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1 Usefulapproximations

This papercanbe classi ed asappliedmathematicsinceevery equationwe'll discusshasapplications
to usefulphysicalobjects suchastelescopes;amerasprisms,eyeglassesandsoon. As is the casewith
almostary applicationof mathematicso therealworld, we will be makingcertainapproximationgo be
ableto solve theequationsFor thatreasonwe realizethatour solutionswill ususallybeslightly in error,
but thatthe errorscanbe madequite small. The mainjob of anengineemwho is designinga real optical
systemis to createa physicalsituationthatreduceghe sizeof theseerrorsto anacceptabléevel.

As an example,we'll talk aboutthe “thin lens” approximationwherewe will assumehatthe lensis

in nitely thin. Obviously no reallensis in nitely thin, but aslong asthe thicknessof the lensis small

enoughcomparedo the distancego the objectsbeingviewed andimaged,this approximationmay be

goodenough.We'll make furtherassumptionsiboutthe natureof light, aboutthe perfectionof our lens
material,and so on. Whenit's important,we'll point out placeswheretheseassumptionsnay cause
troublein arealphysicalsystem.

Figurel: TrigonometricApproximations

We will make a coupleof mathematicabpproximationgrom time to time aswell. The mostimportant
onesconcerrthe calculationsof anglesandof thetrigonometicfunctionsof thoseangles We will always
measuranglesn radiangatherthandegrees.

Considettheangles AOB in Figurel. If thelengthOA = OB = 1, thenthelengthof thearcAB is the
measuref theangle measuredn radians.(If thelengthof OA happensiotto be 1, thenthe measure
of inradiansis thelengthof thearc AB divided by the lengthof OA.) Similarly, if OA = OB = 1,

thensin = BX=0OB = BX, sinceOB = 1. It shouldbeobviousfrom the gure, andit canbeproven

mathematicallythatasthesizeof theangle getssmallerandsmallerthelengthB X is closerandcloser
to thelengthof thearcAB . In fact,we canwrite this mathmaticallyas:

jim 2% = jm SN = g,
1o 1o
If we multiply throughby , thenwe canseethatfor verysmallvaluesof |, sin , andfor thatreason,

whenwe do dealwith very smallangleswe will oftenreplaceinstance®f sin by in thecalculations.



It shouldalsobe obviousfrom the gure (andcan,again,berigorouslyprovenmathematically}thatthe
lenghof theline sgmentAB andthelengthof thearcAB arealsovery similar. Thusif OA = OB = 1,
we canapproximateaheangle asthelengthof theline segmentAB , or, if OA happensiotto bel, we
canapproximate by AB=0B.

We will usethetwo approximationgbove repeatedlyn whatfollows.

2 Imagesand Virtual Images

This paperwill considempropertiesof lenseswherethe word "lens” is usedin a generalsense.We are
goingto examinehow light is bentasit passeshroughdifferentmaterials.Obviously, the mostcommon
exampleis thebendingof light throughthelensesf camerashinocularsor microscopeshatformimages
on Im or ontheretinaof youreye.

Themostimportantfeatureof lenseds thatthey areableto form "images”of objectsin theworld. As an
example,consideiwhathappensvhenyou usea camerato take a photo. Let's consideroneof the most
boring possiblephotos:it is pitch-blackin a room exceptthatthereis a point-sizedlight sourceandthe
camerds pointedatathatsource.Your goalis to produceanimageonthe Im thatis pitch-blackexcept
for asingledotwherethelight from the point-sourcearriveson your Im.

Figure2: Objectandimage

Thetiny light sendsoff photonsin all directions,so rst imaginewhatwould happenif therewereno
lens, but ratherthatthe Im were pointedat the light and exposed. Photonswould arrive moreor less
uniformly acrosghe surfaceandthe whole areaof the Im would be uniformly exposed.With the lens,
however, somecollectionof the photonswill happerto hit thecircularlensonyour cameraandwhatwe
wouldlike thelensto dois to bendall of thosephotonshacksothatthey hit asinglepointonthe Im, as
shavnin Figure2. Thepoint O is thelocationof the“object"—in this casethelight source Thepointl is
the“image"theplacewherethelight from the objectis focused.f the Im happendgo lie atpointl , the
point sourcewill producea pointimage,but if the Im happengo bea little in front of or behindpoint
I, thelight from the sourcewill producea circle of light onthe Im—in otherwords,a blurredimage. If
the Im iscloseto |, theblurringwill besmall,andif it's far away, therewill bealot of blur. Whenyou
focusa camerayou arebasicallychangingthe distancebetweerthe lensandthe Im sothatthe object
you areinterestedn makespoint sourcef the objectfocusto pointimagesonthe Im.

