
Is it possible to cut a cube into piecesand to assemble a tetrahedron?Hilbert's problem and Dehn's theoremDmitry FUCHS1 Hilbert's Problem Three.Is it possible to cut a cube by �nitely many planes and assemble, out of thepolyhedral pieces obtained, a regular tetrahedron of the same volume?This is a slight modi�cation of one of the 23 problems presented by DavidHilbert in his famous talk at the Congress of Mathematicians in Paris, onAugust 8, 1900; it goes under the number 3. Hilbert's problems had a tremen-dous impact on Mathematics. Most of them were solved during XX century,and each has a very special history. Still, Problem Three stands exceptionalin many respects.First, this was the �rst of Hilbert's problems to be solved. The solutionbelonged to a 23 years old German geometer, Hilbert's student Max Dehn[3]. His article appeared two years after the Paris Congress, but the solutionexisted earlier, maybe, even before Hilbert stated the problem.Dehn's proof (more or less the same as the one presented below) was shortand clear, and it became one of the favorite subjects for popular lectures,articles, and books in geometry, like the one you are holding in your hands (Ican recommend the book by Boltianskii [1] for a more extended exposition).But among working mathematicians, it was almost forgotten.Certainly, the name of Dehn was not forgotten. He became one of the fewtop experts in topology of three-dimensional manifolds, and his work of 1902has been never regarded as his main achievement; it is not even mentionedin Dehn's biography available on the web.In 1976, American Mathematical Society published a two-volume collec-tion of articles under the title \Mathematical Developments Arising from1



Hilbert Problems" [5]. It was a very solid account of the three quarters ofcentury of history of the problems: solutions, full and partial, generaliza-tions, similar problems, and so on. This edition contains a thorough analysisof 22 of 23 Hilbert's problems. And only Problem Three is not discussedthere. The opinion of the editors is obvious: no developments, no in
uenceon Mathematics; nothing to discuss.How strange it seemed just a couple of years later! Dehn's theorem,Dehn's theory, Dehn's invariant became one of the hottest subjects in geom-etry. This was stimulated by then new-born K-theory, an exciting domaindeveloped along the borderline between algebra and topology. We will notfollow this development, but will just revise the theorem and its proof.2 For a similar problem in the plane the an-swer is yes.Theorem 2.1 Let P1; P2 be two polygonal domains in the plane having thesame area. Then it is possible to cut P1 into pieces by straight lines and toassemble Of these pieces P2.Proof. First, it is clear that it is su�cient to consider the case when P2is a rectangle with the sides 1 and areaP1; in doing this, we can shorten thenotation of P1 to just P .Second, since any polygonal domain can be cut into triangles, we canreduce the general case to that of a triangle (see Figure 1).
................................................................................................................................................ ..........................................

..................
..........................................
..................

..........................................

..................
..........................................
..................

..........................................

..................
..........................................
............................................................................................................................................................................................................................................

................................................................................................................................................................... ..........................................................................................................................................................................................................................
................................................................................................................................................................... ......................................................................

...............................

...........

...........
.........................
.........................

...............................

...............................
....................
....................

......................................................................

...............................
......................................................................
...............................
....................................................................................
....................................................................................

......................................................................

...............................P �! �! 1 �! area PFigure 1:Third, we need to remake, by cutting and pasting, a triangle into a rect-angle with one if the sides having length one. This is done, in four steps, onFigure 2. 2
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Figure 2:We do this in four steps. First, we make a parallelogram out of our triangle(Step 1). Then we cut a small triangle on one side of the parallelogram andattach it to the other side in such a way that the length of one of the sides ofthe parallelogram becomes rational, p=q (Step 2). On Step 3, we make thisparallelogram a rectangle (the number of horizontal cuts needed depends onthe shape of the parallelogram). On the �nal step, we cut the rectangle intopq equal pieces by p � 1 horizontal lines and q � 1 vertical lines (with theunderstanding that it is the vertical side of the rectangle that has the lengthp=q); then we rearrange these pq pieces into a rectangle with the length ofthe vertical side being 1.3 A planar problem which does not look sim-ilar to Hilbert's Problem Three, but has asimilar solution.Is it possible to cut a 1�2 rectangle into �nitely many smaller rectangles withsides parallel to the sides of the given rectangle and to assemble a p2�p2square? 3



