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1 Introduction

If youdivide
�

by � � , youwill find that
� � � ����� � � � 	 
 � �  � � � � 	 
 � �  ��� � � Thefirst timeI did this, I was

amazed—therewasa beautifulpattern,but theninsteadof going “
 � � ”, it jumpeddirectly from


to
�
,

andthenstartedrepeating.Is thisamiracle?Are thereany othercoolpatterns?Canwecomposefractions
with interestingexpansions?Is thereanythingspecialaboutthosesortsof fractions?

Somefractionscomeout even whenexpressedasa decimal:
� � ����� � �

and
� � ����� � �

, for example.
Othersrepeatforever:

� � 	���� � 	 	 	 	�� � �
or
� � ���� � 
 � � �  � 
 � � � �� � � Someonly repeatafter a while:� � ����� � � � � ��� � �

Why dothey repeat?Do decimalshaveto repeat?Whatis meantby
����� � � � ��� � �

? How canyoufind the
fractioncorrespondingto aninfinite decimalor thedecimalexpansionof a givenfraction?How much,if
any, of this is causedby thefactthatwework in base

� �
?

How do youconverta fractionto a decimal?A decimalto a fraction?Whatif thedecimalis repeating?

Thesearethesortsof problemswe’ll examinein this paper.

AppendixA containsa tableof thepropertiesof thedecimalexpansionsof thefractionsof theform
� � �

for
�����

to
����� � �

.

Somepropertiesareeasy, andsomearedifficult. In AppendicesB, C, D andE arethe definitionsand
simplepropertiesof somenumber-theoreticconceptsandfunctionsthatareusedin thetext.

2 What is a Decimal Number?

Almosteveryoneknowswhatadecimalnumbermeans,but let’s review it quickly anyway. Everydecimal
numberhasoneof the digits from

�
through

�
in eachof several positions. As you move from left to

right, thedigits representsmallerandsmallernumbers.

For example,whatis themeaningof theexpression“
� 	 
�� � � �

”? Thedigits to theleft of thedecimalpoint
(“
� 	 


” in this case)representthesizeof the integer(whole-number)partof thenumber. Readingdigits
from thedecimalpoint to the left, thefirst representsthe “one’s” place,thenext, the“ten’s” place,then
the“hundred’s” place,andsoon. We canrewrite thewholenumber

� 	 

as:����� � ����	���� ����
 ��� !

or better, as: ����� � "���	���� � #$��
 ��� � % �
Thesecondexpressionis better, sincewe canseetheprogressionof theexponentsaswe work through
thedigits. Thus,theoriginalexample“

� 	 
�� � � �
” represents:����� � ���&	���� ����
 ��������� �� � �&��� �� � � ����� �� � � � !
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or better, as: '�(�' ) *,+&-�(�' ) .,+�/ (�' ) 0�+�1�(�' ) 23.$+&4�(�' ) 25*�+�6�(�' ) 257 8
2.1 Non-Terminating Decimals

Theexplanationaboveis fine for decimalsthatterminate,but whatdoesit meanwhenthedecimalexpan-
sion goeson “forever”, asin

' 9 -;:<) 8 - - - - - -�8 8 8
? This is, in fact,probablythefirst infinite seriesthat

mostpeopleeverencounter, evenif they don’t recognizeit asaninfinite series.Thedecimalexpansionof' 9 -
meansthis: '- :�-$= '' )3> . +&-$= '' )3> * +&-$= '' )3> 7 +�-$= '' )5>�? +A@ @ @ :CBD E F . -$= '' )3>

E 8
(1)

Thesumabovemustcontinueforever beforeit is exactly equalto
' 9 -

. If youstopafterany finite number
of terms,it is not exact.Let us,in fact,look at theerrorsfor a few approximations:' 9 -�GA8 -H:I' 9 -�G�- 9 ' )�:�' 9 - )' 9 -�G&8 - - - -J:I' 9 -�G�- - - - 9 ' ) ) ) )�:�' 9 - ) ) ) )' 9 -�GA8 - - - - - - - - - -K:I' 9 -�G�- - - - - - - - - - 9 ' ) ) ) ) ) ) ) ) ) )�:�' 9 - ) ) ) ) ) ) ) ) ) ) 8
It is clearthattheapproximationsarebetterandbetter, thelastoneabovehaving anerrorof only onepart
in thirty billion, but no finite approximationis exact. For a proof that the infinite decimalexpansionin
Equation1 is exactly equalto

' 9 -
, seesection4.

A mathematicianwould saythatthelimit of thesequence:8 - L 8 - - L 8 - - - L 8 - - - - L 8 - - - - - L 8 - - - - - - L 8 8 8
is
' 9 -

. Thismeansthatgivenany error, nomatterhow small,afteracertainpointthetermsin thesequence
abovewill all becloserto

' 9 -
thanthatspecifiederror.