Figure2 shaws the effectsof the lenson a single sourceof light; in reality, a perfectlenswill focusan
entireplaneof pointsourceontothe Im planeatthe sametime, sothatanentireplanein therealworld
is in perfectfocuson the Im. For reallenseshowever, nothingis perfect,so the world-planethat's in
perfectfocuswill not, in fact, be a perfectplane,but will be somecurved surfacein 3-space.And the
focuswill neverbeexact,either, but with expensve lensesthe errorscanbe madeto be quite small.



Figure3: ObjectandVirtual Image

2.1 Virtual Images

The lensillustratedin Figure2 bendsthe light from the sourcesothatit forms a realimagewherethe
photonsdiverging from the sourcemeetagain,hopefullyon the Im or onyour retina. Otherlensespor
locationsof the object, like the oneillustratedin Figure 3, may causethe photonsfrom the sourceto
divergeinsteadof corverge. In this casethe diverging photonswill divergeforever, andwill never meet,
but if sucha lenswere perfect,thosediverging lines would appearto be diverging from a single point,
labeledl, in theimage.Thisis notatrue,or realimage,but the pointis calleda “virtual image”.

A lensthatforms a virtual imagemay at rst seemuselesshut imaginethatit is a part of a seriesof
lensesThenext lensalongwould seethelight from the sourceat O notasif it werecomingfrom O, but
asif it weredivergingfrom thepointl, . Thedottedlinesin the gure simplyindicatethedirectionof the
diverginglines;the solid linesrepresenthetrue pathsof the photons.

2.2 Depthof Field

A camerawith a perfectlenswill focusevery point on somefocusplanein front of it to a point on the

Im planethatlies within the camera.Only pointson the focusplanewill befocusedperfectly Pointsin
theworld in front of or behindthe planeof perfectfocuswill notform pointimagesonthe Im, butrather
will form smallcircles.

The bestway to visualizethis is to think of the photonsthat comethroughthelensandarebentbackto
apointaslying insidea coneof light. If thetip of theconeis atthe Im plane,we getperfectfocus,but
if thetip is alittle in front of or behindthe Im plane,thenphotonsfrom the objectlie in a circle onthe
Im. Thefartherthetip of theconeis from the Im plane thelargerthecircle. In acamerathiscircleis
sometimegalledthe“circle of confusion”.

Humaneyesarenot perfecteither andif the circle of confusionis smallenoughwe will still consider
thefocusto beperfect,soobjectsnearthefocusplanealsoform imagesthatarealmostin focus. Camera
lensmanufcturersde ne a conceptcalled"depthof eld” which indicatesthe error allowablefrom the
focal planethatstill producesmagesthataregoodenoughto seemperfectto humans.

Finally, noticethatfat conesof light will allow lesserrorthanskinny cones,andthe conesof light can
be madeskinnier by restrictingthe amountof the lensthatis usedto be a small part nearthe center
The“diaphragm”of the camergperformsthis function, soby having a smaller‘aperture”throughwhich
the light cantravel, a photographecanobtaina larger depthof eld, which may or may not be good,
dependingnthe goalof the photo.

Pinholecamerasin fact, canbe built thathave no lensat all, but just usea tiny holein placeof alens.
If the hole could be madearbitrarily small, a pinhole cameracould form arbitrarily goodimages. The
problemis thatlight only approximatelyfollows straightlines andis bentslightly at the edgesof the
diaphragmor hole in a pinhole cameradueto a propertycalled“dif fraction”, sothereis a limit to how
goodevena pinholecameracanbe.



3 Index of Refraction and Snell's Law

Photonsof light travelling througha vacuummaove in a straightline atthe speedof light, which is about
300; 000kilometers/secondhich physicistsoften denoteby theletterc. Eachphotoncanbe thoughtof
asawave pacletwith somewavelength.

Light travelling throughary othermaterial,like water plasticor glass,doesnot move with velocity c,
but somevhat slower, andthe ratio of c to the true speedof light in the materialis calledthe index of
refractionof thatmaterial. Herearetheindicesof refractionfor afew commonmaterials:

Material Refractve index
Vacuum 1.0
Air 1:0003
Water 1:33
Glass(zinc crown) 1.51
Glass(hewiest int) 1:89
Diamond 2:42

This meansfor example thatlight passinghroughavacuumtravels 1:33 timesasfastasit doesthrough
water Therearemary differenttypesof glasswhich allows lens makersto constructienseswith very
differentproperties.As we shallseeshortly, theindex of refractionis closelyrelatedto how muchlight
bendswhenit entersor leavesa material,andthe extremelyhigh index of refractionfor diamondoffers
someclueasto why thosepreciousstonesaresointerestingto look at—itis very differentfrom glassand
producesvery differentvisual effects.

