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Part I

Genes and Chromosomes
Biology is extremelycomplicated,andit is basicallyimpossibleto give an exact mathematicaldescriptionof many
things,but it is possibleto givemathematicaldescriptionsof variousmodels of biologicalsystemsthatcanbeinvesti-
gated.Almosteverythingthatappearsbelow is a simplification,but for themostpartit’s true.

Most living thingspassmuchof their “design” to the next generationasinformationencodedby a chemicalcalled
DNA, which is a very long strandcomposedof two complementarychainsof simplerbuilding blocks that canbe
copiedby thecell chemistry. Thestructureof DNA is oftencalledthe“doublehelix”. In higherorganisms(organisms
more complicatedthan bacteria),the DNA strandsare supportedby structurescalled “chromosomes”,but there’s
basicallyonestrandof DNA arrangedalongeachchromosome.

Therearevariousmethodsusedby cells to take advantageof DNA’s ability to duplicateinformation,but herewe’re
goingto beinterestedprimarily in organismsthatreproducesexually. Theseorganismshave two copiesof eachDNA
strand,but thecopiesmaybesomewhatdifferent. Thus,at a particularspoton a strandis informationthatcodesfor
eyecolor, but eachindividualhastwo copies,soonecopy maycodefor brown eyesandtheotherfor blue.

Eachchunkof DNA thatcontainstheinformationfor oneparticularfeature(like eye color, ability to roll thetongue,
the blood-type,andvariousdiseaseslike Tay-Sachsandsickle-cellanemia)is calleda “gene”. Thesegenescanbe
thoughtof asarrangedlike a stringof beadsalonga strandof DNA. Dependingon theorganism,therearedifferent
numbersof strands/chromosomes.In humans,for example,thereare23 pairs,or 46 total chromosomes.Quiteoften,
thespotonachromosomewhereageneis foundis calleda“locus”, andthevariouspossibilitiesfor thegenesthatcan
befoundat thatlocusarecalled“alleles”.

Generally, eachgeneencodesinformationto constructa protein. Differentgenesmay encodedifferentproteins,or
noneat all. For example(asa roughapproximation),the“brown” genefor eye-colorencodestheproteinthatmakes
the brown pigmentin the eye. If thereis no pigmentpresent,the eyesareblue. Sinceeachpersonhasa pair of
chromosomes,therearetwo (possiblydifferent)genes,andif eitherof themmakesthe brown pigmentprotein,the
eyeswill bebrown. If neithergeneencodesthebrown pigment,theeyeswill beblue.

Soif B representsthegeneencodingthebrownpigment,andb thegeneencodingnopigment,andif welist thepossible
pairsof genesthatcanoccuron thepair of chromosomes,we obtain:BB, Bb, bB, andbb. Individualshaving any of
thefirst threecombinationswill havebrown eyesbecausethey canmake thepigment,andonly individualshaving bb
will have blueeyes,sinceneitherchromosomehasinstructionsto make thebrown pigment.If anindividual hasblue
eyes,we know that it hastypebb; if it hasbrown eyes,it mayhave any of theothercombinations.The“phenotype”
of an individual is what we cansee—inthis case,the possiblephenotypesare“brown-eyed” and“blue-eyed”. The
“genotype”is theactualcombinationof genespresent,which maybedifficult to determine.

During mating,eachparentsuppliesonegeneof the two that areavailable,so the offspring hasonecopy from its
motherandonefrom its father. Theegg or spermis calleda “gamete”,andthe combinationof a particularegg and
spermis calleda“zygote”. Normally, thegeneprovidedby eachparentis selectedatrandomfrom thetwo possibilities,
with a

� � �
probability for each.Continuingwith the B-b exampleabove, supposethatbothparentshave genotype

Bb—oneof eachtype. Thushalf thegametesfrom eachparentareof typeB andhalf of typeb. It’ s not hardto see
that therearefour equally-likely possibilitiesfor theoffspring: BB, Bb, bB, andbb. Thus,on average,3 of every 4
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offspringwill havebrown eyes.

Part II

The Hardy-Weinberg Law
In thecaseof blueversusbrown eyes,thereis notremendousdifferencein theability of thetwo phenotypesto survive.
Thefirst thing we will show mathematicallyis known asthe “Hardy-Weinberg Law1”: that if thereis no difference
in fitnessamongthephenotypes,thentheproportionsof thegeneswill not change(at leastin a populationthat is so
largethatit canbeconsideredessentiallyinfinite).