3 How to Convert Fractions to Decimals

To convert a fractionof theform M 9 N to a decimal,all you needto do is a long division whereyou write
thenumeratorfollowedby a decimalpoint andasmany zeroesasyou want. For example,to convert the
fraction O 9 4 O into adecimal,begin with thelong divisiondisplayedbelow:8 4�1�P�4�14 O O 8 )�)�)�)�)1C/'Q6�)

1
-�14�1�)4�/�-O )1�/'�6�)'�-�14�1
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At eachstagein thelongdivision,theremainderwill haveto belessthan R S , soin thiscasethereareonlyR S possibleremainders:T , U , . . . , R V . If theremainderwere R S or more,you couldhave dividedat least
onemore R S into it.

In the caseabove, the remaindersare U V , R W , S , U V , and R W . But oncewe aredoing the division in the
partof thefractionwhereall thedecimalsin thenumeratorarezero,if a remainderis repeated,theentire
sequenceof remainderswill repeatfrom thatpoint on, forever. In thecaseabove, assoonaswe hit the
remainderof U V , thenext onewill have to be R W andthenthenext onewill have to be S , andthen U V , R W ,S , U V , andsoon,forever. Thus,theinfinite decimalexpansionbecomes:S X R S�Y�Z R W [ R W [ R W [ R W [�Z Z Z
Every fractionwill eventuallygo into a cycle like this. Theexampleabovecyclesall of its digits. Other
fractionsmayhaveanon-repeatingpartfollowedby a partthatrepeatsforever. For example,thefractionU X V�Y�Z U V V V V V V�Z Z Z
It is alsointerestingto notethattherepeatingpartof any decimalexpansionof a fractionhasto beshorter
thanthedenominator. As wesaw above,for example,if thedenominatoris R S , thereareonly R V possible
remaindersin the long division: U through R V . A remainderof T meansit cameout even, andall the
remaindershaveto bestrictly lessthan R S .
In the two examplesabove it is pretty obvious from the “. . . ” what part repeats,but if you wish to be
mathematicallyprecise,you canindicatetherepeatingpartwith a barover thepartthatrepeats.Hence:S X R SKYIZ R W [U X VHYIZ U V
It is interestingto make a table of the decimalexpansionsfor the fractionswith small denominators.
Here’s thelist of thefractionsof theform U X \ :] ^ _ ` a ] ^ ] _ ` b c d ] ^ _ _ ` b e a] ^ d ` d ] ^ ] d ` b f g h _ d ] ^ _ d ` b e d e f c _ g b c g h a g a _ ] f d h ] d] ^ e ` _ a ] ^ ] e ` b f ] e _ c a ] ^ _ e ` b e ] g] ^ a ` _ ] ^ ] a ` b g ] ^ _ a ` b e] ^ g ` ] g ] ^ ] g ` b g _ a ] ^ _ g ` b d c e g ] a] ^ f ` ] e _ c a f ] ^ ] f ` b a c c _ d a _ h e ] ] f g e f ] ^ _ f ` b d f] ^ c ` ] _ a ] ^ ] c ` b a ] ^ _ c ` b d a f ] e _ c] ^ h ` ] ] ^ ] h ` b a _ g d ] a f c h e f d g c e _ ] ] ^ _ h ` b d e e c _ f a c g _ b g c h g a a ] f _ e ] d f h d ]] ^ ] b ` ] ] ^ _ b ` b a ] ^ d b ` b d] ^ ] ] ` b h ] ^ _ ] ` b e f g ] h ] ^ d ] ` b d _ _ a c b g e a ] g ] _ h b d _ _ a c b g e a ] g ] _ h
Therearesomeinterestingpatternsto note,evenwith sucha small table. First, the decimalsterminate
(endwith aninfinite sequenceof zeroes)exactly whenthedenominatoris a multiple of a powerof R and
a power of W , suchas R Y�R i , j Y�R k , W Y�W i , l Y�R m , U T�Y�R i W i , U V�Y�R n and R T�Y�R k W i . If you want
moredata,AppendixA containsthecycle lengthsfor fractionswith denominatorsup to [ T T .
Fractionswith primenumbersasthedenominatortendto have longerexpansions,many of themhaving
lengtho pAU wherethedenominatoris theprimenumbero .
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4 Converting Decimals to Fractions

Begin with thefamiliarexpansion:qr�s r$t qq u3v5w,x r$t qq u3v5y,x r$t qq u3v5z�x r$t qq u5v�{�xA| | | sC}~ � � w
r$t qq u3v

�
�

Theexampleabove(andall repeatingdecimalswill besimilar) is ageometricseries.Everytermafterthe
first is just a constantmultiple of the previousterm. Thefirst term in theexpansionof

q � r
is
r � q u

and
eachsuccessive termis obtainedby multiplying theprevioustermby

q � q u
.

Thegeneralform for ageometricserieswhosefirst termis � andwhoseratiobetweentermsis � is this:� s � x � � x � � y x � � z x � � { x�| | | sC}~ � �5� � � � � (2)

if � � ��� q thentheseriesconverges.Theusualtrick to find thesum
�

is to multiply Equation2 by � and
thento subtractit from theoriginal seriesto obtain:� s � x � � x � � y x � � z x � � { | | |� � � s ��� � � x � � y x � � z x � � { x�| | | �� � � � s � �
Thus

� � q � � ��s � , or
� s � � � q � � � .

