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1 Introduction

If youdivide 1 by 81, youwill find that1/81 = .012345679012345679 . .. Thefirsttime| did this,| was
amazed—thergvasa beautiful pattern,but theninsteadof going “789”, it jumpeddirectly from 7 to 9,
andthenstartedepeatingls thisamiracle?Are thereary othercool patternsTanwe composdractions
with interestingexpansionss thereanything specialaboutthosesortsof fractions?

Somefractionscomeout even whenexpressedasa decimal: 1/2 = 0.5 and1/5 = 0.2, for example.
Othersrepeatforever: 1/3 = 0.3333... or 1/7 = .145857142857 ... Someonly repeatafter a while:
1/6 = .16666 . . .

Why dothey repeat™o decimalshave to repeatWhatis meantby 1 = .9999. . .? How canyoufind the

fractioncorrespondingo aninfinite decimalor the decimalexpansionof a givenfraction?How much,if
ary, of thisis causedy thefactthatwe work in basel0?

How doyou corvertafractionto adecimal?A decimalto a fraction?Whatif the decimalis repeating?
Thesearethe sortsof problemswe’ll examinein this paper

AppendixA containsatableof the propertiesof the decimalexpansionof thefractionsof theform 1/n
for n = 1ton = 900.

Somepropertiesare easy andsomeare difficult. In AppendicesB, C, D andE arethe definitionsand
simplepropertiesof somenumbertheoreticconceptandfunctionsthatareusedin thetext.

2 What isa Decimal Number?

Almosteveryoneknowswhatadecimalnumbemeanshput let’s review it quickly anyway. Everydecimal
numberhasone of the digits from 0 through9 in eachof several positions. As you move from left to
right, the digits represensmallerandsmallernumbers.

For example whatis the meaningof the expressiori 134.526"? Thedigitsto theleft of thedecimalpoint
(“134” in this case)representhe sizeof the integer (whole-number)part of the number Readingdigits
from the decimalpoint to the left, the first representshe “one’s” place,the next, the “ten’s” place,then
the“hundreds” place,andsoon. We canrewrite thewholenumberl34 as:

1x1004+3x10+4x1,

or better as:
1x10% +3x 10" + 4 x 10°.

The secondexpressionis better sincewe canseethe progressiorof the exponentsaswe work through
thedigits. Thus,theoriginal example*134.526” represents:
1

1 1
1><100+3><10+4><1+5><E+2xm+6xm,



or better as:
1x102+3x10' +4x10°4+5%x 107 ' +2%x1072+6 x 1073.

2.1 Non-Terminating Decimals

Theexplanationaboveis fine for decimalghatterminate put whatdoesit meanwhenthedecimalexpan-
siongoeson “forever”, asin 1/3 = 0.333333...? Thisis, in fact, probablythefirst infinite seriesthat
mostpeopleeverencounterevenif they don't recognizet asaninfinite series.Thedecimalexpansionof
1/3 meanghis:

5=3(5) +3(5) () +3(55) + = Lalsg) ®

=1

The sumabore mustcontinueforever beforeit is exactly equalto 1/3. If you stopafterary finite number
of terms,it is notexact. Let us,in fact,look atthe errorsfor afew approximations:

1/3-3 = 1/3-3/10=1/30
1/3-.3333 = 1/3 - 3333/10000 = 1/30000
1/3 —.3333333333 = 1/3 — 3333333333/10000000000 = 1,/30000000000.

It is clearthatthe approximationsrebetterandbetter thelastoneabove having anerrorof only onepart
in thirty billion, but no finite approximationis exact. For a proof thatthe infinite decimalexpansionin
Equationl is exactly equalto 1/3, seesection4.

A mathematiciamvould saythatthelimit of thesequence:
.3,.33,.333,.3333, .33333, .333333, . ..

is1/3. Thismeanghatgivenary error, nomatterhow small,afteracertainpointthetermsin thesequence
abovewill all becloserto 1/3 thanthatspecifiederror.

3 Howto Convert Fractionsto Decimals

To corvertafractionof theform /5 to a decimal,all you needto do is a long division whereyou write
the numeratorfollowedby a decimalpointandasmary zeroesasyou want. For example,to corvertthe
fraction7/27 into adecimal,begin with thelong division displayedbelow:

.25925
27/7.00000
5 4

1 60
135
250
243

70

54

160

135

25



At eachstagein thelongdivision, theremaindewill haveto belessthan27, soin this casethereareonly
27 possibleremainders0, 1, ..., 26. If theremaindemwere27 or more,you could have divided at least
onemore27 into it.

In the caseabove, the remaindersare 16, 25, 7, 16, and25. But oncewe aredoing the division in the
partof thefractionwhereall thedecimalsin thenumeratoarezero,if aremaindetis repeatedthe entire
sequencef remainderswill repeatfrom thatpoint on, forever. In the caseabove, assoonaswe hit the
remainderof 16, the next onewill have to be25 andthenthenext onewill haveto be7, andthen16, 25,
7,16, andsoon, forever. Thus,theinfinite decimalexpansionrbecomes:

7/27 = 259259259259 . ..

Every fractionwill eventuallygointo a cycle like this. The exampleabove cyclesall of its digits. Other
fractionsmay have a non-repeatingartfollowedby a partthatrepeatdorever. For example,thefraction
1/6 = .1666666 . . .

It is alsointerestingo notethattherepeatingpartof any decimalexpansionof afractionhasto beshorter
thanthedenominatarAs we sav above, for example,if thedenominators 27, thereareonly 26 possible
remaindersn the long division: 1 through26. A remainderof 0 meansit cameout even, andall the
remainderdaveto bestrictly lessthan27.

