Berkeley Math Circle: Monthly Contest 7 Solutions

1. Determine, with proof, the value of
12 -22 +3% — 4% + 5% — ... 4 97% — 98% 4 99%.

Solution. Observe that 32 —22 = (3—2)(3+2) = 3+2, 52—42 = (5—4)(5+4) = 5+4,
and so on. Thus this sum, call it 5, is actually equal to

S=1+2+3)+4+5) -+ (97+98) + 99.
We can also write it in reverse as

S=994+98+97+96+95+ - +3+2+ 1.
Adding these two, we get

25 =100+ 100 + --- +100.

99 times

Thus, S = 110099 = 4950. O

2. How many ways are there to color the five vertices of a regular 17-gon either red or
blue, such that no two adjacent vertices of the polygon have the same color?

Solution. The answer is zero! Call the polygon AjAs ... Aj7. Suppose for contradic-
tion such a coloring did exist.

If we color A; red, then Ay must be blue. From here we find A3 must be red, then
A4 must be blue; thus As must be red, Ag must be blue, Proceeding in this manner,
we eventually find that Ai5 is red, Ajg is blue, and then A;7 is red. But A; and Aq7
are adjacent and both red, impossible.

The exact same argument holds if we started by coloring A; blue. Therefore, there
are no colorings at all with the desired property. O

3. Mr. Fat moves around on the lattice points according to the following rules: From
point (x,y) he may move to any of the points (y, z), (3z, —2y), (—2z, 3y), (x+1,y+4)
and (r — 1,y —4). Show that if he starts at (0,1) he can never get to (0,0).

Solution. Observe that for each of Mr. Fat’s moves, the value of z + y (mod 5) is
invariant. Therefore, Mr. Fat can never reach (0,1) from (0, 0). O
4. In convex hexagon ABCDEF, /A= /B, /C = /D, and /E = /F. Prove that

the perpendicular bisectors of AB, CD, and EF pass through a common point.

Solution. Lines AF, BC, DE determine a triangle A whose angle bisectors are the
lines in question. Hence the lines concur at the incenter of A. O



5. Prove that there exist pairwise distinct positive integers ag, a1, ao, ..., aiggo such
that

CL(]! = a1!a2! N alooo!.

Here n! =1 x 2 x --- xn as usual.

Solution. We proceed by induction on n > 2. First, we can have a; = 3, ag = 5 and

ap = 6. Now, given a working tuple (ag,ai,...,ay), note that the tuple
(GJO!’ a1y ..., 0n, (CL(] - 1)')
is a working tuple of length n 4 1. This completes the proof. ]

6. Let positive reals a, b, c obey a + b+ ¢ = 1. Prove that

(b—c)?

Solution. By the Cauchy-Schwarz inequality, we have

3= <<a+(b;c)2> + <b—|—c— (b;c)2>> (21+2)
> <\/a+(b26)2+\/2(b+c)— (b_;)z)

Thus, it suffices to prove that

\/2(b+c)— (b_;)2 > Vb + /e

If we square both sides, this is equivalent to the assertion that

(x/E—ﬁ)Qz(b;C)Q — 2> (Vb+/e)?

which follows by simply observing b + ¢ < 1. O

7. Let ABC be an acute triangle with circumcenter O and incenter I. Points E, M
lie on AC and F', N on AB so that BE 1. AC, CF 1. AB, /ZABM = ZCBM and
ZACN = ZBCN. Prove that I lies on E'F' if and only if O lies on M N.

Solution. Let a = BC, b = CA, ¢ = AB. It is well-known (and follows from, say,

Stewart’s Theorem) that AM = ab—fc and AN = ab—fb.

Now, the distances from O to BC', AC, AB are R cos «, Rcos 3, R cos, respectively,
where «, 3, v are the angles of AABC, and R is the circumradius of ABC.

So, O is on line M N if and only if

[ANM] = [ANO] + [AOM]

AN AM 1 1 1 b
< [ABC]- AB AC [ANO] + [AOM] <= (2aR008a+ §bRCOSB + 26Rcos*y> i h @

[



(Here we use [P] for the area of polygon P.) Next, recall that AE = ccosa, AF =
bcosa. Thus I is on EF if and only if

[AFE] = [AFI] + [AIE]

AF AE 1 1
ABC) . 2L A8 S P
< [ABC] 4B Ac — 3" ccosoz—{—27“ bcos a
1 1
— —rla+b+c)cos?a= ir(b—kc)cosa

2
< (a+b+c)cosa=b+ec.

Because AC = AE+FEC, we know b = ccos a+a cos~y. Similarly, ¢ = b cos a+a cos S3.
Thus [ is on EF' if and only if

(a+b+c)cosa = (ccosa+ acosvy) + b(cosa + acos 3)
<= cosa = cos [ + cos"y.

This implies the result.



