CountingThings

Tom Davis
tomrdavis@earthlink.net
http://www.geometeorg/mathcircles
Novemberl4,2002

Abstract

We presentherevariousstratgiesfor countingthings. Usually, the“things” arepatternspr arrangements.
For example,“How mary wayscanyou choose3 ballsfrom a collectionof 6 balls?”

1 General Strategies

Following this initial sectionon generalstratgiesevery sectionwill begin with a shortsetof problemswhose
solutionillustratesa differenttechniquefor countingthings. The solutionsappeaiin anothersectionlaterin the
document.The bestway to readthis documents to look at the problemsandtry to solve themyourselfbefore
goingonto readthe solutions.At theend(seeSectionl10)is a setof miscellaneouproblemswithout solutions.

Especiallyatfirst, whenyou encountera problem,you will have noideahow to proceed Herearesomegeneral
methodsKeepin mind thatmary problemsrequirea combinationof thesemethods.

Solve a few tiny problemsof the samesortandseeif you canfind a pattern. For example,if you don't
know anything aboutcombinationsandyou areasledto find the numberof waysto choosesix numbers
from alottery ticket with 51 numbersonit, try solvingthe problemfor “lotteries” whereyou choosel, 2,
or 3 numberdrom collectionsof 1, 2, 3, 4, or 5 possibilities.SeeSection2.

Canyou breakthe probleminto parts? In otherwords,if the thingsyou are countingfall into distinct
classewvith no overlap,you cancountthethingsin eachclassandaddtheresultstogether For example,
supposeyou are countingpathsthrougha city, but you notice that every path hasto go throughone of

two intersectionslf you countthe pathsthrougheachintersectiorsomehav, you canaddthosenumbers
togetherto obtainthetotal count. SeeSection3.

If theitemsyou are countinghave independenparts,you cancountthe numberof eachkind of partand
multiply theresults.For example how mary licenseplatesaretherethatbegin with aletterof thealphabet
andarefollowedby a 6-digit number2\ell, thereare26 waysto choosethe letter, andtherearea million
6-digit numberssothereare26 x 1000000 = 26000000 possibldicenseplates.SeeSection3.

Therearestandardormulasfor countingcombinationandpermutationshatwill bediscussedaterin this
paper SeeSectior4.

Sometimest is easierto countthe thingsyou do not want. For example,supposéhe problemis to count
all the 5-digit numberghatcontainatleastone?. Thisis amesssincethenumbercancontainl, 2, 3, 4, or
5 7s, but you know thereare 100000 total numbersandit is easyto countthe numberthathave no 7sin

them(thereare9® = 59049 of these sothereare 100000 — 59049 = 40951 numberscontainingat least
oneT7. Seesection5.

Sometimegproblemsthatseentotally differentareactuallyequivalent. For example,problems36 and38
arethe same,sincecountingthe routesthroughthe city is equivalentto dividing the movementsof one
block southinto eachof the possiblenorth-southstreets.In otherwords, problem36 is a specialcaseof
problem38wherek = 6 andn = 9.



2 Organization (Discussion:seeSection6)

How mary wayscanyou choosel thing from asetof 2? of 3? of 4? of n?

Make alist of all thewaysto choose2 thingsfrom a setof 2. Fromasetof 3. Froma setof 4. Froma set
of n. How canyou be certainthatyour list is completes thelist arrangedn somelogical orderto make
certainyou have notleft our any combinations?

. Makealist of all orderingsof 4 items.“Ordering” is simply the arrangementi-or example hereareafew

of the orderingsof 5 items: 12345, 13245, 54321, 41235, et cetera.(Remembeto find a logical listing,
andit mightbeagoodideato begin with listing the orderingsof 1, 2, and3 items.)

Makealist of all of the35 shortespathsfrom theuppereft cornerto thelowerright cornerof thefollowing
grid:

Onereasonablevay to begin is to noticethatevery stepis eitherdown (D) or to theright (R). Thusone
possiblepathwill be: DDDRRRR.

3 Adding and Multiplying (Discussion:seeSection7)

5.