In the two examplesabove it is pretty obviousfrom the“. ..” whatpartrepeatshut if you wish to be
mathematicallypreciseyou canindicatetherepeatingpartwith abaroverthe partthatrepeatsHence:
7/27 = .259
1/6 .16

It is interestingto make a table of the decimalexpansiongdfor the fractionswith small denominators.
Heresthelist of thefractionsof theform 1/n:

/2 | 5 1/12 | .083 1/22 | .045

/3 | 3 1/13 | .076923 1/23 | .0434782608695652173913

1/4 | .25 1/14 | 0714285 1/24 | 0416

1/5 | .2 1/15 | .06 1/25 | .04

1/6 | .16 1/16 | .0625 1/26 | .0384615

1/7 | .142857 | 1/17 | .0588235294117647 1/27 | .037

1/8 | .125 1/18 | .06 1/28 | .03571428

/9 | I 1/19 | .052631578947368421 | 1/29 | .0344827586206896551724137931
/10 | 1 1/20 | .05 1/30 | .03

1/11 | .09 1/21 | .047619 1/31 | .032258064516129032258064516129

Thereare someinterestingpatternsto note, evenwith sucha smalltable. First, the decimalsterminate
(endwith aninfinite sequencef zeroes)xactly whenthe denominatois a multiple of a power of 2 and
apowerof 5, suchas2 = 2!,4 = 22,5 = 5!, 8 = 23,10 = 215!, 16 = 2* and20 = 225'. If youwant
moredata,AppendixA containsthe cycle lengthsfor fractionswith denominatorsip to 900.

Fractionswith prime numbersasthe denominatotendto have longerexpansionsmary of themhaving
lengthp — 1 wherethe denominatois the prime numberp.



4 Converting Decimalsto Fractions

Begin with thefamiliar expansion:
> .
% = 3(11—0)1 + 3(%)2 + 3(%)3 +3(11_0)4 o ;3(%)’

Theexampleabore (andall repeatingdecimalswill besimilar) is ageometricseries Everytermafterthe
first is just a constanimultiple of the previousterm. Thefirst termin the expansionof 1/3 is 3/10 and
eachsuccessie termis obtainedby multiplying the previoustermby 1/10.

Thegeneraform for ageometricserieswhosefirst termis a andwhoseratio betweertermsis r is this:

[e9)
S:a+ar+ar2+ar3+ar4+---:Zari. 2
=0

if |r| < 1 thenthe seriescorverges.Theusualtrick to find thesum.S is to multiply Equation2 by ~ and
thento subtractt from the original seriesto obtain:

S = a+ar+ari+ar®+art---
-rS = —(ar+ar’+ar’+ar'+---)
S—rS = a.

ThusS(1 —r) =a,0rS =a/(1 —r).
In the caseof thefraction1/3 above,a = 3/10 andr = 1/10 so

3/10  3/10 3 1

(1-1/10) 9/10 9 3

S =

Exactly the sameidea can be appliedto decimalsthat repeatafter an initial non-repeatingoart. For
example,to shav thatthedecimal0.166666 . . . is 1/6, noticethatwe have

.1666...:.1+.0666...:%+£—0+£—0(11—0)+£—0(11—0)2+1%0(%)3+---

Thusit is thesumof 1/10 anda geometricserieswith ¢ = 6/100 andr = 1/10:

1 6/100 1 2 5 1
1666... = — 4+ L~ L= _ 2 _ -
0 1-1/10 107330 6

A very similartrick canbe usedto convertany non-terminatinglecimalto a fraction. For example,what
is thefractionalform for
.345752375237523 . .. = .3457523 7

Thearithmeticis a bit ugly, but thisis just:

345 n 7523 n 7523 ( 1 )1
1000 ~ 10000000 ~ 10000000 \ 10000
7523 ( 1 )2 7523 ( 1 )3
10000000 \ 10000 10000000 \ 10000

345  (7523/10000000)
— 1728589/4999500.
1000 (1 — 1/10000) /

3457523

4



Youmayhave noticedthatthereis atrick thatcanbeusedwith ary decimalthatrepeatdrom thedecimal
point. To obtainthe fraction, take the repeatingpartanddivide it by a numberwith the samenumberof
digits, but all of which are9. For example,to corvert.123 to afraction, the repeatingpartis threedigits
long, sothefractionis 123/999 = 41/333. Canyou seewhy this alwaysworks?

5 Whyis.99999...=1?

Many peoplearedisturbedby the factthattherepeatingdecimal.999 . .. is equalto 1. Accordingto our
corversiontrick, therepeatingpartis just9, sothedecimalshouldbeequalto 9/9 = 1.

It is alsoclearthatthe sumof theinfinite series:
9,9, 9 9
10 100 1000 10000
is 1, sincefrom Equation2 we obtaina = 9/10 andr = 1/10, soa/(1 — r) = 1.

Theugly truthis thatdecimalexpansionsn our basel0 systemarenotunique.Therearesometimegwo
differentwaysto representhe samefractionwith differentdecimalexpansions.Thereis nothingunique
abouttheapparenproblemthat.999 ... = 1. Thesamething occursinfinitely often: .3499999 . .. = .35,
.11199999. .. = .112, etcetera.

This problemis not uniqueto basel0; if you are working in base8, the numberl hastwo “octal”
expansions1.0000...and0.7777 .. ., etcetera.

6 What'swith 1/81 = .012345679...7

We will examinethetitle questionater. Let usbegin with a coupleof easierexamples.
We learnedn Sectiond how to sumageometricseriesandwe canusethattrick to make a coupleof other

interestingfractions.As thefirst example,considerthe decimalexpansionthatbeginslik e this:

D = .010204081632

If youlook ateachpair of digits, eachis thedoubleof the previoussetof two. But we canalsowrite it as
ageometricseries:

1 1 2 31 1 2 \2 1 2 \3
D=—+_—_— (- — (= — (£
06 * 100 (o) * 100 i00) * 100 m0)
In this seriesthefirst term,a = 1/100 andtheratior = 2/100. Thusthesumshouldbe:

p__@ _ 1100 _ 1
S 1-r 1-2/100 98

And sureenoughjf we divide out1/98, we obtain:

% = .0102040816326530612244897959183673469387755

Thedoublingpatternseemdo fail immediatelyafterthe 32: we have a 65 ratherthana 64 in the pattern.
But it's easyto seewhy, sincethenext term, 128, hasmorethantwo digits, sothe1 carriesoverinto the
next columnto theleft, turning64 into 65.



You cango furtherwith thefollowing fraction:

91@ =.0010020040080160320641282565130260.. . .

We'vejustwritten®. ..” sincethis onedoesnt repeatior awhile—its repeatingcycle is 498 digits long.

