewith any choiceof theother, thereare § �� ;© ¤�¥R� � § � solutions.

Notice that in the last few problemswe have donethesamething over andover—we have countedthenumber
of waysto choose± thingsfrom a setof ² things.Theansweris alwaysobtainedby multiplying ² by ²�³l� by²�³�§ andsoon,until wehave ± terms,andthendividing theresultby ±´ª . This is donesooftenin combinatorics
thatthereis a specialsymbolfor this operation: µ ¶ · ¸ , which is readaloudas“ ² choose± ”. It is equalto:¹ ² ± º ¥ ²Jª±´ª ¯ ²;³± ° ª »
Besureto understandwhy thiscalculationworks.

9 Subtraction: Discussion

In problem19, it is easierto countthepatternsthathave no copiesof theletterA. Thereare § ¤ ¼�¥R¦ � ¢ ¡ � © £ £ ¤
waysto produce¤ -letterwordswith all thelettersof thealphabet.Thereare § © ¼�¥�§ ¨ ¨�� ¨ � ¤ § © waysto choose
combinationsthathave no copiesof the letterA. Thedifference:¦ � ¢ ¡ � © £ £ ¤�³�§ ¨ ¨�� ¨ � ¤ § ©�¥R¤ ¨ £ £ © � © � , is the
numberof wordswith at leastoneA in them.

Problems20 and21 illustratea different technique. Let’s look at a slightly easierproblemfirst: How many
numbersaretherebetween� and � � � � � thathave no factorsof § , of ¦ , of © ? Obviously, half thenumbershave
no factorof § (theoddnumbers),sotheansweris © � � � . How many have no factorsof ¦ ? Well, thereare ¦ ¦ ¦ ¦
multiplesof ¦ , so � � � � ��³�¦ ¦ ¦ ¦�¥�¤ ¤ ¤ £ of thenumbershavenomultiplesof ¦ . Similarly, thereare ¢ � � � numbers
in therangewith no multiplesof © .
But if we try to answerproblem20 by beginningwith � � � � � andsubtractingthe © � � � multiplesof § andthe¦ ¦ ¦ ¦ multiplesof ¦ , the � ¤ ¤ £ is incorrect,sincewe havesubtractedtwice thenumbersthataremultiplesof both§ and ¦ . Thusto get thecorrectanswer, we mustaddall of thesein. Numbersthataremultiplesof § and ¦ are
multiplesof ¤ , andbetween� and � � � � � thereare � ¤ ¤ ¤ of these.Thusthecorrectansweris � ¤ ¤ £�½;� ¤ ¤ ¤�¥l¦ ¦ ¦ ¦ .
Problem21 is evenmessier. If we subtractthemultiplesof § , of ¦ , andof © , we have to addbackin thenumber
of multiplesof §' j¦¥,¤ , of §' j©¥.� � , andof ¦; j©�¥�� © . But this will subtractout threecopiesof the
multiplesof §� ;¦� �©�¥�¦ � , sothesehave to beaddedbackin.

Figure1 showswhatis goingon. Wewantto counttheitemsinsidethelargestcircle,but outsidetheinnerthree.
If wesimplysubtracttheinnerthree,thecentralregion(containingmultiplesof § , ¦ , and © ) is subtracted¦ times.

6



22

3355

2,52,5 2,32,3

3,53,5

2,3,52,3,5

Figure1: CentralAngle andInscribedAngle

Theregionslabeled¾ ¿ À or ¾ ¿ Á or Á ¿ À aresubtractedtwice. So if we addin copiesof the ¾ ¿ À and ¾ ¿ Á and Á ¿ À
regions,we addin the ¾ ¿ Á ¿ À region threemoretimes. That centerregion wasaddedthreetimesinitially, and
now is addedback3 times,soit needsto besubtractedoncemore.Here’s theformulafor thegrandtotal,where
weusethenotationÂ�Ã to meanthecountof multiplesof ¾ , Â�Ã Ä Å to meanthecountof numbersthataremultiples
of ¾ and Á , et cetera.In theformulabelow, Æ is thefinal count,and Â is thetotal of all thenumbers,Ç È È È È in
ourcase:

ÆRÉ�ÂÊjÂ´Ã�ÊjÂ´Å�ÊÂ�Ë}ÌjÂ�Ã Ä Å}ÌjÂ�Ã Ä Ë}Ì�Â´Å Ä Ë}ÊjÂ´Ã Ä Å Ä Ë Í
10 MiscellaneousProblems

Warning: Someof the problemsthat follow arequitedifficult. Difficult problemsaremarkedwith a Î . More
difficult problemswith Î Î , andsoon.