Onesimplifying assumptionwe make is that mating is random. Assumethat in the population,the probability of
having genotypeAA is � , theprobabilityof having genotypeAa is � , andtheprobabilityof having genotypeaa is�

. Thenthefollowing tabledisplaystheoutcomesof randommating:

AA: � Aa: � aa:
�

AA: � AA: ��� AA: �� �	� Aa: � �
Aa: �� �	�

AA: �� ��� AA: �
 �	� Aa: �� �
�

Aa: � Aa: �� ��� Aa: �� �	� aa: �� �
�

aa: �
 �	�
aa:

�
Aa: � � Aa: �� �

�
aa:

� �
aa: �� �

�
Beforethemating,theprobabilityof anA-typealleleis ���
��� � andof a a-typealleleis

� �
��� � ; eachAA parent
is certainto produceanA-typeallele,eachAa parenthasa � � � probabilityof doingso,andsimilarly for thea-type
alleles.

After mating,we just needto addup the total numberof resultingadultsof eachtype. We use �	� , �	� , and
� � to

indicatetheprobabilitiesof typesAA, Aa, andaa aftermating,respectively:

� ��� � � �
����� �����	��� ���
� � � �
� � � ����� ����� � ���	��� ���
� � � ����� � � ����� � ��� � � �� ��� � � � ����� � � ����� � � ��� � �

The probability of an A-typeallele after matingis similarly �	� ���	� � � andof an a-typeallele is
� �����	� � � . Let’s

evaluate�	� ���	� � � (theevaluationof
� � �
�	� � � is exactlysimilar). Rememberthat ���
��� � ��� :

� � �
� � � � � � � �
����� �����	��� ���
� � � �
�	� �	��� ���
� � �
����� ����� � � ���
� � � ���
� � �
� � � �  � �

� � � �
! ����� ���
� � �
� � � ���
� � � �
� � � � �
�����
� �  "��� ������� � ��� �  � �
� ��� ���
��� �  "�
�#� ���
��� �  � �
� ������� � $

1This is alsoknown asthe“Hardy-Weinberg Equilibrium”
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Thisprovesthatif thereis randommatingandno selectiveadvantageto any of thegenotypes,therewill benochange
in allelefrequency asa resultof mating.

Part III

Fitness
The biological conceptof fitnessis very easyto describe,but it is difficult for many peopleto understand,sinceit
seemssomewhatunnatural.

The“fitness” of anindividual is simply theexpectednumberof offspringit will leave in thenext generation.

If you think of fitnessasbeingstrong,or fast,or disease-resistant,you will oftenberight, but not necessarily—you
will beright only if thosecharacteristicshelptheindividual to producemoreoffspring.

For example,supposeonetypeof organismcanlive thoroughbathsof acidor throughafire, andanothercannot.The
first type of individual leaves,on average,2 offspring,but thesecondtype leaves3. If thereareno bathsof acid or
fires,thesecondindividual is farmorefit thanthefirst (in abiologicalsense).

It is often importantto talk aboutthe “relative fitness”of differenttypesof organismwhich is just the ratio of their
fitnesses.For example,if thereareindividualsof genotypeAA, Aa, andaa, andtheir relative fitnessesare2, 1, and
1.3,respectively, thatmeansthaton averageindividualsof typeAA producetwice asmany offspringasthoseof type
Aa, andindividualsof typeaa produce1.3 timesasmany offspringasdo thoseof typeAa.

Part IV

Recessive Lethal Genes
Supposesomegeneis sobadthatit is certainto kill theindividualbeforethatindividualhasa chanceto breed.What
will happento thefrequency of thatgene?The interestingcaseis the“recessive lethal”, whereevery individual that
hastwo copiesof thatallele diesbeforereproduction.It is easyto imaginea situationlike this—supposethe locus
codesfor someproteinthatis vital to life, but thatanindividualcansurvive just finewith only onefunctionalcopy of
a gene.In otherwords,individualsof typeAA andAa do just fine,but individualsof typeaa areeliminatedfrom the
next generation.

If the initial condition of the populationhasA-type alleleswith probability % and a-type alleleswith probability&	')(�* % , theresultingdistribution of theoffspringwill have %�+ individualsof typeAA, , % & individualsof typeAa,
and & + individualsof typeaa,noneof whomsurvive. Soaftermatingandthedeathof theunlucky individualswho
got theaa combination,whatremainsof theoriginalpopulationis arelativeproportionof %�+ type-AA individualsand, % & type-Aa individuals.Thustherelativeproportionsof alleleA anda are%�+.-/% & and% & , respectively.

Thesearerelative proportions,however. To getprobabilities,we needto divide by % + -
, % & , giving theprobabilities
of finding a type-A andtype-a allele %�0 '21 %�+3-/% & 4 5 1 %�+3-�, % & 4 and & 0 ' % & 5 1 %�+3-�, % & 4 , respectively. (%�0 and & 0 are
thenew probabilitiesof finding theallelesafterbreeding.)