Both the examplesabove are basedon the factthat we know how to addup the termsin the geometric

series:
a

S:a+ar+ar2+ar3+---:1 .
-7

®3)

Theexamplesusevaluesof r thathave somepower of 10 in thedenominatoand(usually)smallintegers
in the numerator If you understandhis, it shouldbe easyto find the fraction that correspondgo this
decimalexpansion:

.000100030009002700810243 . . .,

wherethe numbersn the expansionstartout looking lik e powersof 3.
But thereareotherserieswe know how to add. For examplé-:

r+2r? +3r° 47t .. = “)

(1—r)?
If » =1/10, thisformulagives:
14+.02+.003+---=.123...=10/81.

If youdivide by ten,youobtainl/81 = .012345679 . .. Thedecimaljumpsfrom 7 to 9 becausef carries
thatoccurwhenthetermswith 10 andabove areaddedn.

More formulaslik e thatabove arenottoo hardto deriveif youknow alittle calculus.For example:

1
r+4r2+9r3+16r4+25r5+...:r( +r) (5)
(1—r)3

from which we canobtain:

100010000
999700029999 — 00010004 16002
999700029999 000100040009001600250036

7 CycleLengths

In therestof this paperwe will assumehatthefractionswe considethave beenreducedo lowestterms.
In otherwords,the numeratomnddenominatohase no commonfactors.Thefraction6/9 is notreduced
to lowestterms,sinceboth6 and9 have acommonfactorof 3. Theequialentfraction2/3 is reducedo
lowestterms.Thisreductionis easyfor smallnumerator@anddenominatorshut it canbeabit messywith
largenumeratoranddenominatorsThereis a simplealgorithmto reducefractions,andit is explainedin
AppendixC.

A veryinterestingquestionis thefollowing. Givenafractionp/q thatis reducedo lowestterms,whatis
thelengthof thenon-repeatingartandwhatis thelengthof the cycle? Beforereadingon, you maywish

1This formula canbe obtainedfrom the formula for the geometricseries(Equation3) by settinga = 1 andthentaking the
derivative of bothsideswith respecto r andmultiplying theresultby r. We canbegin with thisresultanddo the samesortof thing
to obtainEquations. But evenwithout calculuswe cansumit. If § = r+r2 + 73 +... = r/(1 — r), thenthesumin Equation4
isequalto S +rS4+r2S+ - =S 4+r+r2+...)=85/1—r)=r/(1 —1)%



to look atthe datain thetablein AppendixA andlook for patterns.If you do seepatternstry to prove
them.

We will show later thatif p/q is reducedto lowestterms,it will have the samelength non-repeating
partandrepeatingpartas1/q. You may wish to checkthis with a few examples/ike 1/7 = .142857,
2/7 = .285714, 3/7 = 428571, etcetera All have no non-repeatingartandarepeatingpartof 6 digits.

Anotherexampleis 1/6 = .16 and5/6 = .83. Both have a single non-repeatingligit followed by a
single-digitrepeatingycle.

We will provethisin Section7.2,butthisis thereasorthatthetablein AppendixA only containghedata
for fractionsof theform 1/N.

7.1 TheNon-Repeating Part

The next thing to noticeis the setof fractionsin the list that terminate. It's clearthat at leastin the
examplesin AppendixA all andonly thosefractionswith denominator®f the form 2¢57 terminate.This
is relatedto the factthatwe have tenfingersandthereforework in basel0 = 2 - 5. In fact,if youlook
atary terminatingfractionwith denominatoR:57, the numberof digits beforethe fractionterminatess
exactly equalto thelargerof < andj.

This shouldbe clear sinceary decimalthat terminatesin 1, 2, or 3 placeshas, by definition, hasa
denominatoiof 10, 100, 1000, et cetera.Soif we look, for example,at decimalsthat terminateafter 3
placesthe fraction hasthe form N/1000 (or a reducedform of that), whereN is a three-digitnumber
If N containsbothafactorof 5 andof 2, we coulddivide numeratoanddenominatoby 10 andmalke it
terminatein 2 digits. Thus N mayhave factorsof 2 or mayhave factorsof 5, but not both.

Thus7/160 = 7/(2°5) shouldterminateafterexactly 5 terms,andit does:7/160 = .04375000. . .

Now considerdecimalswith arepeatinganda non-repeatingpart. Let’s just consideran example,andit
shouldbe clearhow to do a formal proof from the example. Whatis the fraction thathasthe expansion:

.2176543? Write it like this:
217 1 6543

2176543 = 7050 + 1000 " 9999"

In this caseit’s obviousthattherewill beadenominatoof thefinal fractionwith atleastthree2s or three
5s. But with anappropriateselectionof non-repeatin@ndcycle parts,couldwe have somecancellation?
For example how about.250750? This would be:

—_ 250 1 750
2 o, -
50750 = 7500 * 7000 " 999

We candivide 10 out of the numeratoranddenominatoiof both parts,andonly have a fraction of 100,
guaranteein@ non-repeatingpartof only two digits. What's wrong?

Well, hereswhat's wrong: we did not write the original decimalin its simplestform:
.250750 = .25075,

soit really hasonly a two-digit non-repeatingart.

In arny case,with a little thoughtit shouldbe clearthat any decimalthat repeatsafter an initial non-
repeatingpart of k£ digits mustcontainat least2* or 5% in the denominatorand no powersof 2 or 5
greatetthank.



7.2 Repeating Cycle Length

If welook overabunchof examplesin AppendixA, we canfind still morepatterns Sincewe know how
to dealwith factorsof 2 and5 in the denominatorslet’s ignorethoseandlook only at denominatorshat
areproductsof prime numberstherthan2 and5. Herearea few interestingpatterns:

1. Many fractionswhosedenominatois a primenumberp have cyclesof lengthp — 1.

2. All fractionswhosedenominatorn is nota prime have cyclesof lengthlessthanm — 1.

3. All fractionswhosedenominatois a prime numberp have cycleswhoselengthdividesp — 1.
4

. Thereseemdo be somesort of relationshipbetweenthe lengthsof the cyclesof the primefactors
of thedenominatoandthelengthof the cycle of thedenominatarbut it is hardto saywhatthatis,
exactly.