In thecaseof thefraction
q � r

above, � s r � q u and � s q � q u so� s r � q u� q � q � q u � s r � q u� � q u s r � s qr �
Exactly the sameidea can be appliedto decimalsthat repeatafter an initial non-repeatingpart. For
example,to show thatthedecimal

u � q � � � � � � � � is q � � , noticethatwe have� q � � � � � � s � q x � u � � � � � � s qq u x �q u u x �q u u t qq u v x �q u u t qq u v y x �q u u t qq u v z x�| | | �
Thusit is thesumof

q � q u
andageometricserieswith � s � � q u u and � s q � q u :� q � � � � � � s qq u�x � � q u uq � q � q u�s qq u�xC�r u�s��r u�s q� �

A verysimilar trick canbeusedto convertany non-terminatingdecimalto a fraction.For example,what
is thefractionalform for � r � � � � � r � � � r � � � r � � � s � r � � � � � r��
Thearithmeticis a bit ugly, but this is just:� r � � � � � r s r � �q u u u x�� � � rq u u u u u u u x�� � � rq u u u u u u u t qq u u u u v wx�� � � rq u u u u u u u t qq u u u u v y x�� � � rq u u u u u u u t qq u u u u v z xA| | |s r � �q u u u x � � � � r � q u u u u u u u �� q � q � q u u u u � s q � � � � � � � � � � � � u u �
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Youmayhavenoticedthatthereis a trick thatcanbeusedwith any decimalthatrepeatsfrom thedecimal
point. To obtainthefraction,take therepeatingpartanddivide it by a numberwith thesamenumberof
digits,but all of which are � . For example,to convert � � � � to a fraction,therepeatingpart is threedigits
long,sothefractionis � � � � � � ���A��� � � � � . Canyou seewhy thisalwaysworks?

5 Why is   ¡�¡�¡�¡�¡& $ 3 �¢¤£ ?
Many peoplearedisturbedby thefactthat therepeatingdecimal � � � ��� � � is equalto � . Accordingto our
conversiontrick, therepeatingpartis just � , sothedecimalshouldbeequalto � � ����� .
It is alsoclearthatthesumof theinfinite series:�� ¥�¦ �� ¥ ¥�¦ �� ¥ ¥ ¥ ¦ �� ¥ ¥ ¥ ¥ ¦A§ § §
is � , sincefrom Equation2 we obtain ¨ ��� � � ¥ and ©���� � � ¥ , so ¨ � ª ��«�© ¬���� .
Theugly truth is thatdecimalexpansionsin ourbase-� ¥ systemarenotunique.Therearesometimestwo
differentwaysto representthesamefractionwith differentdecimalexpansions.Thereis nothingunique
abouttheapparentproblemthat � � � ��� � � ��� . Thesamethingoccursinfinitely often: � � � � � � � ��� � � ��� �  ,� � � � � � � � ��� � � ��� � � � , et cetera.

This problemis not uniqueto base � ¥ ; if you are working in base ® , the number � hastwo “octal”
expansions:� � ¥ ¥ ¥ ¥�� � � and ¥ � ¯ ¯ ¯ ¯�� � � , et cetera.

6 What’s with £3°�±�£�¢²  ³�£3´�µ,¶�·�¸�¹�¡A 3 $  ?
We will examinethetitle questionlater. Let usbegin with a coupleof easierexamples.

Welearnedin Section4 how to sumageometricseriesandwecanusethattrick to makeacoupleof other
interestingfractions.As thefirst example,considerthedecimalexpansionthatbeginslike this:º ��� ¥ � ¥ � ¥ � ¥ ® � » � �
If you look ateachpair of digits,eachis thedoubleof theprevioussetof two. But wecanalsowrite it as
a geometricseries: º � �� ¥ ¥�¦ �� ¥ ¥�¼ �� ¥ ¥3½5¾,¦ �� ¥ ¥�¼ �� ¥ ¥5½5¿�¦ �� ¥ ¥�¼ �� ¥ ¥5½5À�¦�§ § §
In this seriesthefirst term, ¨���� � � ¥ ¥ andtheratio ©��A� � � ¥ ¥ . Thusthesumshouldbe:º � ¨��«�© � � � � ¥ ¥��«�� � � ¥ ¥ � �� ® �
And sureenough,if we divideout � � � ® , we obtain:�� ® ��� ¥ � ¥ � ¥ � ¥ ® � » � � »  � ¥ » � � � � � ® � ¯ �  � � ® � » ¯ � � » � � ® ¯ ¯  
Thedoublingpatternseemsto fail immediatelyafterthe � � : we havea »  ratherthana » � in thepattern.
But it’s easyto seewhy, sincethenext term, � � ® , hasmorethantwo digits, sothe � carriesover into the
next columnto theleft, turning » � into »  .
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You cango furtherwith thefollowing fraction:ÁÂ Â Ã;Ä�Å Æ Æ Á Æ Æ Ç Æ Æ È Æ Æ Ã Æ Á É Æ Ê Ç Æ É È Á Ç Ã Ç Ë É Ë Á Ê Æ Ç É Æ�Å Å Å
We’ve just written “. . . ” sincethis onedoesn’t repeatfor a while—its repeatingcycle is È Â Ã digits long.