10.

11.

12.

A, B, andC arecities. If thereare4 roadsfrom (4 = B) and3 from (B = C), how mary routesare
therefrom (4 = C)? (Assumethatall roadsareone-way, in thedirectionof thearrows.)

. If, in additionto the roadslistedin the problemabove, thereare6 roadsfrom (C' = D), how mary ways

canyoutravel from (A = D)?

. Asin theproblemabore, but 4 from (A = B), 3 from (B = C), 5 from (4 = D), and5 from (D = C).

How mary wayscanyoutravel from (A = C)?

. In how mary wayscanyou choosea captainandco-captairof afootballteamwith 11 membersassuming

thatthecaptainandco-captairaredifferentpeople andthatthechoice(captain=bmandco-captain=Fred)
is differentfrom the choice(captain=Fred&ndco-captain=om)?

In how mary ways are thereto choosea president,a vice-presidentand treasurerfrom a club of 15,
assumingall threearedifferentpeople?

In how mary waysto put a white andblack rook on a chesshoardo that neithercan attackthe other?
(Rookscanonly attackalongrows andcolumns—notlongthediagonals.)

In how mary waysto placea white andblackking on a chessboargo that neitherattacksthe other? (A
king attacksonly thosesquaresadjacentto it, so a king away from the edgeof the boardattacksthe 8
adjacensquares.)

If you have analphabebf 26 letters,how mary 3-letterwordscanyou make? Whatif thethreelettersall
haveto bedifferent?How mary 5 letterwordscanyou make, if you canrepeatletters,but cannothave 2
in arow thatarethesame?



4 Permutations and Combinations (Discussion:seeSection8)

13. How mary four digit numbersaretherethatcontainthedigits 1, 2, 3, and4 in someorder?
14. How mary wayscanyou put8 mutually non-attackingookson astandar® x 8 chessboard?

15. How mary rearrangementsanbe madeof the lettersin the following words: VECTOR, TRUST, CAR-
AVAN, CLOSENESS MATHEMATICAL? (For example,for “VECTOR”, somepossibilitiesinclude:
VECTRO, OTCEVR, andROTVEC.)

16. How mary waysarethereto chooseateamof 3 studentgrom agroupof 30?
17. How mary wayscana groupof 10 girls bedividedinto two basletballteamsof 5 girls each?

18. Onestudenthas6 booksandanotherhas&. In how mary wayscanthey exchange3 booksof the first
studentor 3 booksof thesecond?

5 Subtracting (Discussion:seeSection9)

19. How mary 6-letter“words” containat leastoneletter“A” (if any sequencef letterscountsasaword)?
20. How mary wholenumbersaretherefrom 0 to 10000 thatdo not have ary factorsof 2 or 3?

21. How mary wholenumbersaretherefrom 0 to 10000 thatdo not have arny factorsof 2, 3, or 5?

6 Organization: Discussion

Themainideahereis to comeup with a planfor listing theresultsin alogicalway whenyou arecountingsmall
setsto be certainthatyou haven't left out anything. If, for example,you wantto list all the waysto choose3
thingsfrom a setof 6 andyou just startlisting the onesthat popinto your headi,it is very difficult to know for
surethatyou have gottenall of them. Thereare20 in total, andif you seealist of 19, it is almostimpossibleto
seewhich oneis missing.

Onegoodmethodis to arrangethemin “alphabeticabrder”. For example,supposeave wantto list all the subsets
with threeelementf theset: {a, b, ¢, d, e}. Hereis the“alphabetical’listing:

abe, abd, abe, acd, ace, ade, bed, bee, bde, cde.

Make sureyou understandhow to malke listingslik e this.

If you have never donethis before,work out all the examplesin problemsl through4. For problem?2 thereare
1,3, 6, andn(n — 1)/2 solutions.Problem3 thereare24 orderings.

7 Adding and Multiplying: Discussion

In problem5, every routemustpassthroughcity B, andthe choiceyou make to getfrom A to B is independent
of the choiceyou make to getfrom B to C'. Thus,for every oneof the4 roadsfrom A to B, thereare3 from B
to C, sothegrandtotalis4 x 3 = 12.