Let'slook at a concreteexample:the decimalexpansionof 4/13:

1/13 | .076923 | 4/13 | .307692 || 7/13 | .538461 | 10/13 | .769230
2/13 | .153846 || 5/13 | .384615 || 8/13 | .6156384 || 11/13 | .846153
3/13 | .230769 || 6/13 | .461538 || 9/13 | .692307 || 12/13 | .923076

Thefirst thing we noticeis thatthe fractionswith numeratord, 3, 4, 9, 10 and12 have the sameseriesof
digits in the cycle, but rotatedby differentamounts.Similarly for the oneswith numerator2, 5, 6, 7, 8
and11.

Now look atthevaluesof 10 mod 13, 102 mod 13, 102 mod 13, andof 2 - 10 mod 13, 2 - 102 mod 13 et
cetera.(SeeAppendixB if youareunfamiliarwith the“mod” function.)

10°mod13 [ 1 [[ 2-10°mod13 | 2
10" mod13 [ 10 || 2-10'mod 13 | 7
10°mod13 | 9 || 2-10°mod 13 | 5
103mod13 | 12 || 2-10° mod 13 | 11
10°mod13 | 3 || 2-10*mod13 | 6
10°mod13 | 4 |[ 2-10° mod 13 | 8
10°mod13 | 1 || 2-10°mod13 | 2

Finally, considerthe two long divisions that producethe decimalexpansionsof 1/13 and2/13. The

remaindersn thedivision of 1 by 13 are: 1, 10, 9, 12, 3, 4, andfinally, 1, wherethe cycle beginsagain.

Theseareexactlythevaluesof 10 mod 13 in theprevioustable. A similarresultholdsfor theremainders
when2 is dividedby 13. Do you seewhy this mustbetrue?

.076923 .153846
1371.000000 1372.000000
0 13
100 70
91 65
90 50
78 39
120 110
117 104
T30 T 60
26 52
40 80
39 78
1 2



In theargumentthatfollows, we’'ll be consideringa denominatotV which containsno factorsof 2 or 5,
but if youreferto theexamplesabore with N = 13, theargumentmay be easierto follow.

Whatwe wish to proveis thatif ¥/N is reducedo lowestterms,its cycle lengthis the sameasthe cycle
lengthfor 1/N.

Considerthen distinctremainderd = rg,71,...,7n—1, Wherer,, = ro = 1 obtainedduring the long
divisionof 1/N. If n = N — 1 thenall theremainderdrom 1 to N — 1 mustappearsomevherein the
cycle, sothelong division of /N will simply begin in the cycle atthe pointwherer; = &k andcontinue
with exactly the samecycle elementsarounda cycle of exactly thesameengthn = N — 1.

If n < N —1 thensomeof theremaindersreomitted. If m is anomittedremaindeiandm /N isreduced
to lowestterms thenin thelongdivisionof m /N, we mustobtainremaindersnrg, mry, mra, ..., mry,_1,

all takenmod N. Clearlythecycle repeatsat this point, sincemsr,, = m mod N. It cannotrepeatarlier

If it did, andmre = mr; for j < n — 1, thenry = r; mod N becaus€?C' D(m,N) = 1. This cannot
occursincer,_, is thefirst time the remainders; returnto 1 mod N. Thusevery irreduciblefraction
k/N hasthesamecycle lengthasthefraction1/N.

Finally, notethatif N is prime, all the fractionsk/N areirreducible, so all the remainderdall into
equialenceclassesleterminedy which cycle they arein. But all thesecycleshave the sameength,so
thecyclelengthsmustdivide N — 1. Thisis only trueif N is prime,however. Thecycle lengthof 1/14,
for example,is 6, which doesnotdivide 13.

7.3 TheGeneral Problem

In generalwhatwe would like to dois givenareducedractionk/n, find thelengthof thenon-repeating
andrepeatingpartof its decimalexpansion.

We know how to find thenon-repeatindgength:if 2¢ and5’ arethelargestpowersof 2 and5 thatdividen,
thenthe non-repeatingarthasalengthwhichis the maximumof ¢ andj. Unfortunately nobodyknows
aneasyway to find thelengthof therepeatingpart, evenwhenn is a primenumber

Herearesomepartialresults wherewe’'ll assumehatthe denominatoof &/ is notdivisible by 2 or 5,
andthatk/n is reducedo lowestterms.In whatfollows, we’ll denoteby A(n) thelengthof the cycle of
thefractionk/n.

1. If n is aprimeandthecycle lengthof 1/n is even,thenif thefirst half of thecycle is addedto the
last half asintegers,the resultis 10A("/2 — 1. For example,1/7 = .142857, and142 + 857 =
999 = 10® — 1. Anotherexample:1/17 = .0588235294117647, and05882352 + 94117647 =
99999999 = 108 — 1.

2. If nis prime,thenthelengthof thecycle dividesn — 1.
3. A(n) =i if i > 0 isthesmallestintegersuchthat10? = 1 mod n.

4. If 10 is a primitive root of n, then A(n) = ¢(n), where¢ is the Euler totient function. See
AppendixD for propertiesof the totientfunction, and Appendix E for the propertiesof primitive
roots. For example,10 is a primitive root mod 49 and¢(49) = 42 sothecycle lengthof 1/49 is
42.

5. A(n) dividesg(n).



A CycleLength Tablefor 1/1to 1/900

Pattern:||DenominatofNon-repegRepedlt. Example:1/12 = .08333. ... Denominatotis 12, the“08”
doesnotrepeat)engthis 2, the“3” repeatslengthis 1. “e” signifiesaterminatingdecimal.