Both the examplesabove arebasedon the fact thatwe know how to addup the termsin the geometric
series: Ì Ä�Í�Î&Í Ï�Î�Í Ï Ð�Î&Í Ï Ñ�Î�Ò Ò Ò Ä ÍÁ�Ó Ï Å (3)

Theexamplesusevaluesof Ï thathavesomepowerof
Á Æ in thedenominatorand(usually)smallintegers

in the numerator. If you understandthis, it shouldbe easyto find the fraction that correspondsto this
decimalexpansion: Å Æ Æ Æ Á Æ Æ Æ Ê Æ Æ Æ Â Æ Æ Ç Ô Æ Æ Ã Á Æ Ç È Ê�Å Å Å Õ
wherethenumbersin theexpansionstartout looking like powersof Ê .
But thereareotherseriesweknow how to add.For example1:Ï�Î�Ç Ï Ð�Î�Ê Ï Ñ�Î�È Ï Ö�ÎAÒ Ò Ò Ä Ï× Á�Ó Ï Ø Ð Å (4)

If Ï�Ä Á Ù Á Æ , this formulagives:Å Á ÎAÅ Æ Ç�ÎAÅ Æ Æ Ê�Î�Ò Ò Ò Ä�Å Á Ç Ê�Å Å Å Ä Á Æ Ù Ã Á Å
If youdivideby ten,youobtain

Á Ù Ã Á Ä�Å Æ Á Ç Ê È Ë É Ô Â Å Å Å Thedecimaljumpsfrom Ô to
Â

becauseof carries
thatoccurwhenthetermswith

Á Æ andaboveareaddedin.

More formulaslike thatabovearenot too hardto derive if youknow a little calculus.For example:

Ï�Î�È Ï Ð�Î Â Ï Ñ�Î Á É Ï Ö�Î�Ç Ë Ï Ú�ÎAÒ Ò Ò Ä Ï × Á Î�Ï Ø× Á�Ó Ï Ø Ñ (5)

from which wecanobtain: Á Æ Æ Æ Á Æ Æ Æ ÆÂ Â Â Ô Æ Æ Æ Ç Â Â Â Â�Ä�Å Æ Æ Æ Á Æ Æ Æ È Æ Æ Æ Â Æ Æ Á É Æ Æ Ç Ë Æ Æ Ê É Å Å Å
7 Cycle Lengths

In therestof thispaper, wewill assumethatthefractionsweconsiderhavebeenreducedto lowestterms.
In otherwords,thenumeratoranddenominatorhavenocommonfactors.Thefraction

É Ù Â
is not reduced

to lowestterms,sinceboth
É

and
Â

havea commonfactorof Ê . Theequivalentfraction Ç Ù Ê is reducedto
lowestterms.Thisreductionis easyfor smallnumeratorsanddenominators,but it canbeabit messywith
largenumeratorsanddenominators.Thereis asimplealgorithmto reducefractions,andit is explainedin
AppendixC.

A very interestingquestionis thefollowing. Givena fraction Û Ù Ü thatis reducedto lowestterms,whatis
thelengthof thenon-repeatingpartandwhatis thelengthof thecycle?Beforereadingon,youmaywish

1This formula canbe obtainedfrom the formula for the geometricseries(Equation3) by setting Ý�Þ�ß andthentaking the
derivative of bothsideswith respectto à andmultiplying theresultby à . Wecanbegin with this resultanddothesamesortof thing
to obtainEquation5. But evenwithoutcalculus,wecansumit. If á�Þ�à â�à ã â�à ä â�å å å Þ;à æ ç ß è�à é , thenthesumin Equation4
is equalto á�â�à á�â�à ã á�â�å å å Þ;á5ç ß5â�à3â�à ã â�å å å é�Þ;á æ ç ß5è�à é Þ�à æ ç ß3è�à é ã .
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to look at thedatain thetablein AppendixA andlook for patterns.If you do seepatterns,try to prove
them.

We will show later that if ê5ë ì is reducedto lowest terms,it will have the samelength non-repeating
part andrepeatingpart as í ë ì . You may wish to checkthis with a few examples,like í ë î;ï�ð í ñ ò ó ô î ,ò ë î�ï�ð ò ó ô î í ñ , õ ë î�ï�ð ñ ò ó ô î í , et cetera.All havenonon-repeatingpartandarepeatingpartof ö digits.

Anotherexampleis í ë ö�ï÷ð í ö and ô ë ö�ïøð ó õ . Both have a singlenon-repeatingdigit followed by a
single-digitrepeatingcycle.

Wewill provethis in Section7.2,but this is thereasonthatthetablein AppendixA only containsthedata
for fractionsof theform í ë ù .