In problem6, you canusethe samereasoninghut think of it asfollows: You alreadycalculatecthatthereare
12 routesfrom A to C, andfor every oneof thoseroutes,thereare 6 routesfrom C' to D. Thusthe answeris
12 x 6 = 72 total differentwaysto move from A to D.

To solve problem7, we noticethatto getfrom A to C, we mustpassthroughB or throughD. Thuswe can
count(asin problems5 and6) the numberof routesthroughB (4 x 3 = 12) andthroughD (5 x 5 = 25) and
addthosetogethetto obtainl2 + 25 = 37 total routes.

It may be helpful to think of the combinationf routesin problems5, 6 and7 in termsof thelogical operators
“AND” and“OR”. In problem5 ourrouteneed€o move from A to B AND from B to C. In problem?7 theroute
passeshroughB OR D. Usually, AND corresponds$o multiplicationin problemdik e this,andOR to addition.

Thus,hereis adescriptiornof theroutesfor problemss, 6 and7 expressedsmathematicaéquationsOntheleft
is alogical descriptionof the possibleroutes,andon theright is a translationto a formulawhereAND andOR
have beenreplacedby x and+, respectiely.

(A=>B)AND (B=C) = 4x3=12
(A= B)AND (B=>C)AND (C= D) = 4x3x6="72
(A= B) AND (B = C)) OR

(A=>D)AND (D=C)) = (4x3)+(5x5)=23T.

Problems8 and9 areactuallysimilar to thefirst problems.In problem8, for example,we begin without having

choseranyone,andwe will consider‘routes” thatgetusto the conditionof having chosera captain(thereare
11 waysto do this), andthenwe needto move from thereto the conditionof having alsochosena co-captain.
It'salittle differentin thateachdifferentchoiceof the captainleavesadifferentsetof 10 choicesfor co-captain,
but in every case thereare10 differentpathsto choose.Thusthereare1l x 10 = 110 total choicesof captain
andco-captain.

In problem9, similar reasoninggives15 x 14 x 13 = 2730 totalwaysto chooseall threeclub officers.

Problem10 seemdifferent,but it is not. You canplacethewhite rook on ary of the 64 squaresbut assoonas
you have placedit, you cannotplacetheblackrook on ary of the square$n the samerow or columnasthewhite
rook. In fact,15 squaresrealwayseliminated sothereare64 — 15 = 49 possibleplacement®f theblackrook
for every placemenof thewhite rook. Thustheansweris 64 x 49 = 3136 possiblearrangements.

Problem11is like problem7. Whenyou placethe white king on the board,it eliminatesa numberof squares
availableto the blackking, but the numberof squaresliminateddepend®n wherethe white king is placed.|f
it is placedaway from theedge,it eliminates8 neighboringsquaresso (includingthe squarewhereit is placed),
the otherking canonly be puton 64 — 9 = 55 squareslf thewhite king is in acorner it eliminatest possible
squaresjncludingthe onein the corner so the black king canonly be placedon 64 — 4 = 60 squares.For a
white king onthe edgebut notin acorner thereare6 squaregliminated sothereremain64 — 6 = 58 squares.

Thereare36 interior squares24 edgesquareghatarenotin a corner and4 cornersquaresUsingthelogic of
problem7, thereare36 x 55 + 24 x 58 + 4 x 60 = 3612 arrangementsf non-attackingings.

Finally, problem12is like thepreviousones.Thereare26 x 26 x 26 three-lettemwords,26 x 25 x 24 three-letter
wordswhereall the lettersaredifferent,and26 x 25 x 25 x 25 x 25 five-letterwordswhereno two lettersin a
row canbethesame (Thefirst lettercanbechoserfreely, but afterthat,thereis alwaysa singleletterthatcannot
beused leaving 25 possibilitiesfor eachsuccessie choice.)



8 Permutations and Combinations: Discussion

To solve problem13, noticethatthefirst numbercanbeary of 4, andafterit is chosenthereremain3 possibili-
ties. After the seconds chosenthereremain2, etcetera.Thus,thereared x 3 x 2 x 1 = 24 rearrangements.