1 (0] e 51 | 0| 16| 101 | O 4 151 | 0| 75 201 [ 0| 33 251 | 0| 50
2|11 e 52 | 2| 6 102 | 1| 16 152 | 3| 18 202 | 1 4 252 | 2 6
3 10| 1 53 | 0| 13 || 103 |0 | 34 153 | 0| 16 203 | 0| 84 253 | 0| 22
4 12| e 54 | 1| 3 104 | 3 6 154 | 1 6 204 | 2| 16 254 | 1| 42
5|1 e 55 | 1| 2 105 | 1 6 155 | 1| 15 205 | 1 5 256 | 1| 16
6 | 1| 1 56 | 3| 6 106 | 1 | 13 156 | 2 6 206 | 1| 34 256 | 8 .
7 10| 6 57 | 0| 18 || 107 | 0 | 53 157 | 0| 78 207 | 0 | 22 257 | 0 | 256
8 |3 | 58 | 1|28 || 108 | 2 3 158 | 1| 13 208 | 4 6 258 | 1| 21
9 10| 1 59 | 0| 58| 109 |0 | 108 || 169 | 0 | 13 209 [ 0| 18 259 | 0 6
10 (1] e 60 | 2| 1 110 | 1 2 160 | 5 . 210 | 1 6 260 | 2 6
11 (0] 2 61 | 0] 60| 111 | O 3 161 | 0| 66 211 [ 0| 30 261 | 0 | 28
12 (2] 1 62 | 1|15 112 | 4 6 162 | 1 9 212 | 2| 13 262 | 1| 130
13 /0] 6 63 | 0] 6 113 | 0 | 112 || 163 | 0 | 81 213 (0| 35 263 | 0 | 262
14 |1] 6 64 | 6| o 114 | 1 | 18 164 | 2 5 214 | 1 | 53 264 | 3 2
15 1] 1 65 | 1| 6 115 | 1 | 22 165 | 1 2 215 | 1| 21 265 | 1| 13
16 |4 | e 66 | 1| 2 116 | 2 | 28 166 | 1 | 41 216 | 3 3 266 | 1 | 18
17 | 0| 16 67 | 033 | 117 | O 6 167 | 0| 166 || 217 | 0 | 30 267 | 0 | 44
18 11] 1 68 | 2|16 | 118 | 1 | 58 168 | 3 6 218 | 1| 108 || 268 | 2 | 33
19 | 0| 18 69 | 0] 22| 119 | 0| 48 169 | 0| 78 219 | 0 8 269 | 0 | 268
20|12 | o 70 | 1] 6 120 | 3 1 170 | 1| 16 220 | 2 2 270 | 1 3
21| 0| 6 71 | 0|35 121 | 0 | 22 171 | 0| 18 221 | 0 | 48 271 | 0 5
22 (1] 2 72 (3|1 122 | 1 | 60 172 | 2| 21 222 | 1 3 272 | 4| 16
23 | 0| 22 73 10| 8 123 | 0 5 173 | 0| 43 223 | 0| 222 || 273 | O 6
24 13| 1 74 | 1] 3 124 | 2 | 15 174 | 1| 28 224 | 5 6 274 | 1 8
25| 2| o 2|1 125 | 3 . 175 | 2 6 225 | 2 1 275 | 2 2
26 | 1| 6 76 | 2|18 || 126 | 1 6 176 | 4 2 226 | 1| 112 || 276 | 2 | 22
27 |0 | 3 77 | 0] 6 127 | 0 | 42 177 | 0| 58 227 | 0| 113 || 277 | O | 69
28 | 2| 6 78 | 1| 6 128 | 7 . 178 | 1| 44 228 | 2| 18 278 | 1| 46
29 | 0| 28 79 | 0|13 ] 129 |0 | 21 179 | 0| 178 || 229 | 0 | 228 || 279 | 0 | 15
30| 1] 1 80 | 4| o 130 | 1 6 180 | 2 1 230 | 1| 22 280 | 3 6
31| 0| 15 81 | 0] 9 131 | 0 | 130 || 181 | 0 | 180 || 231 | O 6 281 | 0| 28
32 |5 ]| e 82 | 1| 5 132 | 2 2 182 | 1 6 232 | 3| 28 282 | 1| 46
33 |0 2 83 | 041133 |0 | 18 183 | 0| 60 233 | 0| 232 || 283 | 0 | 141
34 (1] 16 84 | 2] 6 134 | 1 | 33 184 | 3| 22 234 | 1 6 284 | 2 | 35
35 | 1| 6 86 | 1|16 | 135 | 1 3 185 | 1 3 235 | 1| 46 285 | 1| 18
36 | 2| 1 86 | 1|21 136 |3 | 16 186 | 1 | 15 236 | 2 | 58 286 | 1 6
37 |0 | 3 87 | 0] 28| 137 | 0 8 187 | 0| 16 237 | 0| 13 287 | 0 | 30
38 | 1|18 88 | 3| 2 138 | 1 | 22 188 | 2| 46 238 | 1| 48 288 | 5 1
39 |0 6 89 | 0|44 | 139 |0 | 46 189 | 0 6 239 | 0 7 289 | 0 | 272
40 | 3| o 90 | 1| 1 140 | 2 6 190 | 1| 18 240 | 4 1 200 | 1| 28
41 |0 | 5 91 | 0| 6 141 | 0 | 46 191 | 0| 95 241 | 0 | 30 201 [ 0| 96
42 11| 6 92 | 2| 22| 142 | 1| 35 192 | 6 1 242 | 1| 22 292 | 2 8
43 10|21 93 | 0|15 143 | 0 6 193 | 0| 192 || 243 | 0 | 27 293 | 0 | 146
4 | 2 | 2 94 | 1| 46 || 144 | 4 1 194 | 1| 96 244 | 2 | 60 204 | 1| 42
45 | 1| 1 95 | 1|18 || 145 | 1 | 28 195 | 1 6 245 | 1 | 42 205 | 1 | 58
46 | 1 | 22 96 | 5| 1 146 | 1 8 196 | 2 | 42 246 | 1 5 296 | 3 3
47 | 0 | 46 97 | 0] 96 || 147 | 0 | 42 197 | 0| 98 247 | 0 | 18 297 | 0 6
48 |4 | 1 98 | 1|42 || 148 | 2 3 198 | 1 2 248 | 3 | 15 298 | 1 | 148
49 | 0 | 42 99 | 0| 2 149 | 0 | 148 || 199 | 0 | 99 249 | 0 | 41 299 | 0 | 66
50| 2| e 100 | 2| o 150 | 2 1 200 | 3 . 250 | 3 . 300 | 2 1
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301 | 0| 42 351 | 0 6 401 | 0 | 200 || 451 | O | 10 501 | 0 | 166 || 551 | 0 | 2562
302 | 1] 75 352 | 5 2 402 | 1| 33 452 | 2| 112 || 502 | 1 | 50 552 | 3 | 22
303 | 0 4 353 | 0| 32 403 | 0 | 30 453 | 0| 75 503 | 0| 502 || 553 | 0 | 78
304 | 4| 18 354 | 1| 58 404 | 2 4 454 | 1| 113 || 504 | 3 6 554 | 1| 69
305 | 1| 60 356 | 1| 35 405 | 1 9 455 | 1 6 505 | 1 4 555 | 1 3