The answer is NO. The proof is more algebraic than geometric, but still,unlike the Hilbert Problem, it requires a small geometric preparation.3.1 A geometric preparation.Let us given two rectangles with vertical and horizontal sides (below, we willcall such rectangles brie
y V H-rectangles), and suppose that is is possibleto cut them into smaller V H-rectangles such then the pieces of the �rst areequal (congruent) to the pieces of the second.1 23 4 56 7
1 23 4 567

(A)

(B)

(C)
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(E)

a b c de f g hi j k lm n o p
a b c de f g hi j k lm n op

Figure 3:Then there exists a collection of N (still smaller) V H-rectangles suchthat each of the given rectangles can be obtained by a sequence of N � 1admissible moves. An admissible move: we take two of our small rectangleshaving equal widths or equal heights and attach them to each other verticallyor horizontally, creating one rectangle of the same width or height. Thus4



our process of cutting is replaced by a more strict process of attaching ofrectangles. How to do this, is shown on Figure 3.Suppose that two rectangles are cut into equal pieces as requested byProblem (rectangles (A) and (C) on Figure 4; equal pieces are marked thereby the same Arabic numbers). Then we extend the sides of the pieces to thewhole width or length of the rectangle (see rectangle (B) of Figure 4). Someof the pieces of division are cut into smaller pieces (marked by Roman lettersin rectangle (B): so 1 becomes a union of a; b; e and f , 2 becomes a unionof c and d, etc.) Then we divide in the same way the pieces of the secondgiven rectangle (see rectangle (D) of Figure 4; we break the rectangle 1 ofrectangle (C) into pieces congruent to a; b; e; f , the rectangle 2 into piecesc; d, and so on). We obtain a new division of the second given rectangleinto smaller rectangles, and again extend the sides of these smaller piecesto the whole width or length of the rectangle (see rectangle (E) of Figure4). These last pieces form our collection. Obviously we can assemble thesecond rectangle, (C), from these pieces using the admissible moves. Otheradmissible moves produce, out of our small rectangles, the parts of the �nerdivision of the rectangle (A) (that is, a; b; c; : : : ; o; p), and out of this partwe can assemble, using admissible moves, the rectangle (A). The geometricpreparation is over.3.2 An algebraic proof.Let us have a �nite collection of V H-rectangles of the total area 2. Then nomore than one of the following two is possible:{ to compose out of these rectangles a 1�2 rectangle using only admissiblemoves;{ to compose out of these rectangles a p2�p2-square using only admis-sible moves.This is what we need to answer negatively the question of these section.Let w1; : : : ; wN be the widths of the rectangles of our collection (N beingthe number of these rectangles), and h1; : : : ; hN be their heights.Consider the sequence 1;p2; w1; : : : ; wN ; (1)remove a member of this sequence if it is a linear combination, with rationalcoe�cients, of the preceding members. (Thus, we do not remove 1; we do not5