Problem14 seemdifferentfrom the previousproblem,but in factit is not. You placearook on thefirst row in
ary of the 8 differentsquareshut onceyou pick a square you have eliminatedthat squares entirecolumn,so
thereareonly 7 availablesquaresn thesecondow. Placingthis secondook eliminatesyetanothercolumn,and
soon. Thetotal numberof non-attackingook arrangements thus8 x 7 x 6 x --- x 2 x 1 = 40320.

Thereis a standardnathematicahotationfor the productof all theintegersfrom 1 to n, andthatis n! whichis
read,"n factorial”. In therook exampleabove,thereare8! arrangementst! =4 x 3 x 2 x 1 = 24, etceteralt
may not seemlogical now, but therearesomevery goodreasongo define0! (“zero factorial’)to be1.

In problem15, things are straight-forvard if all the lettersin the word are different. For example,the word
VECTOR hasé6 differentletters,sothefirst letter of a rearrangemertanbe chosenn ary of 6 ways,leaving 5
choicedor thesecondetter, 4 for thethird, andsoon. Thus,thereare6 x 5 x - - - x 1 = 6! = 720 rearrangements
of thelettersof theword VECTOR.

Problemsarise,however, if thereareduplicates Ratherthanconsideroneof the exampleproblems)et’s look at
a simplecase:how mary rearrangementarethereof the word TEE? Oneapproachs to imaginefirst thatthe
two Esaredifferent: TEe,for example.Thereare3 x 2 x 1 = 6 rearrangements:

TEe& TeE,ETe« eTE,EeT< eET

But noticethatfor every positionof the T, the E ande canbearrangedn two ways(thetwo versionson opposite
sidesof the“ " symbolabove). Thatmeanghatin the 6 total rearrangementwith the two differenttypesof

E, every exampleis countedtwice, soto getthe correctanswey we needto divide by 2, yielding 3 different
rearrangements:

TEE,ETE,andEET.

If therewerethreedifferentcopiesof E in the original word, eachrearrangemenwith threedifferenttypesof E
wouldyield 6 differentversionscorrespondingo the 6 rearrangementsf threeitems.

Similarly, if aword containshreeEsandfour Ts, we needto divide by 3!4! to getthetrueresult. Consequently
herearethe solutionsto all theexamplesin problem15:

VECTOR : 6!=720
TRUST : 5!/2! =360
CARAVAN : 71/3!=840
CLOSENESS : 91/(3121) = 30240
MATHEMATICAL : 121/(31212!) = 19958400

To solve problem16, we canbegin by choosinghreestudentsn order Thefirst canbechoserin ary of 30 ways;
thesecondn ary of 29, andthethird in 28 ways. Thusat first glance thereare30 x 29 x 28 possiblechoices,
but noticethatfor ary particulargroupof threestudentsthis methodincludesall possiblerearrangements.

If threeof the studentsare namedA, B, andC (pretty dull names).then the methodabove includesall of
thesechoices: ABC, ACB, BAC, BCA, CAB, andCBA. This grouphasbeencounted6 times, oncefor
eachof the possiblerearrangementsBut the samething will occurwith every setof threestudents.Every set
is counted6 times. Thusthe number30 x 29 x 28 is 6 timeslarger thanit shouldbe, so the real answeris
(30 x 29 x 28)/6 = 4060.



Problem17is almostthe samesortof problem.Noticethatonceyou have choserthefirst team thesecondeam
is completelydetermined.Thereare10 x 9 x 8 x 7 x 6 = 30240 waysto choosethe girls for oneteam,but
eachsetof 5 girls will be pickedin mary orderings—5! = 120 of them,to be exact. Thusthe numberof waysof
choosingthefirst teamis 30240,/120 = 252.