306 | 1| 16 356 | 2 | 44 406 | 1 | 84 456 | 3 | 18 506 | 1| 22 556 | 2 | 46
307 | 0| 153 || 367 | O | 48 407 | 0 6 457 | 0| 152 || 507 | O | 78 557 | 0 | 278
308 | 2 6 358 | 1| 178 || 408 | 3 | 16 458 | 1 | 228 || 508 | 2 | 42 558 | 1| 15
309 | 0| 34 359 | 0| 179 || 409 | O | 204 || 459 | O | 48 509 | 0 | 508 || 559 | 0 | 42
310 [ 1| 15 360 | 3 1 410 | 1 5 460 | 2 | 22 510 [ 1| 16 560 | 4 6

311 | 0| 155 || 361 | 0 | 342 || 411 | O 8 461 | 0 | 460 || 511 | 0 | 24 561 | 0 | 16
312 | 3 6 362 | 1| 180 || 412 | 2 | 34 462 | 1 6 512 | 9 . 562 | 1| 28
313 [ 0] 312 || 363 | 0 | 22 413 | 0 | 174 || 463 | 0 | 154 || 513 | 0 | 18 563 | 0 | 281
314 | 1| 78 364 | 2 6 414 | 1 | 22 464 | 4 | 28 514 | 1 | 256 || 564 | 2 | 46
315 | 1 6 365 | 1 8 415 | 1 | 41 465 | 1 | 15 515 | 1| 34 565 | 1 | 112
316 | 2 | 13 366 | 1 | 60 416 | 5 6 466 | 1 | 232 || 516 | 2 | 21 566 | 1 | 141
317 | 0| 79 367 | 0 | 366 || 417 | O | 46 467 | 0 | 233 || 517 | 0 | 46 567 | 0 | 18
318 | 1| 13 368 | 4 | 22 418 | 1| 18 468 | 2 6 518 | 1 6 568 | 3| 35
319 | 0| 28 369 | 0 5 419 | 0 | 418 || 469 | 0 | 66 519 | 0 | 43 569 | 0 | 284
320 | 6 . 370 | 1 3 420 | 2 6 470 | 1 | 46 520 | 3 6 570 | 1| 18
321 | 0| 53 371 | 0| 78 421 | 0 | 140 || 471 | 0 | 78 521 | 0 | 52 571 | 0 | 570
322 | 1| 66 372 | 2| 15 422 | 1| 30 472 | 3 | 58 522 | 1| 28 572 | 2 6

323 | 0| 144 || 373 | 0 | 186 || 423 | 0 | 46 473 | 0 | 42 523 | 0| 261 || 573 | 0 | 95
324 | 2 9 374 | 1| 16 424 | 3 | 13 474 | 1| 13 524 | 2| 130 || 574 | 1 | 30
325 | 2 6 375 | 3 1 425 | 2 | 16 475 | 2 | 18 525 | 2 6 575 | 2 | 22
326 | 1| 81 376 | 3 | 46 426 | 1 | 35 476 | 2 | 48 526 | 1 | 262 || 576 | 6 1

327 | 0| 108 || 377 | 0 | 84 427 | 0 | 60 477 | 0| 13 527 | 0 | 240 || 577 | 0 | 576
328 | 3 5 378 | 1 6 428 | 2 | 53 478 | 1 7 528 | 4 2 578 | 1 | 272
329 | 0| 138 || 379 | 0 | 378 || 429 | O 6 479 | 0| 239 || 529 | 0 | 506 || 579 | 0 | 192
330 |1 2 380 | 2| 18 430 | 1| 21 480 | 5 1 530 | 1| 13 580 | 2| 28
331 | 0| 110 || 381 | 0 | 42 431 | 0 | 215 || 481 | O 6 531 | 0| 58 581 | 0 | 246
332 | 2| 41 382 | 1| 95 432 | 4 3 482 | 1| 30 532 | 2| 18 582 | 1| 96
333 | 0 3 383 | 0| 382 || 433 | 0 | 432 | 483 | 0 | 66 533 | 0| 30 583 | 0| 26
334 | 1| 166 || 384 | 7 1 434 | 1| 30 484 | 2 | 22 534 | 1| 44 584 | 3 8

335 | 1| 33 385 | 1 6 435 | 1 | 28 485 | 1 | 96 535 | 1| 53 585 | 1 6

336 | 4 6 386 | 1 | 192 || 436 | 2 | 108 || 486 | 1 | 27 536 | 3| 33 586 | 1 | 146
337 | 0| 336 || 387 | 0 | 21 437 | 0 | 198 || 487 | 0 | 486 || 537 | 0 | 178 || 587 | 0 | 293
338 | 1| 78 388 | 2| 96 438 | 1 8 488 | 3 | 60 538 | 1 | 268 || 588 | 2 | 42
339 | 0| 112 || 389 | 0 | 388 || 439 | 0 | 219 || 489 | 0 | 81 539 | 0 | 42 589 | 0| 90
340 | 2 | 16 390 | 1 6 440 | 3 2 490 | 1 | 42 540 | 2 3 590 | 1| 58
341 | 0| 30 391 | 0 | 176 || 441 | O | 42 491 | 0 | 490 || 541 | O | 540 || 591 | 0 | 98
342 | 1| 18 392 | 3 | 42 442 | 1 | 48 492 | 2 5 542 | 1 5 592 | 4 3

343 | 0| 294 || 393 | 0 | 130 || 443 | 0 | 221 || 493 | 0 | 112 || 543 | O | 180 || 593 | 0 | 592
344 | 3| 21 394 | 1| 98 444 | 2 3 494 | 1| 18 544 | 5 | 16 594 | 1 6