remove p2, since it is irrational; we remove w1, if and only if w1 = r1+r2p2,with rational r1; r2, and so on.) Let a1; : : : ; am be the remaining numbers(thus, a1 = 1; a2 = p2). It is important that each of the numbers (1) canbe presented as a rational linear combination of the numbers a1; : : : ; am in aunique way1.Now, do the same with the sequence1;p2; h1; : : : ; hN : (2)We will get the numbers b1; : : : ; bn with b1 = 1; b2 = p2 such that each ofthe numbers (2) can be presented as a rational linear combination of thenumbers b1; : : : ; bn in a unique way.Call a rectangle admissible, if its width is a rational linear combinationof a1; : : : ; am and its height is a rational linear combination of b1; : : : ; bn.Let P be an admissible rectangle of the width w and the length h, andlet w = Pmi=1 riai and h = Pnj=1 sjbj with rational ri's an d sj's. We de-�ne the symbol Symb(P ) of the rectangle P as the rational m � n matrixkSijk with Sij = risj. We usually will use for the symbols the notationSymb(P ) = Pi;j risj ai 
 bj (which is simply the alternative notation forthe matrix above). Thus, we regard the symbols as \formal rational linearcombination" of the \expressions" ai 
 bj. Such formal linear combinationscab be added in the obvious way; we consider two formal rational linearcombinationsPi;j t0ijai 
 bj; Pi;j t00ijai 
 bj equal if t0ij = t00ij for all i; j.Let P 0 and P 00 be two admissible rectangles of equal heights or equalwidths. Then we can merge these two rectangles into one rectangle, P , usingan admissible move (see above). Obviously, P is also an admissible rectangle,and Symb(P ) = Symb(P 0) + Symb(P 00). Indeed, if P 0 and P 00 have widths1This is a standard theorem from linear algebra, but for the sake of completeness, let usgive a proof. 1 = a1 is a rational linear combination of a1; : : : ; am, so is p2 = a2. Assume,by induction, that all the numbers (1) preceding wk are rational linear combinationsof a1; : : : ; am. If wk is not a rational linear combination of preceding numbers, thenit is one of aj 's, and hence is a rational linear combination of a1; : : : ; am; if wk is arational linear combination of preceding numbers, then it is a rational linear combination ofa1; : : : ; am, since all the preceding numbers are rational linear combinations of a1; : : : ; am.It remains to prove uniqueness. If two di�erent rational linear combinations of a1; : : : ; amare equal,Pmi=1 r0iai =Pmj=1 r00j aj , and s is the largest of 1; : : : ;m, for which r0s 6= r00s , thenas = s�1Xi=1 r0i � r00ir00s � r0s ai which shows that as is a rational linear combination of preceding aj 's,in contradiction to the choice of a1; : : : ; am.6



w0 =Pmi=1 r0iai and w00 =Pmi=1 r00i ai and the same height h =Pnj=1 sjbj, thenP has the width w0 + w00 =Pmi=1(r0i + r00i )ai and the height h, andSymb(P ) =Pi;j(r0i + r00i )sj ai 
 bj=Pi;j r0isj ai 
 bj +Pi;j r00i sj ai 
 bj= Symb(P 0) + Symb(P 00):Thus, if we have a collection of admissible rectangles, P1; : : : ; PN , and canassemble out of them, by N � 1 admissible moves, a rectangle P , thenSymb(P ) = PNi=1 Symb)Pi). If we can assemble in this way two di�erentrectangles, P and P 0, then Symb(P 0) = Symb(P ). This proves our theorem,since the symbol of a 1�2 rectangle is 2(a1
b1), and the symbol of ap2�p2square is a2 
 b2 which is di�erent.4 Proof of Dehn's Theorem.We want to prove the following.Theorem 4.1 Let C and T be a cube and a regular tetrahedron of the samevolume. Suppose that each of them is cut into the same number of pieces byplanes. (That is, we cut our polyhedron into two pieces, then cut one of thetwo pieces into two pieces, then cut one of the three pieces into two pieces,and so on.) It is not possible that the two collection of (polyhedral) pieces arethe same.Proof. Let `1; : : : ; `N be the lengths of all edges of all polyhedra involved inthe two cutting processes. Let '1; : : : ; 'N are corresponding dihedral angles(we suppose that 0 < 'i < � for all i). Take the sequence `1; : : : ; ellNand remove from it any term which is a rational linear combination of theprevious terms; we obtain a sequence a1; : : : ; am such that each of the `k'sis equal to a unique rational linear combination of ai's. Then do the samewith the sequence �; '1; : : : ; 'N ; the resulting sequence is denoted as �0 =�; �1; : : : ; �n, and each of 'k's is equal to a unique linear combination of �j's.Call a convex polyhedron admissible, if the length of every edge is a rationallinear combination of a1; : : : ; am and each dihedral angle is a rational linearcombination of �0; �1; : : : ; �n.Let m1; : : : ; mq be the lengths of edges of an admissible convex poly-hedron P , and let  1; : : : ;  q be the corresponding dihedral angles. Let7