Sowhathappensto apopulationlike thisover time?Recallingthat %�- &	'2( (so % '2(�*�& ), weobtain:

& 0 ' % &
% + -
, % & '

& 1 (�*�& 4
1 (�*6& 4 + ' , & 1 (�*�& 4

' &�*6& +(�* , & - & + -
, &�* , & + '
&�*6& +(�*�& +
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798 : ;�<�8 =
: ;�>�8 = : ;�<�8 =
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Thustheprobabilityof having thelethalgenea goesfrom 8 to 8 B : ; >	8 = with eachgeneration.Since8�C�D , : ; >	8 =3C�; ,
sowith eachgeneration,the numberof allelesof typea decreases.Naturalselectiongraduallyeliminatesthe lethal
genefrom thepopulation.

But how fast?

If we denoteby the function E : 8 = 7 8 B : ;�>�8 = the result of onegenerationof selection,then E : E : 8 = = represents
the resultafter two generations,E : E : E : 8 = = = the resultafter threegenerations,et cetera.Let’s calculateE : E : 8 = = andE : E : E : 8 = = = :

E : E : 8 = = 7 E : 8 B : ;3>
8 = =
7F8 B : ;3>
8 =
;3>
8 B : ;3>�8 =7 8 B : ;3>
G 8 = @

E : E : E : 8 = = = 7 E : 8 B : ;.>
G 8 = =
7F8 B : ;3>
G 8 =
;3>�8 B : ;3>
G 8 =7 8 B : ;3>�H 8 = @

If we representby E"I J K : 8 = theresultof L iterationsof thefunction E , it is not hardto proveusinginductionthat:

E I J K : 8 = 7 8 B : ;3> L 8 = @
To geta feelingfor this, let’s assumethat initially (we will call this initial state“generationzero”) thepopulationhasM D N of eachkind of allele.Thenastimegoeson,hereis theproportionof allelea:

Generation 0 1 2 4 8 100 1000
Proportiona .5 .3333 .25 .1667 .1 .0098 .000998

This is a very slow eliminationof the gene—after1000generations,still nearlyone in a thousandallelesis of the
lethalrecessive type.

For our next example,considerwhat happensif the allele a is still lethal when it appearsas type-aa, but also is
slightly deleteriousif it occursin theform Aa. Thefitnessesof thethreetypesAA, Aa, andaa will be ;A>�O , ; , and D ,
respectively, where O is a smallpositive number. If O 7 @ ; , for example,this meansthat type-AA is ; D N morelikely
to produceoffspringastype-Aa.

Theproportionsafterbreedingandeliminationof theless-fitindividualswill betype-AA: : ;P>QO = R�S andtype-Aa: G R�8 .
Doingexactly thesameasabove,we obtain:

8 T 7 R�8
: ;3>
O = R S >�G R�8

7 8 : ;�<68 =
: ;3>
O = : ;�<�8 = S >�G 8 : ;�<�8 =7 8
: ;3>
O = : ;�<�8 =">
G 8

7 8
: ;3>�O =">
8 : ;�<6O = @

Again, we would like to let E : 8 = 7 8 T andevaluatethe functions E : E : 8 = = , E : E : E : 8 = = = , et cetera. To simplify the
calculation,let’s temporarilylet U 7 : ;3>
O = and V 7 : ;�<�O = , giving us:

8 T 7 E : 8 = 7W8U > V 8A@ (1)

4



To figureout what’sgoingon,work out a few of thetermsby handto get:

XAY Z []\ Z
^Q_6` Z

XAY XAY Z [ []\ Z
^"a3_�` Y b _
^ [ Z

XAY XAY XAY Z [ [ []\ Z
^"c3_�` Y b _
^Q_�^Aa [ Z

XAY XAY XAY XAY Z [ [ [ []\ Z
^Pd�_�` Y b _
^Q_�^Aa3_�^Ac [ ZAe

Thepatternabove is obvious(andeasyto proveby induction):

X"f g h Y Z [3\ Z
^ g _�` Y b _
^Q_�i i i _�^ g j"k [ ZAe

If we recallthat b _�^Q_�i i i _�^ g j"k�\ b�l ^ gb3l ^2m
we obtain: X"f g h Y Z [.\ Z

^ g _6`�n b�l ^ gb�l ^�o Z e

Using this formula, let’s checkthe rateof disappearanceof the allele a asa function of time aswe did earlier, but
this time, we will let p \ e q b , so type-AA is about

b r
morelikely to survive thantype-Aa. We’ll againbegin withZ�\ e s —half theallelesareoriginally of type-a:

Generation 0 1 2 4 8 100 1000
Proportiona .5 .3322 .2481 .0964 .1 .0057 .000000472

A quick comparisonshows that convergenceto zero(theeliminationof thedetrimentalgene)is much morerapid if
thereis evena tiny disadvantageto theheterozygote.