345 | 1| 22 395 | 1| 13 445 | 1 | 44 495 | 1 2 545 | 1 | 108 || 595 | 1 | 48
346 | 1 | 43 396 | 2 2 446 | 1 | 222 || 496 | 4 | 15 546 | 1 6 596 | 2 | 148
347 | 0| 173 || 397 | O | 99 447 | 0 | 148 || 497 | 0 | 210 || 547 | 0 | 91 597 | 0| 99
348 | 2| 28 398 | 1| 99 448 | 6 6 498 | 1| 41 548 | 2 8 598 | 1 | 66
349 | 0| 116 || 399 | 0 | 18 449 | 0 | 32 499 | 0| 498 || 549 | 0 | 60 599 | 0 | 299
350 | 2 6 400 | 4 . 450 | 2 1 500 | 3 . 550 | 2 2 600 | 3 1
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601 | 0 | 300 || 651 | 0 | 30 701 | 0 | 700 || 751 | 0 | 125 || 801 | O | 44 851 | 0| 66
602 | 1| 42 652 | 2 | 81 702 | 1 6 752 | 4 | 46 802 | 1| 200 || 82 | 2| 35
603 | 0 | 33 653 | 0| 326 || 703 | 0 | 18 753 | 0 | 50 803 | 0 8 853 | 0 | 213
604 | 2| 75 654 | 1 | 108 || 704 | 6 2 754 | 1 | 84 804 | 2 | 33 854 | 1| 60
605 | 1 | 22 655 | 1 | 130 || 705 | 1 | 46 755 | 1| 75 805 | 1 | 66 8556 | 1 | 18
606 | 1 4 656 | 4 5 706 | 1 | 32 756 | 2 6 806 | 1 | 30 856 | 3 | 53
607 | 0| 202 || 657 | O 8 707 | 0| 12 757 | 0| 27 807 | 0 | 268 || 857 | 0 | 856
608 | 5 | 18 658 | 1 | 138 || 708 | 2 | 58 758 | 1 | 378 || 808 | 3 4 858 |1 6

609 | 0| 84 659 | 0 | 658 || 709 | 0 | 708 || 759 | 0 | 22 809 | 0| 202 || 859 | 0| 26
610 | 1 | 60 660 | 2 2 710 | 1| 35 760 | 3 | 18 810 |1 9 860 | 2 | 21
611 | 0| 138 || 661 | O | 220 || 711 | O | 13 761 | 0 | 380 || 811 | O | 810 || 861 | O | 30
612 | 2| 16 662 | 1 | 110 || 712 | 3 | 44 762 | 1| 42 812 | 2 | 84 862 | 1 | 215
613 | 0 | 51 663 | 0 | 48 713 | 0 | 330 || 763 | 0 | 108 || 813 | O 5 863 | 0 | 862
614 | 1 | 153 || 664 | 3 | 41 714 | 1 | 48 764 | 2 | 95 814 | 1 6 864 | 5 3

615 | 1 5 665 | 1 | 18 715 | 1 6 765 | 1| 16 815 | 1 | 81 865 | 1 | 43
616 | 3 6 666 | 1 3 716 | 2 | 178 || 766 | 1 | 382 || 816 | 4 | 16 866 | 1 | 432
617 | 0| 88 667 | 0 | 308 || 717 | O 7 767 | 0 | 174 || 817 | 0 | 126 || 867 | O | 272
618 | 1| 34 668 | 2 | 166 || 718 | 1 | 179 || 768 | 8 1 818 | 1 | 204 || 868 | 2 | 30
619 | 0 | 618 || 669 | 0 | 222 || 719 | 0 | 359 || 769 | 0 | 192 || 819 | O 6 869 | 0 | 26
620 | 2 | 15 670 | 1 | 33 720 | 4 1 770 | 1 6 820 | 2 5 870 | 1 | 28
621 | 0 | 66 671 | 0 | 60 721 | 0 | 102 || 771 | 0 | 256 || 821 | O | 820 || 871 | 0 | 66
622 | 1| 155 || 672 | 5 6 722 |1 | 342 || 772 | 2| 192 || 822 | 1 8 872 | 3 | 108
623 | 0| 132 || 673 | 0 | 224 || 723 | 0 | 30 773 | 0| 193 || 823 | 0 | 822 || 873 | 0 | 96
624 | 4 6 674 | 1 | 336 || 724 |2 | 180 || 774 | 1 | 21 824 | 3| 34 874 | 1 | 198
625 | 4 . 675 | 2 3 725 | 2 | 28 75 | 2| 15 825 | 2 2 875 | 3 6

626 | 1 | 312 || 676 | 2 | 78 726 | 1 | 22 76 | 3| 96 826 | 1| 174 || 876 | 2 8

627 | 0| 18 677 | 0 | 338 || 727 | 0 | 726 || 777 | O 6 827 | 0 | 413 || 877 | 0 | 438
628 | 2| 78 678 | 1 | 112 || 728 | 3 6 778 | 1| 388 || 828 | 2 | 22 878 | 1 | 219
629 | 0 | 48 679 | 0| 96 729 | 0 | 81 79 | 0| 90 829 | 0| 276 || 879 | 0 | 146
630 | 1 6 680 | 3| 16 730 | 1 8 780 | 2 6 830 | 1| 41 880 | 4 2

631 | 0| 315 || 681 | O | 113 || 731 | 0 | 336 || 781 | 0 | 70 831 | 0| 69 881 | 0 | 440
632 | 3| 13 682 | 1| 30 732 | 2| 60 782 | 1 | 176 || 832 | 6 6 882 | 1| 42
633 | 0| 30 683 | 0| 341 || 733 | 0 | 61 783 | 0 | 84 833 | 0| 336 || 883 | 0 | 441
634 | 1| 79 684 | 2 | 18 734 | 1 | 366 || 784 | 4 | 42 834 | 1| 46 884 | 2 | 48
635 | 1 | 42 685 | 1 8 735 | 1| 42 785 | 1 | 78 835 | 1 | 166 || 885 | 1 | 58
636 | 2 | 13 686 | 1 | 294 || 736 | 5 | 22 786 | 1 | 130 || 836 | 2 | 18 886 | 1 | 221
637 | 0 | 42 687 | 0| 228 || 737 | 0 | 66 787 | 0 | 393 || 837 | 0| 15 887 | 0 | 886
638 | 1 | 28 688 | 4 | 21 738 | 1 5 788 | 2 | 98 838 | 1| 418 || 888 | 3 3