7.1 The Non-Repeating Part

The next thing to notice is the setof fractionsin the list that terminate. It’s clear that at leastin the
examplesin AppendixA all andonly thosefractionswith denominatorsof theform ò ú ô û terminate.This
is relatedto the fact thatwe have tenfingersandthereforework in baseí ü�ïýò�þ ô . In fact, if you look
at any terminatingfractionwith denominatorò ú ô û , thenumberof digits beforethefractionterminatesis
exactlyequalto thelargerof ÿ and� .
This shouldbe clear, sinceany decimalthat terminatesin í , ò , or õ placeshas,by definition, hasa
denominatorof í ü , í ü ü , í ü ü ü , et cetera.So if we look, for example,at decimalsthat terminateafter õ
places,the fraction hasthe form ù ë í ü ü ü (or a reducedform of that),where ù is a three-digitnumber.
If ù containsbotha factorof ô andof ò , we coulddivide numeratoranddenominatorby í ü andmake it
terminatein ò digits. Thus ù mayhave factorsof ò or mayhave factorsof ô , but not both.

Thus î ë í ö ü�ï�î ë � ò � ô � shouldterminateafterexactly ô terms,andit does: î ë í ö ü�ï�ð ü ñ õ î ô ü ü ü�ð ð ð
Now considerdecimalswith a repeatinganda non-repeatingpart. Let’s just consideranexample,andit
shouldbeclearhow to do a formal proof from theexample.What is thefractionthathastheexpansion:ð ò í î ö ô ñ õ ? Write it like this: ð ò í î ö ô ñ õ�ï ò í îí ü ü ü � íí ü ü ü þ ö ô ñ õ� � � �$ð
In thiscaseit’sobviousthattherewill beadenominatorof thefinal fractionwith at leastthreeò sor threeô s. But with anappropriateselectionof non-repeatingandcycleparts,couldwehavesomecancellation?
For example,how about ð ò ô ü î ô ü ? Thiswould be:ð ò ô ü î ô ü�ï ò ô üí ü ü ü � íí ü ü ü þ î ô ü� � � ð
We candivide í ü out of the numeratoranddenominatorof bothparts,andonly have a fractionof í ü ü ,
guaranteeinganon-repeatingpartof only two digits. What’swrong?

Well, here’swhat’swrong: wedid not write theoriginaldecimalin its simplestform:ð ò ô ü î ô ü�ï�ð ò ô ü î ô �
soit really hasonly a two-digit non-repeatingpart.

In any case,with a little thoughtit shouldbe clear that any decimalthat repeatsafter an initial non-
repeatingpart of � digits mustcontainat least ò � or ô � in the denominator, andno powersof ò or ô
greaterthan � .
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7.2 Repeating Cycle Length

If we look overa bunchof examplesin AppendixA, we canfind still morepatterns.Sinceweknow how
to dealwith factorsof 	 and 
 in thedenominators,let’s ignorethoseandlook only at denominatorsthat
areproductsof primenumbersotherthan 	 and 
 . Herearea few interestingpatterns:

1. Many fractionswhosedenominatoris a primenumber� havecyclesof length���� .
2. All fractionswhosedenominator� is nota primehavecyclesof lengthlessthan ����� .
3. All fractionswhosedenominatoris a primenumber� havecycleswhoselengthdivides���� .
4. Thereseemsto besomesortof relationshipbetweenthelengthsof thecyclesof theprimefactors

of thedenominatorandthelengthof thecycleof thedenominator, but it is hardto saywhatthatis,
exactly.

Let’s look at aconcreteexample:thedecimalexpansionof � � � � :� � � � � � � � � � � � � � � � � � � � � � � � � � �  � ! � � � � � � � � � � � � � � �� � � � � �  � ! � �  � � � � � ! � � �  ! � � � � � �  � ! � � � � � � � ! � � �  �� � � � � � � � � � � � � � � � � � �  � ! � � � � � � � � � � � � � � � � � � � � � � �
Thefirst thingwenoticeis thatthefractionswith numerators� , � , " , # , � $ and � 	 havethesameseriesof
digits in thecycle, but rotatedby differentamounts.Similarly for theoneswith numerators	 , 
 , % , & , '
and � � .
Now look at thevaluesof � $)(+* ,-� � , � $ ./(* ,� � , � $ 01(+* ,-� � , andof 	32 � $4(* ,� � , 	32 � $ ./(* ,� � et
cetera.(SeeAppendixB if youareunfamiliarwith the“mod” function.)� � 57698 :3� � � �1; � � 576<8 :<� � �� � =>698 :3� � � � �1; � � =>6<8 :<� � �� � ?7698 :3� � � �1; � � ?76<8 :<� �  � � @7698 :3� � � � �1; � � @76<8 :<� � � �� � A7698 :3� � � �1; � � A76<8 :<� � �� � B7698 :3� � � �1; � � B76<8 :<� � !� � C7698 :3� � � �1; � � C76<8 :<� � �
Finally, considerthe two long divisions that producethe decimalexpansionsof � � � � and 	 � � � . The
remaindersin thedivision of � by � � are: � , � $ , # , � 	 , � , " , andfinally, � , wherethecycle beginsagain.
Theseareexactlythevaluesof � $ D (+* ,-� � in theprevioustable.A similar resultholdsfor theremainders
when 	 is dividedby � � . Do you seewhy thismustbetrue?E $+&9%9#9	9��3� � E $9$+$9$9$9$$�F$9$#�#+$&9'�<	9$�+�<&�9$	9%"+$�9# �

E �<
9�9'<"%�3� 	 E $+$9$9$9$+$�F�&9$%+

9$�9#�9�3$�3$<"%9$
9	'+$&9'	
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In theargumentthat follows,we’ll beconsideringa denominatorG which containsno factorsof H or I ,
but if you referto theexamplesabovewith GKJML N , theargumentmaybeeasierto follow.

Whatwe wish to prove is thatif OQP G is reducedto lowestterms,its cycle lengthis thesameasthecycle
lengthfor L P G .

Considerthe R distinct remaindersL-JTS U V S W V X X X V S Y Z7W , where S Y[JTS U\J�L obtainedduring the long
division of L P G . If R�JTG^]�L thenall theremaindersfrom L to G^]_L mustappearsomewherein the
cycle,sothelong division of OQP G will simply begin in thecycle at thepoint whereS `/JaO andcontinue
with exactly thesamecycleelementsarounda cycleof exactly thesamelength RbJ_G�]�L .
If Rdc�GT]dL thensomeof theremaindersareomitted.If e is anomittedremainderand ebP G is reduced
to lowestterms,thenin thelongdivisionof edP G , wemustobtainremainderse\S U V e-S W V e-S f V X X X V e\S Y Z7W ,
all taken g+h i+j . Clearlythecycle repeatsat this point,sincee\S Y-J�ekgh i9j . It cannotrepeatearlier.
If it did, and e-S UJae-S l for m\cMRb]_L , then S UJaS l1g+h i+j becausen<o9p\q e[V Gbr<JsL . This cannot
occursince S Y Z7W is the first time the remaindersS l returnto L1g+h i+j . Thusevery irreduciblefractionOQP G hasthesamecycle lengthasthefraction L P G .

Finally, note that if G is prime, all the fractions OQP G are irreducible,so all the remaindersfall into
equivalenceclassesdeterminedby which cycle they arein. But all thesecycleshave thesamelength,so
thecycle lengthsmustdivide G^]�L . This is only trueif G is prime,however. Thecycle lengthof L P L t ,
for example,is u , which doesnot divide L N .
7.3 The General Problem

In general,whatwewould like to do is givenareducedfraction OQP R , find thelengthof thenon-repeating
andrepeatingpartof its decimalexpansion.

Weknow how to find thenon-repeatinglength:if H ` and I l arethelargestpowersof H and I thatdivide R ,
thenthenon-repeatingparthasa lengthwhich is themaximumof v and m . Unfortunately, nobodyknows
aneasyway to find thelengthof therepeatingpart,evenwhen R is a primenumber.

Herearesomepartialresults,wherewe’ll assumethatthedenominatorof OQP R is not divisible by H or I ,
andthat OQP R is reducedto lowestterms.In whatfollows,we’ll denoteby w7q R7r thelengthof thecycle of
thefraction OQP R .

1. If R is a primeandthecycle lengthof L P R is even,thenif thefirst half of thecycle is addedto the
last half asintegers,the result is L x y z Y { | f ]_L . For example, L P }\J^X L t H ~ I } , and L t H9�_~ I }-J� � � J^L x �3]_L . Anotherexample: L P L }-J^X x I ~ ~ H N I H � tQL L } u t } , and x I ~ ~ H N I H<� � tQL L } u t }J� � � � � � � � JaL x �4]�L .

2. If R is prime,thenthelengthof thecycledivides R\]�L .
3. w7q R7r1J�v if v4��x is thesmallestintegersuchthat L x ` JaL1gh i<� .
4. If L x is a primitive root of R , then w7q R7r[JF�7q R7r , where � is the Euler totient function. See

AppendixD for propertiesof the totient function,andAppendixE for the propertiesof primitive
roots. For example, L x is a primitive root gh i<t � and �7q t � r<Jat H so thecycle lengthof L P t � ist H .