Thereare252 waysto pick 5 girls onteamA andto putthe other5 onteamB. If youdon't carethattheteams
arecalled A and B, you shouldprobablydivide the 252 by 2 for your answer If you don't divide by two, then
you areconsideringhesetwo divisionsto bedifferent:Girls 1, 2, 3, 4, and5 onteamA (with the othersonteam
B), andGirls 1,2, 3,4, and5 onteamB (with theothersonteamA).

Eitheranswer(252 or 252/2 = 126) is correct,dependingn exactly whatis meantby theanswer As statedthe
guestiondoesnot make it perfectlyclear

Finally, in problem 18, the exchangeis completelydeterminedwhen eachstudenthas chosenthe booksto
exchange Thestudentwith 6 candothisin (6 x 5 x 4)/(3 x 2 x 1) = 20 ways,andthe studentwith 8 cando
itin (8 x7x6)/(3x2x 1)=>56ways. Sincethe choicesareindependentandary choiceof onestudentis
compatiblewith ary choiceof the other, thereare20 x 56 = 1120 solutions.

Noticethatin the lastfew problemswe have donethe samething over and over—we have countedthe number
of waysto choosek thingsfrom a setof n things. The answeris alwaysobtainedby multiplying n by n — 1 by
n — 2 andsoon, until we have k terms,andthendividing theresultby &!. Thisis donesooftenin combinatorics
thatthereis a specialsymbolfor this operation:(Z) , whichis readaloudas“n choosek”. It is equalto:

(:) = i

Be sureto understandavhy this calculationworks.

9 Subtraction: Discussion

In problem19, it is easierto countthe patternshathave no copiesof theletter A. Thereare26® = 308915776

waysto produces-letterwordswith all the lettersof the alphabet. Thereare25% = 244140625 waysto choose
combinationghathave no copiesof the letter A. The difference:308915776 — 244140625 = 64775151, is the

numberof wordswith atleastoneA in them.

Problems20 and 21 illustrate a differenttechnique. Let’s look at a slightly easierproblemfirst: How mary

numbersaretherebetweenl and10000 thathave no factorsof 2, of 3, of 5? Obviously, half the numbershave

no factorof 2 (the odd numbers)sothe answeris 5000. How mary have no factorsof 3? Well, thereare3333

multiplesof 3, s010000— 3333 = 6667 of thenumbershave nomultiplesof 3. Similarly, thereare8000 numbers
in therangewith no multiplesof 5.

But if we try to answerproblem?20 by beginning with 10000 and subtractingthe 5000 multiplesof 2 andthe
3333 multiplesof 3, the 1667 is incorrect,sincewe have subtractedwice the numberghataremultiplesof both
2 and3. Thusto getthe correctansweywe mustaddall of thesein. Numbersthataremultiplesof 2 and3 are
multiplesof 6, andbetweenl and10000 thereare1666 of these . Thusthecorrectanswelis 1667+ 1666 = 3333.

Problem21 is evenmessierIf we subtracthe multiplesof 2, of 3, andof 5, we have to addbackin thenumber
of multiplesof 2 x 3 = 6, of 2 x 5 = 10, andof 3 x 5 = 15. But this will subtractout threecopiesof the
multiplesof 2 x 3 x 5 = 30, sothesehave to beaddedbackin.

Figurel shavs whatis goingon. We wantto counttheitemsinsidethelargestcircle, but outsidetheinnerthree.
If we simply subtractheinnerthree thecentralregion (containingmultiplesof 2, 3, and5) is subtracte@ times.
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Figurel: CentralAngle andinscribedAngle

Theregionslabeled2, 5 or 2, 3 or 3, 5 aresubtractedwice. Soif we addin copiesof the2,5 and2,3 and3,5
regions,we addin the 2, 3, 5 region threemoretimes. That centerregion was addedthreetimesinitially, and
now is addedback3 times,soit needgo be subtractedncemore. Here’s the formulafor the grandtotal, where
we usethenotationS, to meanthe countof multiplesof 2, S; 3 to meanthe countof numberghataremultiples
of 2 and3, et cetera.In theformulabelow, C is thefinal count,and S is thetotal of all the numbers,10000 in
our case:

C=8-5—85;—-55+ 52,3 + 52,5 + 53,5 - 52’3’5.