639 | 0| 35 689 | 0| 78 739 | 0 | 246 || 789 | 0 | 262 || 839 | 0 | 419 || 889 | 0 | 42
640 | 7 . 690 | 1| 22 740 | 2 3 790 | 1 | 13 840 | 3 6 890 | 1| 44
641 | 0 | 32 691 | 0 | 230 || 741 | 0 | 18 791 | 0 | 336 || 841 | 0 | 812 || 891 | O | 18
642 | 1 | 53 692 | 2 | 43 742 |1 | 78 792 | 3 2 842 | 1 | 140 || 892 | 2 | 222
643 | 0 | 107 || 693 | O 6 743 | 0 | 742 || 793 | 0 | 60 843 | 0 | 28 893 | 0 | 414
644 | 2 | 66 694 | 1 | 173 || 744 | 3 | 15 794 | 1| 99 844 | 2 | 30 894 | 1 | 148
645 | 1 | 21 695 | 1 | 46 745 | 1 | 148 || 795 | 1 | 13 845 | 1 | 78 895 | 1 | 178
646 | 1 | 144 || 696 | 3 | 28 746 | 1 | 186 || 796 | 2 | 99 846 | 1 | 46 896 | 7 6

647 | 0 | 646 || 697 | 0 | 80 747 | 0 | 41 797 | 0 | 199 || 847 | 0 | 66 897 | 0 | 66
648 | 3 9 698 | 1 | 116 || 748 | 2 | 16 798 | 1 | 18 848 | 4 | 13 898 | 1| 32
649 | 0 | 58 699 | 0| 232 || 749 | 0 | 318 || 799 | 0 | 368 || 849 | 0 | 141 || 899 | 0 | 420
650 | 2 6 700 | 2 6 750 | 3 1 800 | 5 . 850 | 2| 16 900 | 2 1
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B Themod Function

In thisappendixwe assumehatwe aredealingonly with integers,althoughthe concepis easyto extend
to realnumbersin somecases.The definition of m mod n is theremaindembtainedif m is divided by
n. Thusb mod 3 = 2, 15mod 5 = 0, and17 mod 20 = 17. Thevalueof m mod n is alwaysbetweer)
andn — 1, inclusive.

We sometimeswrite m = n (mod k) to meanm mod k = nmod k. In English, we saythat“m is
equialentto n, modk”. In this casethe“mod” is acongruenceelation.

Herearesomeeasilyprovedpropertieof themodcongruenceelation. Someof theminvolvethefunction
GCD, or“greatesttcommondivisor” thatis dealtwith in AppendixC

a=b(modn) and c¢=d(modn) — a+c=b+d(modn)
a=b(modn) and c¢=d(modn) — a—c¢=b-d(modn)
a=b(modn) and c=d(modn) — ac = bd (modn)
a=b(modn) and m >0 = a™ = b (modn)
ac =bc(modn) and GCD(c,n)=0 = a = b (modn)
ac = bc (modnc) and c#0 = a = b (modn)
—

a =b(modmn) and GCD(m,n)=0 a = b (modm) anda = b (modn)

C TheGCD and Reducing Fractions

If you aregivena fractionin theform m/n, wherem andn areintegers,it is usuallyfar easierto work
with if it is reducedo lowestterms.For example,1/2 = 2/4 = 3/6 = 4/8, but theform 1/2 is usually
best,especiallyfor the sortsof analyseglonein this paper

To reducethefractionm /n to lowestterms,you needto find the largestintegerr suchthatm = pr and
n = gr wherep andq areintegers.Thenm/n = pr/gr = p/q, andp/q is thereducedorm of m/n.

Thevaluer in the previous paragraphis calledthe “greatestcommondivisor” or “GCD” of m andn.
Hereis how to calculatethe GCD for m,n > 0:

n : m=0

GCD(m,n) = { GCD(nmodm,m) : m>0

wheren( mod m) is the remainderafter dividing n by m. This recursve formula canbe appliedto
calculaterelatively quickly the GC' D of ary pair of numbers.

For example let usfind the GC D (197715, 22820):

GCD(197715,22820) = GCD(197715 mod 22820, 22820)

= GCD(15155,22820) = GCD(22820 mod 15155,15155)
= GCD(7665,15155) CD(15155 mod 15155, 7665)

= GCD(7490, 7665) CD(7665 mod 7490, 7490)

= GCD(175,7490) = GCD(7490 mod 175,175)

) (

) (

)

1!
Q Qe

= GCD(140,175 CD(175 mod 140, 140)
= GCD(35,140) = GCD(140 mod 35, 35)
=GCD(0,35) = 35

Il
@

Thus the fraction 22820/197715 reducedto lowesttermsis (22820/35)/(197715/35) = 652/5649.
UsuallytheGC D operationdoesnot requiresomary stepshut the exampleabove illustrateshow it will
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grind down ary two numbersno matterhow large.

D TheEuler Totient Function

Thefunctiong(n) is equalto thenumberof integersin theset{0, 1, 2, ..., n—1} thatarerelatively prime
ton. (1) =1, ¢(2) =1, ¢(3) = 2, andsoon.

Herearevaluesof ¢(n) forn =1,2,...,50: 1,1,2,2,4,2,6,4,6,4,10,4,12, 6, 8, 8, 16, 6, 18, 8, 12,
10,22, 8,20, 12, 18,12, 28, 8, 30, 16, 20, 16, 24, 12, 36, 18, 24, 16, 40, 12, 42, 20, 24, 22, 46, 16, 42, 20.

Obviously, if p is prime, ¢(p) = p — 1 andgp(®*) = p*~'(p — 1)
¢p(m) <m—1.

In generaljf the primefactorizatiorfor anintegern is givenby n = p* pk* ... pk=  then

s =n(1i- D) (1- 1) (1- 1)

E Primitive Rootsmod n

p*(1 — 1/p). If m is composite,

If n is anintegerthenk is a primitive rootmod n if k is relatively primeto n, if k', %2,...,k* = lmod n
areall distinct,andi = ¢(n).

For example,3 is a primitive root mod n since3' = 3,32 = 9, 3% = 7 and3* = 1, all mod n, andin
addition,¢(10) = 4. Thereareno primitiverootsmod 12. Theonly possibilitiesarein thesetof numbers
relatively primeto 12: {1,5,7,11}. $(12) = 4, and1? = 5% = 72 = 112 = 1mod 12.

Hereis alist of thefirst few integersthathave a primitiveroot: 2, 3,4, 5,6, 7,9, 10, 11, 13, 14, 17, 18,
19, 22, 23, 25, 26, 27, 529.

14