3.1 Snell'sLaw

/

Figure4: Snell's Law

Simply by knowing therelative speed®f light throughthetwo materialsandknowing thatlight is awave
phenomenonwe can calculatethe amountby which it will be bentasit movesacrossa surfacefrom
onematerialto another Considera straightline interfacebetweertwo differentmaterialsasillustratedin
gure 4.

Theline CCUis theinterfacebetweerthematerials. Thetwo lineswith arravs onthemindicatethatlight
is comingin from the left andleaving on theright at a slightly differentangle. Theline AA %is is called



the surfacenormalandis perpendiculato the surface-surceinterfaceandthe regularly-spacedines
perpendiculato thelines OB andOB ° indicatethe crestsof the wavesof the moving light. Thelength

1 = OB, for example,is the wavelengthof thelight arriving from theleft, andthelength , = OBPCis
thewavelengthof thelight leaving theinterfaceto theright.

Theanglesof incidenceandrefraction, ; = 6 BOA and , = 6 B?OAUC respectiely, aremeasuredrom
thesurfacenormal AA°.

It is easyto seethat6 OCB = ; andthaté OCB® = ,. Sincethe waves are uniformly spaced,
OC = OCP= d, andsimpletrigonometrygivesus:sin ; = j=dandsin , = ,=d. Combiningthese
lasttwo yields: _ _

sin 1 _ sin »

: (1)
1 2

Sinceit requiresthe sameamountof time for eachwave crestto passin eithermaterial, 1n; = 2ns.

We canusethisin combinationwith equationl to obtainSnell's Law:

nisin 1 = nysin 7: (2)

3.2 Total Inter nal Re ection

Imaginethatwe have the samesituationasin the rst examplein the section3 wheretwo materialsmeet
alongastraightline. If thelight is comingfrom the sidewith alargerindex of refraction,we recallthatas
it enterghelessdensemedium,thelight speedsip andis bentaway from the normalvectorby a certain
amountdependingn therelative sizesof theindicesof refraction.For someincidenceangle this angle
of refractionwill equal90 which meanghatthe refractedlight doesnot evenenterthe materialandif

light strikesat this angleor greatey no light entersthe othermaterial. This angleis calledthe critical

angle.

Enegy doesnt justdisappearit hasto go somavhere—andavhathappenss thatinsteadf passinghrough
the surface,all of the light is simply re ected from the surface. This doesnt happenall of a sudden,
however. Whatreally occursis thatastheincidenceanglegetsshallover andshallover, moreandmore
light isre ected.

If youshinedalaserbeamatasurface,for example,andstartechaving it pointat90 to theinterface,but
thengraduallytilted it, youwould nd thatthe moreit wastilted, the closerthe refractedoeamwould be
to beingparallelto the surfaceinterface,and at the sametime, the morelight would bere ected rather
thanpassingthrough. Whenthe angle nally reachedhe critical angle,all of the laserlight would be
re ected.

At whatangledoesthisoccur?To nd out,all weneedtodoistoset , t090 in Snell'sLaw (equatior?):
sin 1 = ny=ny:

Sincematerial2 hasa lower index of refraction,n, < nji, sothis hasa solution. If thelight is coming
from the side of the interfacewith a higherindex of refractiontherecanbe no solution, sincethe sine
functioncanneverbelargerthanl.

3.3 Prismsand Spectra

With reallight, of course the situationis a bit morecomplicted. It turnsout thatthe speedof light in a
materialdepend®n thewavelength(which correspondso the color) of thelight. Higherenegy photons
travel faster sotheindex of refractionfor bluelight is lessthantheindex of refractionfor red light, for

example.(Blue light hashigherenegy photonsthanredlight.)

Becauseof this variation of index of refractionwith wavelength,if a beamof white light (which is a
mixture of all wavelengthshits the surfaceof a prism, eachdifferentcolor of light is bentby a different
amountandtheresultis aspectrum.



4 Focusthrougha Surface

Figure5: Focusdistances

Let us considerthe situationillustratedin Figure5 wherelight is emittedfrom the point O (the object)
andthenpasseshrougha sphericalenssurfaceof radiusr andis focusedatthepointl (theimage).The
lengtho is thedistanceérom theobjectto the surfaceof theglassatpointV andthelengthi is thedistance
from the surfaceof theglassto the point| wheretheimageis focused.

In this example,we assumehat everythingto the left of the lenssurfaceis one material(say air) and
everythingto theright is another(say glass),soin this situation,we assumehat the imageis actually
formedinsidea giantlens. Laterwe'll usethe resultshereto shav how normallenseswork wherethe
focusis in the air on the othersideof thelens. But the situationabove is generalandall thatwe really
requireis thatthe index of refractionis the samefor all pointson theleft of the glasssurfaceandis the
sameon all pointsto theright. We'll let n; betheindex of refractionon theleft andn, betheindex of
refractionontheright.