Completesolutionsto theseproblemsappearat:

http://www.geometer.org/mathcircles/solnscount.pdf

22. How many diagonalsaretherein aconvex Ï -gon?

23. Thereare Á roomsin a dormitory, a single,a double,anda quad. How many waysarethereto assignÐ
peopleto therooms?

24. How many Ç È -digit numbershaveat least¾ equaldigits?

25. How many wayscanyouput ¾ queensonachessboardsothatthey don’t attackeachother?(Queensattack
bothon therowsandon thediagonalsof a chessboard.)

26. How many wayscanyousplit Ç Ñ peopleinto Ð pairs?

27. Thereare Ò boysand Ò girls in a danceclass.How many waysarethereto pair themall up?

28. Ten pointsaremarked on the planeso that no threeof themarein a straightline. How many different
trianglescanbeformedusingtheseÇ È pointsasvertices?
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29. A groupof soldierscontainsÓ officers,Ô sergeants,and Ó Õ privates.How many wayscanateambeformed
consistingof Ö officer, × sergeants,and × Õ privates?

30. Tenpointsaremarkedon a straightline and Ö Ö on anotherline, parallelto thefirst. How many triangles
canbeformedfrom thesepoints?How many quadrilaterals?

31. How many wayscanyouput Ö Õ whiteand Ö Õ blackcheckerson theblacksquaresof acheckerboard?

32. Ø How many Ö Õ -digit numbershave thesumof their digitsequalto Ö ? Thesumequalto × ? To Ó ? To Ù ?
33. To win theCalifornialottery, you mustchooseÔ numberscorrectlyfrom a setof Ú Ö numbers.How many

waysarethereto to makeyour Ô choices?

34. A personhas Ö Õ friends.Overseveraldaysheinvitessomeof themto adinnerpartyin suchaway thathe
never invitesexactly thesamegroupof people.How many dayscanhekeepthis up,assumingthatoneof
thepossibilitiesis to asknobodyto dinner?

35. Thereare Û stepsin aflight of stairs(notcountingthetopandbottomof theflight). Whengoingdown,you
canjumpoversomestepsif you like,perhapsevenall Û . In how many differentwayscanyougodown the
stairs?

36. Ø Thefollowing illustrationis amapof acity, andyouwould like to travel from thelower left to theupper
right corneralongtheroadsin theshortestpossibledistance.In how many wayscanyoudo this?

37. In how many wayscan Ö × penniesbeput in Ú purses?Whatif noneof thepursescanbeempty?

38. In how many wayscanyou put Ü identicalthingsinto Ý boxes,wheretheboxesarenumberedÖ Þ ß ß ß Þ Ý ?
Whatif youmustput at leastonething in eachbox (so,of course,Ü'à�Ý )?

39. A bookbindermustbind Ö × identicalbooksusingred,green,or bluecovers. In how many wayscanthis
bedone?

40. Ø A train with á passengersmustmake â stops.How many waysaretherefor thepassengersto getoff
thetrainat thestops?Whatif we only careaboutthenumberof passengersgettingoff at eachstop?

41. How many waysarethereto arrangeÚ red, Ú green,and Ú blueballsin a row sothatno two blueballs lie
next to eachother?

42. How many waysare thereto representÖ Õ Õ Õ Õ Õ as the productof Ó factorsif we considerproductsthat
differ in theorderof factorsto bedifferent?

43. Thereare Ö × bookson a shelf. In how many wayscanyou chooseÚ of themsothatno two of thechosen
booksarenext to eachotheron theshelf?

44. In how many wayscananecklacebemadeusing Ú identicalredbeadsand × identicalbluebeads?
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45. Given ã verticesof a regular hexagon,in how many wayscanyou draw a paththat hits all the vertices
exactlyonce?

46. Within atableof ä rowsand å columnsaboxis markedat theintersectionof the æ th row and ç th column.
How many of therectanglesformedby theboxesof thetablecontainthemarkedbox?