10 MiscellaneousProblems

Warning: Someof the problemsthatfollow are quite difficult. Difficult problemsaremarkedwith a x. More
difficult problemswith xx, andsoon.

Completesolutionsto theseproblemsappeaiat:

http://www.geometeprg/mathcircles/solscourt. pdf

22. How mary diagonalsaretherein a corvex n-gon?

23. Thereare3 roomsin a dormitory, a single,a double,anda quad. How mary waysarethereto assign?
peopleto therooms?

24. How mary 10-digit numbershave atleast2 equaldigits?

25. How mary wayscanyou put2 queen®nachessboardothatthey don't attackeachother?(Queensttack
bothontherows andon the diagonalsf a chesshoard.)

26. How mary wayscanyou split 14 peopleinto 7 pairs?
27. Thereare N boysandN girls in adanceclass.How mary waysarethereto pairthemall up?

28. Tenpointsaremarked on the planeso that no threeof themarein a straightline. How mary different
trianglescanbeformedusingthesell pointsasvertices?



29.

30.

31.
32.
33.

34.

35.

36.

37.
38.

39.

40.

41.

42.

43.

44.

A groupof soldierscontainsj officers,6 segeantsand30 privates.How mary wayscanateambeformed
consistingof 1 officer, 2 segeantsand20 privates?

Tenpointsaremarked on a straightline and11 on anothedine, parallelto the first. How mary triangles
canbeformedfrom thesepoints?How mary quadrilaterals?

How mary wayscanyou put 10 white and10 black checlerson the blacksquare®f a checlerboard?
* How mary 10-digit numbershave the sumof their digits equalto 1? The sumequalto 2? To 3? To 4?

To win the Californialottery, you mustchooset humberscorrectlyfrom a setof 51 numbersHow mary
waysarethereto to make your 6 choices?

A persorhasl0 friends. Over severaldaysheinvitessomeof themto adinnerpartyin suchaway thathe
neverinvitesexactly the samegroupof people.How mary dayscanhe keepthis up, assuminghatoneof
the possibilitiesis to asknobodyto dinner?

Thereare7 stepsn aflight of stairs(notcountingthetop andbottomof theflight). Whengoingdown, you
canjump oversomestepsf youlike, perhapsvenall 7. In how mary differentwayscanyou godown the
stairs?

* Thefollowingillustrationis amapof a city, andyou wouldlik e to travel from thelower left to theupper
right corneralongtheroadsin the shortespossibledistance ln how mary wayscanyou do this?

In how mary wayscan12 pennieseputin 5 pursesMWhatif noneof the pursescanbeempty?

In how mary wayscanyou put & identicalthingsinto n boxes,wherethe boxesarenumberedL, - - -, n?
Whatif you mustput atleastonethingin eachbox (so,of coursek > n)?

A bookbindemustbind 12 identicalbooksusingred, green,or blue covers. In how mary wayscanthis
bedone?

* A trainwith M passengersiustmalke N stops.How mary waysaretherefor the passengert getoff
thetrain atthe stopsWhatif we only careaboutthe numberof passengergettingoff at eachstop?

How mary waysarethereto arrangeb red,5 green,andb blueballsin arow sothatno two blue ballslie
next to eachother?

How mary ways arethereto represenfi00000 asthe productof 3 factorsif we considerproductsthat
differ in the orderof factorsto bedifferent?

Thereare12 bookson a shelf. In how mary wayscanyou chooses of themsothatno two of thechosen
booksarenext to eachotheron the shelf?

In how mary wayscana necklacebe madeusing5 identicalredbeadsand2 identicalblue beads?



45,

46.

47.

48.

49,

50.
51.

52.

53.
54.

55.

56.
57.

58.
59.

60.

61.

Given 6 verticesof a regular hexagon,in how mary wayscanyou draw a paththat hits all the vertices
exactlyonce?

th

Within atableof m rowsandn columnsaboxis markedattheintersectiorof thepth row andg"' column.

How mary of therectanglesormedby the boxesof thetablecontainthe markedbox?