mk = Pmi=1 rkiai and  k = Pnj=0 skj�j. De�ne the symbol of P by theformula Symb(P ) = mXi=1 nXj=1  qXk=1 rkiskj! ai 
 �j:Important remark: it is not a misprint that the second summation istaken from j = 1 to n, not from j = 0 to n; we do not include into thesymbol the summand sk0�. Thus, if one changes an angle by a rationalmultiple of �, then the symbol is not a�ected; if some dihedral angle is arational multiple of �, then the corresponding edge do not appear in theexpression for the symbol at all.Example: the symbol of a cube (or of a rectangular box) is zero. Indeed,all the angles are �=2.Exercise: the symbol of any rectangular prism with a polygonal base iszero.Lemma 1 Let P be a convex polyhedron. Suppose that it is cut by a plane Linto two pieces, P 0 and P 00. Then (provided that P; P 0, and P 00 are admissible,Symb(P ) = Symb(P 0) + Symb(P 00):Proof of Lemma. Let S = fe1; : : : ; eqg be the set of all edges of P , let `kbe the length of the edge ek and  k be the corresponding dihedral angle. Wedivide the set S into four subsets: S1 consists of edges which have no interiorpoints in L and lie on the P 0 side of L; S2 is the similar set with P 00 insteadof P 0; S3 consists of edges ek cut by L into an edge e0k of P 0 and an edgee00k of P 00; and S4 consists of edges which are totally contained in L; for eachek 2 S4, the dihedral angle  k is divided by L into two parts:  0k and  00k .Consider also the intersection L\ P . This is a convex polygon; each ek 2 S4is its side; let T = ff1; : : : ; fpg be the set of all other sides of R. Each fkis a side both of P 0 and P 00; let mk be the length of fk and �0k; �00k be thecorresponding dihedral angles in P 0 and P 00. Obviously, �0k + �00k = �.Edges of P 0:{ the edges ek 2 S1; the lengths are `k, the angles are  k;{ the edges e0k for ek 2 S3; the lengths are `0k, the angles are  k;{ the edges ek 2 S4; the lengths are `k, the angles are  0k;{ the edges fk 2 T ; the lengths are mk, the angles are �0k.8



Edges of P 00:{ the edges ek 2 S2; the lengths are `k, the angles are  k;{ the edges e00k for ek 2 S3; the lengths are `00k, the angles are  k;{ the edges ek 2 S4; the lengths are `k, the angles are  00k ;{ the edges fk 2 T ; the lengths are mk, the angles are �00k.
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Figure 4:The symbols of each of the polyhedra P 0; P 00, and P consists of four groupsof summands; for P 0 and P 00 these groups correspond to the four groups9



of edges as listed above; for P they correspond to the sets S1; S2; S3; S4.The �rst group of summands in Symb(P 0) is the same as the �rst groupof summands in Symb(P ). The �rst group of summands in Symb(P 00) isthe same as the second group of summands in Symb(P ). The sum of thesecond groups of summands in Symb(P 0) and Symb(P 00) is the third groupof summands in Symb(P ) because `0k+ `00k = `k. The sum of the third groupsof summands in Symb(P 0) and Symb(P 00) is the fourth group of summandsin Symb(P ) because  0k +  00k =  k. At last, the sum of the fourth groups ofsummands in Symb(P 0) and Symb(P 00) is zero, since �0k + �00k = �=2. Thus,Symb(P ) = Symb(P 0) + Symb(P 00) as stated by Lemma.An example is shown on Figure 4. A polyhedron P (a four-gonal prismwith non-parallel bases, shown at the left of the �rst row) is cut into twopolyhedra by a plane (the cut is shown in the �rst row, the polyhedra P 0 andP 00 are shown in the second row). The edges of P are e1; : : : e12; the sets Siare: S1 = fe1; e3; e4; e5g; S2 = fe6; e7; e9; e10; e11; e12g; S3 = fe8g; S4 = fe2g.Bach to Theorem. If two polyhedra can be cut into the same collectionof polyhedral parts, then their symbols are both equal to the sum of thesymbols of the part, and, hence, the symbols of the given two polyhedra areequal to each other. But the symbol of a cube is equal to zero, since all theangles are �=2 (see Example above). The symbol of a regular tetrahedronis equal to 6(` 
 �) where ` is the length of the edge and � is the dihedralangle. All we need to check is that � is not a rational multiple of �.
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Figure 5:The dihedral angle of a regular tetrahedron is the largest angle of anisosceles triangle whose sides are `; `p32 ; `p32 (see Figure 5). The cosine
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theorem shows that cos� = �`p32 �2 �`p32 �2 +�`22�`p32 ��`p32 � = 13Lemma 2 If cos� = 13 , then �� is irrational.Proof of Lemma. Otherwise, cos n� = 1 for some n. However, it is knownfrom trigonometry that cosn� = Pn(cos�)where Pn is a polynomial of degree n with the leading coe�cient 2n�1.[Proof by induction. Statement: for all n,cos n� = Pn(cos�); sinn� = Qn(cos�) � sin�where degPn = n; degQn = n � 1, and the leading coe�cients of both Pnand Qn are equal to 2n�1. For n = 1, this is true (P1(t) = t; Q1(t) = 1);assume that the statement is true for some n. Thencos(n+ 1)� = cosn� sin�� sinn� sin�= Pn(cos�) cos��Qn(cos�) sin2 �= Pn(cos�) cos� +Qn(cos�)(cos2 �� 1);sin(n+ 1)� = sinn� cos� + cosn� sin�= Qn(cos�) sin� cos� + Pn(cos�) sin�= (Qn(cos�) cos� + Pn(cos�)) sin�Hence, Pn+1(t) = Pn(t)t+Qn(t)(t2 � 1);Qn+1(t) = Qn(t)t + Pn(t);and the statement for the degrees and leading terms follows.]This shows thatcosn� = Pn�13� = 2n�13n + an integer3n�1which cannot be an integer, in particular, 1.This proves Lemma and completes the proof of Dehn's theorem.11