5. w7q R7r divides �7q R7r .
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A Cycle Length Table for �/�<� to �7�)�4�)�
Pattern: � Denominator�Non-repeat�Repeat� . Example: � � � ��T� � � � � �)� � � . Denominatoris � � , the“ � � ”
doesnot repeat,lengthis � , the“ � ” repeats,lengthis � . “ � ” signifiesa terminatingdecimal.� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �� � � � � � � � � � � � � � � � � � � � � � � � � � � � �� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �� � � � � � � � � � � � � � � � � � � � � � � � � � � � �� � � � � � � � � � � � � � � � � � � � � � � � � � � � �� � � � � � � � � � � � � � � � � � � � � � � � � � � � �� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �� � � � � � � � � � � � � � � � � � � � � � � � � � � � � �� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �� � � � � � � � � � � � � � � � � � � � � � � � � � � �� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �� � � � � � � � � � � � � � � � � � � � � � � � � � � � � �� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �� � � � � � � � � � � � � � � � � � � � � � � � � � � � �� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �� � � � � � � � � � � � � � � � � � � � � � � � � � � � � �� � � � � � � � � � � � � � � � � � � � � � � � � � � �� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �� � � � � � � � � � � � � � � � � � � � � � � � � � � � �� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �� � � � � � � � � � � � � � � � � � � � � � � � � � � � � �� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �� � � � � � � � � � � � � � � � � � � � � � � � � � � � � �� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �� � � � � � � � � � � � � � � � � � � � � � � � � � � � � �� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �� � � � � � � � � � � � � � � � � � � � � � � � � � � � �
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B The ¶�·3¸ Function

In thisappendix,weassumethatwearedealingonly with integers,althoughtheconceptis easyto extend
to realnumbersin somecases.Thedefinitionof ¹kº» ¼<½ is theremainderobtainedif ¹ is dividedby¾ . Thus ¿)º» ¼9À+Á_Â , Ã ¿4º» ¼9¿+Á_Ä , and Ã Å4º» ¼9Â Ä9ÁTÃ Å . Thevalueof ¹Tº» ¼<½ is alwaysbetweenÄ
and ¾\Æ Ã , inclusive.

We sometimeswrite ¹ÈÇ ¾�É º» ¼<Ê Ë to mean ¹kº+» ¼9Ê_Á^½9º» ¼<Ê . In English,we say that “ ¹ is
equivalentto ¾ , mod Ì ”. In thiscasethe“mod” is a congruencerelation.

Herearesomeeasilyprovedpropertiesof themodcongruencerelation.Someof theminvolvethefunctionÍ<Î9Ï
, or “greatestcommondivisor” thatis dealtwith in AppendixCÐ Ç_Ñ (mod ¾ ) and Ò)Ç_Ó (mod ¾ ) Á7Ô Ð<Õ Ò)Ç_Ñ Õ Ó (mod ¾ )Ð Ç_Ñ (mod ¾ ) and Ò)Ç_Ó (mod ¾ ) Á7Ô Ð9Æ Ò)Ç_Ñ Æ Ó (mod ¾ )Ð Ç_Ñ (mod ¾ ) and Ò)Ç_Ó (mod ¾ ) Á7Ô Ð Ò)Ç_Ñ Ó (mod ¾ )Ð Ç_Ñ (mod ¾ ) and ¹KÖ�Ä Á7Ô Ð × Ç_Ñ × (mod ¾ )Ð Ò3Ç_Ñ Ò (mod ¾ ) and

Í<Î9Ï É Ò Ø ¾ Ë4Á_ÄÙÁ7Ô Ð Ç_Ñ (mod ¾ )Ð Ò3Ç_Ñ Ò (mod ¾ Ò ) and Ò9ÚÁ_Ä Á7Ô Ð Ç_Ñ (mod ¾ )Ð Ç�Ñ (mod ¹ ¾ ) and
Í<Î9Ï É ¹[Ø ¾ Ë4Á_ÄÛÁ7Ô Ð Ç_Ñ (mod ¹ ) and Ð Ç_Ñ (mod ¾ )

C The ÜTÝkÞ and Reducing Fractions

If you aregivena fraction in theform ¹dß ¾ , where¹ and ¾ areintegers,it is usuallyfar easierto work
with if it is reducedto lowestterms.For example, Ã ß Â+ÁMÂ ß àÁMÀ ß áÁ_à ß â , but theform Ã ß Â is usually
best,especiallyfor thesortsof analysesdonein this paper.

To reducethefraction ¹dß ¾ to lowestterms,you needto find the largestinteger ã suchthat ¹äÁ�å ã and¾ Á_æ ã whereå and æ areintegers.Then ¹bß ¾ Ádå ã ß æ ã9Á[å>ß æ , andå>ß æ is thereducedform of ¹bß ¾ .

The value ã in the previousparagraphis calledthe “greatestcommondivisor” or “
Í9Î<Ï

” of ¹ and ¾ .
Hereis how to calculatethe

Í9Î<Ï
for ¹[Ø ¾ Ö�Ä :

Í9Î<Ï É ¹dØ ¾ Ë4Ákç ¾éè ¹^Á_ÄÍ9Î<Ï É ¾ º+» ¼9º\Ø ºË è ¹Kê�Ä
where ¾1É º» ¼<º-Ë is the remainderafter dividing ¾ by ¹ . This recursive formula can be appliedto
calculaterelatively quickly the

Í9Î<Ï
of any pairof numbers.