* A 10 x 10 x 10 cubeis formedof smallunit cubes A grasshoppesitsin thecenterO of oneof thecorner
cubes.At a givenmoment,it canjump to the centerof any of the cubeswhich hasa commonfacewith
thecubewhereit sits,aslong asthejump increaseshedistancebetweerpoint O andthe currentposition
of the grasshopperHow mary waysaretherefor the grasshoppeto reachthe unit cubeat the opposite
corner?

Find the numberof integersfrom 0 to 999999 that have no two equalneighboringdigits in their decimal
representation.

How mary waysarethereto divide a deckof 52 cardsinto two halvessuchthateachhalf containsexactly
2 aces?

How mary waysarethereto placefour black,four white, andfour blue ballsinto six differentboxes?

In Lotto, 6 numbersarechoserfrom theset{1, 2, ...,49}. In how mary wayscanthis be donesuchthat
thechosersubsehasatleastonepair of neighbors?

Givenasetof 3n + 1 objects assumehatn areindistinguishableandthe other2n + 1 aredistinct. Shov
thatwe canchoosen objectsfrom this setin 22" ways.

In how mary wayscanyou take anodd numberof objectsfrom a setof n objects?

n personssit arounda circulartable. How mary of then! arrangementaredistinct,i.e., do not have the
sameneighboringelations?

** 2n pointsarechosernon acircle. In how mary wayscanyou connectthemall in pairssuchthatnone
of the segmentsoverlap?

*+ In how mary wayscanyou triangulatea corvex n-gonusingonly theoriginal vertices?

*x If you have a setof n pairsof parenthesedjow mary ways canyou arrangethem “sensibly”. For
example,if you have 3 pairs,thefollowing 5 arrangementarepossible:((())), (0)O, 0(0), (00), 000.

**% How mary subsetof theset{1, 2,3, ..., N} containnotwo successie numbers?

How mary waysarethereto put sevenwhite andtwo blackbilliard ballsinto nine pockets? Someof the
pocketsmay be emptyandthe pocketsareconsideredlistinguishable.

** How mary waysarethereto group4 piecesof luggage pieces?AHerearethe groupingsof 3 pieces,
A, B,andC: ABC, A|BC, B|AC,C|AB, A|B|C. Theverticalbarsrepresentlivisionsinto groups.)

* Find thenumberof poker handsof eachtype. For the purpose®f this problem,a poker handconsistsof
5 cardschoserfrom a standardbackof 52 (no jokers). Also for the purpose®f this problem,the acecan
only beahighcard.In otherwords,the cardsequenceid, 2$, 3¢, 44, 59 is notastraight,sincetheace
is a high cardonly. Thesuitof a cardis oneof: &, {, ¥, or #. Therankof a cardis the numberor letter:
2,3,...,10,J,Q, K, A.

Herearethe definitionsof the handsfollowedby an exampleof eachin parenthesisThe handsarelisted
herein orderwith themostpowerful first. If a handsatisfieamorethanoneof thesei|t is classifiedasthe



strongestlassit satisfies.For example,the hand(9&, 9¢, 94, 64, 20) is certainlya pair, but it is also
threeof akind.

Royal flush: 10 throughA in thesamesuit. (10, J&, @b, K&, AM)
Straight flush: 5 cardsin sequencén thesamesuit. (4§, 5&, 6, 7¢, 8¢)
Four of a kind: Fourcardsof thesamerank. (Q#, @9, Q$, O, M)

Full house: Threecardsof onerankandtwo of another ( 3é, 3$, 3&, 99, 9¢)
Flush: Five cardsin the samesuit. (3, 4ée, 5, 6, )

Straight: Five cardsin sequence(Gés, 7, 8¢, 94, 10é)

Threeof akind: Threecardsof thesamerank. (Jé&, J&, Jb, 70, KQ)

Two pairs: Two pairsof cards.(5Q, 5é, 80, 8k, AM)

Pair: A singlepair of cards.(3&, 3, 54, 9O, Q)

Bust: A handwith noneof theabove. (2é, 4, 6, 80, 10&k)
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