5 Some further results.In the language of algebra (which may technically not familiar to the reader,but the formulas below seem to me self-explanatory), the construction of theprevious section assigns to every convex (actually, not necessarily convex)polyhedron a certain invariant, \Dehn's symbol",Symb(P ) 2 R 
Q (R=�Q );and Dehn's theorem states that if two polyhedra, P1 and P2, are equipartite(that is, can be cut by planes into identical collections of parts), thenSymb(P1) = Symb(P2):(This is precisely the result of the previous section.)
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........... .......................................................................................................................................................................................................... .............................................................h hFigure 6:Certainly, this may be applied not only to cubes and tetrahedra. Theinitial Hilbert's problem, by the way, dealt with a di�erent example; Hilbertconjectured that two tetrahedra with equal bases and equal heights (likethose on Figure 6) are not equipartite.
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Figure 7:The origin of this question belongs to the foundations of geometry. Thewhole theory of volumes of solids is based on the lemma stating that thevolumes of tetrahedra in Figure 6 are the same. The similar planar lemma12



(involving the areas of triangles) has a direct geometric proof based on cut-ting and pasting. But the three-dimensional fact requires a limit \stair con-struction" involving pictures like Figure 7 (you can �nd a �gure like this intextbooks in the spatial geometry). The question is, is this really necessary,and the answer is \yes": Dehn's theorem easily implies that the tetrahedralike those in Figure 7 are not, in general, equipartite.More than 60 years after Dehn's work, Sydler proved that polyhedrawith equal volumes and equal Dehn's invariant are equipartite [4]. There aresimilar results in spherical and hyperbolic geometries.Dehn's symbol may be generalized to polyhedra of any dimension: for ann-dimensional polyhedron P ,Symb(P ) = X(n� 2)-dimensionalfaces s of P volume(s)
 � dihedralangle at s� 2 R 
Q (R=�Q )(the angle is formed by the two (n�1)-dimensional faces of P attached to s).In dimension 4, like in dimension 3, two polyhedra are equipartite, if and onlyif their volumes and their symbols are the same. But in dimension 5 it is nottrue any longer: there arises a new invariant, a \secondary Dehn's symbol"involving a summation over the edges (for an n-dimensional polyhedron,over (n�4)-dimensional faces) of P . There is a conjecture (I do not know itscurrent status) that an \equipartite type" of an n-dimensional polyhedronis characterized by a sequence of �n + 12 � invariants: the volume, Dehn'ssymbol, secondary Dehn's symbol, and so on, taking values in more andmore complicated tensor products (k-th Dehn symbol involves a summationover (n� 2k)-dimensional faces. In particular, for one- and two-dimensionalpolyhedra (segments and polygons) only the \volume" (the length and thearea) counts; in dimensions 3 and 4 we also have Dehn's symbol), and so on.If you want to know more about this, you can read, in addition to thepopular book of Boltianskii, the article of Cartier in Proceedings of the Bour-baki Seminar [2]. But I am not sure that it has been ever translated fromFrench into English, so if you read this article, you have a chance to study abeautiful language, in addition to a beautiful geometry.
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