But now let’s examinethesituationif p is negative—inotherwords,theheterozygoteAa is slightly more fit thanthe
homozygoteAA. Theformulais exactly thesame,but in thetablebelow, p \2l e q b :

Generation 0 1 10 50 500 50000 1000000
Proportiona .5 .3344 .0872 .0243 .009965 .009901 .009901

Theallelea certainlydecreasesin frequency, but eventuallyseemsto get“stuck” at about
b r

of thetotal. Let’s do a
similarexperiment,but startwith

Z	\ e q q q q b —just thetiniestamountof allelea in thepopulation:

Gen. 0 1 10 50 500 50000 1000000
Prop.a .0001 .000101 .00011 .00016 .006 .009901 .009901

This time, the frequency of a actually risesuntil it reachesthe samevalueaspreviously. What we seeabove is a
specialcaseof thesituationknown as“heterozygoteadvantage”.In general,if theheterozygoteform Aa is morefit
thaneitherAA or aa, naturalselectionwill not eliminateeithergene,assumingthatbothareinitially presentin the
population.
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Part V

Iterated Functions
Oneof the featuresof mathematicalgeneticsis that we frequentlyuseiteratedfunctions—wetake the outputof a
functionandplug it backinto theoriginal function. This is becausethe“input” to thenext generationis thesameas
the“output” of thepreviousgeneration.

Figure1: tAu v w3x�v y u z { z3|�{ } v w Figure2: tAu v w3x�v y u { ~�|�z { � v w
Figure1 providesa niceexample.We have plottedEquation(1) on thesamesetof axesasthe line �Qx2� . Thenwe
pick a startingpoint (in this case,at �Qx2{ � , thebeginningof theiteration,anddraw a line up to thecurve. Theheight
of thecurve is theoutputvalue,andif we wish to usethatasaninputvalue,we just go horizontallyto theline ��x�� ,
andwhereverit meets,that’s thenew � coordinatefor input. Repeattheprocess,andthestaircasedline showshow the
functioniterates—inthiscaseto thefixedpoint �Qx��#x�� .
In fact,whereverourcurvecrossestheline �#x�� is afixedpointof thefunction—theinput is equalto theoutput.Let’s
considera differentfunction(just Equation(1) with a different � ) thatcorrespondsto a negative � with heterozygote
advantage:tAu v w3x�v y u { ~�|�z { � v w . Theresultis plottedin Figure2.

In this case,notethatthecurvecrossestheline ��x�� at a point otherthan u � � � w , soit is a possiblefixedpoint. If we
tracethestaircase,wecanseethatit convergesto thefixedpoint. As anexercise,tracethestaircasestartingat avalue
of � lessthanthe � -coordinateof thefixedpoint.

Figure3: tAu v w3x�v � y � Figure4: tAu v w3x�{ ���6v � y �
Finally, let’s look at anothertypeof fixedpointasshown in Figure3. This time thecurvedline crossestheline �#x��
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from below, andthe staircase,even thoughit beganquite nearthe point of equilibrium, diverged. Try startingjust
below thepointof equilibriumandseewhathappens.

A final andvery interestingexamplecanbeseenin Figure4. Thereis convergenceagain,but this time in aspiral.Can
youconstructa similarexample,but wheredivergenceoccurs(in a spiral)?

Whenconvergenceoccurs,noticehow easyit is to find thepointof convergence.For example,in Figure2, theiteration
will convergeto thepoint where�A� � �3��� . We cansolve for thatequationasfollows:

�A� � �6����� �� ����� � � �
� � ����� � � � � �����
� ����� � � ��� �
� � � ��� � �
��� � � � � � � ��� � � �

Part VI

Fitness Versus Frequency Plots
All theplotsthatfollow havea verticalaxisfrom 0 to 1 thatrepresentstheproportionof alleleA. Thehorizontalaxis
representsgenerations,from 0 to 100. The11 curvesrepresentequally-spacedstartingproportionsof A from 0.01to
0.99.

Figure5: �"�P��� � � � ; �"�P�	� � � � ; �"� �	� � � �

Figure6: �"�P��� � � � ; �"�P�	� � � � ; �"� �	� � �  
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Figure7: ¡"¢P¢�£2¤ ¥ ¦ ; ¡"¢P§	£2¤ ¥ ¨ ; ¡"§ §	£�¦ ¥ ¦

Figure8: ¡"¢P¢�£2¤ ¥ ¦ ; ¡"¢P§	£2¤ ¥ ¤ ; ¡"§ §	£�¦ ¥ ©

Figure9: ¡"¢P¢�£2¤ ¥ ¦ ; ¡"¢P§	£�¦ ¥ ª ; ¡"§ §	£2¤ ¥ ¦

Figure10: ¡"¢P¢�£2¤ ¥ ¦ ; ¡"¢P§	£�¦ ¥ ¨ ; ¡A§ §�£�¦ ¥ «
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