For example,let usfind the
Í9Î<Ï É Ã ë Å Å Ã ¿ Ø Â Â â Â Ä Ë :Í<Î9Ï É Ã ë Å Å Ã ¿ Ø Â Â â Â Ä ËìÁ Í<Î9Ï É Ã ë Å Å Ã ¿)º+» ¼+Â Â â Â Ä Ø Â Â â Â Ä ËÁ Í9Î<Ï É Ã ¿ Ã ¿ ¿ Ø Â Â â Â Ä ËíÁ Í<Î9Ï É Â Â â Â Ä)º+» ¼-Ã ¿ Ã ¿ ¿ Ø Ã ¿ Ã ¿ ¿ ËÁ Í9Î<Ï É Å á á ¿ Ø Ã ¿ Ã ¿ ¿ ËíÁ Í<Î9Ï É Ã ¿ Ã ¿ ¿)º+» ¼-Ã ¿ Ã ¿ ¿ Ø Å á á ¿ ËÁ Í9Î<Ï É Å à ë Ä Ø Å á á ¿ ËíÁ Í<Î9Ï É Å á á ¿)º» ¼+Å à ë Ä Ø Å à ë Ä ËÁ Í<Î9Ï É Ã Å ¿ Ø Å à ë Ä ËíÁ Í<Î9Ï É Å à ë Ä)º» ¼Ã Å ¿ Ø Ã Å ¿ ËÁ Í<Î9Ï É Ã à Ä Ø Ã Å ¿ ËíÁ Í<Î9Ï É Ã Å ¿)º» ¼Ã à Ä Ø Ã à Ä ËÁ Í9Î<Ï É À ¿ Ø Ã à Ä ËÈÁ Í<Î9Ï É Ã à Ä)º» ¼9À ¿ Ø À ¿ ËÁ Í<Î9Ï É Ä Ø À ¿ ËÈÁîÀ ¿

Thus the fraction Â Â â Â Ä ß Ã ë Å Å Ã ¿ reducedto lowest termsis É Â Â â Â Ä ß À ¿ Ë ß É Ã ë Å Å Ã ¿ ß À ¿ Ë\Áïá ¿ Â ß ¿ á à ë .
Usuallythe

Í9Î<Ï
operationdoesnot requiresomany steps,but theexampleabove illustrateshow it will
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grinddown any two numbers,no matterhow large.

D The Euler Totient Function

Thefunction ð/ñ ò7ó is equalto thenumberof integersin theset ô õ ö ÷ ö ø ö ù ù ù ö ò3ú-÷ û thatarerelatively prime
to ò . ð7ñ ÷ ó4üa÷ , ð/ñ ø ó4üM÷ , ð7ñ ý ó4ü_ø , andsoon.

Herearevaluesof ð7ñ ò7ó for ò[üa÷ ö ø ö ù ù ù ö þ õ : ÷ , ÷ , ø , ø , ÿ , ø , � , ÿ , � , ÿ , ÷ õ , ÿ , ÷ ø , � , � , � , ÷ � , � , ÷ � , � , ÷ ø ,÷ õ , ø ø , � , ø õ , ÷ ø , ÷ � , ÷ ø , ø � , � , ý õ , ÷ � , ø õ , ÷ � , ø ÿ , ÷ ø , ý � , ÷ � , ø ÿ , ÷ � , ÿ õ , ÷ ø , ÿ ø , ø õ , ø ÿ , ø ø , ÿ � , ÷ � , ÿ ø , ø õ .
Obviously, if � is prime, ð7ñ �Qó+ü��\ú_÷ and ð/ñ ��� ó9ü���� ��� ñ �\ú_÷ ó9ü���� ñ ÷<ú_÷ 	 �Qó . If 
 is composite,ð7ñ 
bó��
sú�÷ .
In general,if theprimefactorizationfor aninteger ò is givenby òbü�� � �� � � ���� � � ��� �� , then

ð/ñ ò7ó4ü�ò � ÷)ú ÷� � �
� ÷)ú ÷� � � � � �

� ÷)ú ÷� � � ù
E Primitive Roots �������
If ò is anintegerthen � is aprimitiveroot  "! #%$ if � is relatively primeto ò , if ��� ö � � ö ù ù ù ö � &7üa÷  "! #%$
areall distinct,and '1ü_ð7ñ ò7ó .
For example, ý is a primitive root  (! #)$ since ý �9üký , ý � ü�* , ý +ü-, and ý .üs÷ , all  (! #)$ , andin
addition,ð/ñ ÷ õ ó1ü�ÿ . Therearenoprimitiveroots (! #÷ ø . Theonly possibilitiesarein thesetof numbers
relatively primeto ÷ ø : ô ÷ ö þ ö , ö ÷ ÷ û . ð7ñ ÷ ø ó4ü�ÿ , and ÷ � ü�þ � ü�, � üa÷ ÷ � üa÷  (! #÷ ø .
Hereis a list of thefirst few integersthathave a primitive root: ø , ý , ÿ , þ , � , , , * , ÷ õ , ÷ ÷ , ÷ ý , ÷ ÿ , ÷ , , ÷ � ,÷ * , ø ø , ø ý , ø þ , ø � , ø , , /1ø * .
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