47. è A é ê}ë�é ê}ë�é ê cubeis formedof smallunit cubes.A grasshoppersitsin thecenterì of oneof thecorner
cubes.At a givenmoment,it canjump to thecenterof any of thecubeswhich hasa commonfacewith
thecubewhereit sits,aslong asthejump increasesthedistancebetweenpoint ì andthecurrentposition
of the grasshopper. How many waysaretherefor thegrasshopperto reachthe unit cubeat the opposite
corner?

48. Find thenumberof integersfrom ê to í í í í í í thathave no two equalneighboringdigits in their decimal
representation.

49. How many waysarethereto divideadeckof î ï cardsinto two halvessuchthateachhalf containsexactlyï aces?

50. How many waysarethereto placefour black,four white,andfour blueballsinto six differentboxes?

51. In Lotto, 6 numbersarechosenfrom theset ð é ñ ï ñ ò ò ò ñ ó í ô . In how many wayscanthis bedonesuchthat
thechosensubsethasat leastonepair of neighbors?

52. Givenasetof õ å�ö�é objects,assumethat å areindistinguishable,andtheother ï å�ö�é aredistinct.Show
thatwecanchooseå objectsfrom this setin ï ÷ ø ways.

53. In how many wayscanyou takeanoddnumberof objectsfrom a setof å objects?

54. å personssit arounda circular table. How many of the åJù arrangementsaredistinct, i.e., do not have the
sameneighboringrelations?

55. è è�ï å pointsarechosenon a circle. In how many wayscanyou connectthemall in pairssuchthatnone
of thesegmentsoverlap?

56. è è In how many wayscanyou triangulateaconvex å -gonusingonly theoriginal vertices?

57. è è If you have a setof å pairsof parentheses,how many wayscanyou arrangethem“sensibly”. For
example,if youhave õ pairs,thefollowing 5 arrangementsarepossible:((())), (())(), ()(()), (()()), ()()().

58. è è How many subsetsof theset ð é ñ ï ñ õ ñ ò ò ò ñ úô containno two successivenumbers?

59. How many waysarethereto put sevenwhite andtwo blackbilliard balls into ninepockets?Someof the
pocketsmaybeemptyandthepocketsareconsidereddistinguishable.

60. è è How many waysarethereto group ó piecesof luggage?î pieces?(Herearethegroupingsof õ pieces,û
, ü , and ý :

û ü�ý ,
û�þ ü�ý , ü þ û ý , ý þ û ü ,

û�þ ü þ ý . Theverticalbarsrepresentdivisionsinto groups.)

61. è Find thenumberof pokerhandsof eachtype.For thepurposesof thisproblem,apokerhandconsistsofî cardschosenfrom a standardpackof î ï (no jokers).Also for thepurposesof this problem,theacecan
only beahighcard.In otherwords,thecardsequence

û�ÿ
, ï � , õ � , ó � , î � is notastraight,sincetheace

is a high cardonly. Thesuit of a cardis oneof:
ÿ ñ ��ñ ��ñ or � . Therankof a cardis thenumberor letter:ï ñ õ ñ ò ò ò ñ é ê ñ ��ñ ��ñ ��ñ û .

Herearethedefinitionsof thehandsfollowedby anexampleof eachin parenthesis.Thehandsarelisted
herein orderwith themostpowerful first. If a handsatisfiesmorethanoneof these,it is classifiedasthe
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strongestclassit satisfies.For example,thehand( � � , � � , � 	 , 
 	 , � � ) is certainlya pair, but it is also
threeof a kind.

Royal flush:  � through� in thesamesuit. (  � 	 , ��	 , ��	 , ��	 , ��	 )

Straight flush: 5 cardsin sequencein thesamesuit. (� � , � � , 
 � , � � , � � )

Four of a kind: Fourcardsof thesamerank. ( ��	 , ��� , ��� , ��� , � 	 )

Full house:Threecardsof onerankandtwo of another. ( � 	 , � � , � � , � � , � � )

Flush: Fivecardsin thesamesuit. ( � � , � � , � � , 
 � , � � )

Straight: Fivecardsin sequence.( 
 � , � � , � � , � 	 ,  � � )

Thr eeof a kind: Threecardsof thesamerank. ( ��� , ��� , ��	 , � � , ��� )

Two pairs: Two pairsof cards.( � � , � 	 , � � , � � , ��	 )

Pair: A singlepair of cards.( � � , � � , � 	 , � � , ��� )

Bust: A handwith noneof theabove. ( � � , � 	 , 
 � , � � ,  � � )
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