Considerany ray of light emittedfrom point O thatstrikesthelenssurfaceatpointA. Dueto thedifferent
indicesof refractionon bothsidesof thelenssurface thelight will bebentandmayfocusatapoint! on
theothersideof the surface,forming thevariousanglesandlengthsindicatedin Figure5.

SimpleEuclideangeometrygivesthe rst two equationsdelowv andSnell's Law yieldsthethird:

1 = +
= 2+
nisin 1 = nzsin »

Sincewe're goingto assumehatpoint A is quitecloseto pointV sosin ; 1 andsin » 2, Wecan
replacethe equationdueto Snell's Law with:

N1 1 N2 2!
With alittle algebrawe caneliminate ; and , from theabove equationsandobtain:
(nz n1) nai+ ny 3)

Finally, we candenoteby h thelengthof theseggmentAV andsubstitutehe small-angleapproximations:

h=0, h=r and h=i into equation3 whereall theinstance®f h cancelto obtain:
N n n n
= 4)
r 0 [

Equation4 relatesthe distancefrom the objectto theimagegiventherelative indicesof refractionin the
two mediaon both sidesof the surface. Althoughwe have not worked out all the casesthis equationis
truefor concave or corvex lenseqwherea concae lenswould beindicatedby a negative valueof r), and
wherethe distanceof theimagefrom thelenssurfacemaybe negative (on the samesideof the surfaceas
theobject,meaningthatit is avirtual image).



5 LensFormulas

In section2 we notedthataslight passeshroughperfectlensesthe emittedphotonsalwaysappeato be
divergingtowardapointor corvergingto apoint. Thusif we considetheresultof passindight througha
seriesof lenssurfacesateachsurfacewe cansimply calculatehow the diverging or corverging light will
berefocusedy the new surface. Thusthe calculationaboreis sufcient, for perfectlensesto work out
thecharactertisticef any opticalsystemcomposeaf sphericalensessimply by tracingthelight through
onesurfaceatatime.

Figure6: FatLenswith Two Surfaces

In this sectionwe will do exactly that—-wewill considera singlelenswherelight entersfrom air (or a
vacuum)passeshroughalens,both of whosesurfacesaresphericalandentersair (or avacuum)on the
otherside. We will do soby usingtheresultfrom the previoussectionaswe tracethe pathof light from
asourcethroughasurfaceinto glass throughthe glass,andthenout thoughthe oppositdenssurface.

In gure 6 wewill assumehatthe objectis atthe point O andthatthelight passeshroughalenshaving
two surfacesof radiusr, andr, centerecat C; andC,, respectiely, andthatthe surfacesareadistancd
apart.

Light from point O passeshroughthe rst surfacewhichis a distanceo; away andthe beamsarebent
to form animage(or in the caseof this gure, avirtual image)at the point | °which s ata distanceof i;
from the original surface.

Now we just assumehatthe light is emittedfrom | © asif it werea new source,andseehow thatlight
will beaffectedasit passeshroughtheothersurface.Thelight will nally corvergeatapoint!, andwe
wantto nd arelationshipbetweerthevariousdistancesndthe radii of thetwo differentlenssurfaces.

To simplify thingsslightly, we'll assumehatthelensis glassandhasanindex of refractionn andthatthe
materialoutsidethe lensis a vacuumwith index of refractionl. (Air hasanindex of refractionof about
1:0003soif thelensis usedin air insteadof in avacuum theerrorswill beveryslight.)

Usingthe formulafrom section4, andunderthe assumptiorthatthe rst imageis virtual (andtherefore
thatl %is to theleft of v1) we obtain':

— = (6)

n_n 1
o '

r

If we analyzelight assumedo be emanatingfrom | © and passingthroughthe secondsurface (so its

11t worksout ne if the rst surfaceformsarealimageto theright of thelenssurface,sincethatwill ip thesignonthesecond
fractionbelow, but will measure in the oppositedirection,effectively negatingit.



distanceo thatsurfaceis iy + 1) usingthe samemethodwe obtaina secondequation:
n 1 1 n
+ == :

i+ | G - ro (6)
Combiningequations$ and6, andletting| = 0 (thisis the“thin lens” approximation)we obtain:
1 1 1 1
—+ — = 1) — — 7
ot i (n 1) 0o (7

The “focal length” of a lensis de ned to be the distanceof the focusfrom the lensassuminghat the
incominglight is parallel,whichis equivalentto statingthatthe sourceis in nitely faraway. If we seto;
to1l in equation7 we obtainwhatis known asthe“lens maker's equation”,wheref is thefocal length
of thelens: 1 1 1

U Rl ®)
Thusif you know the two radii of thelenssurfacesandtheindex of refractionof the glassyou're using,
you cancalculateto fairly goodaccurag the focal lengthof the lensproduced.In the equationabove,
we make the assumptiorthatthe radii r; andr, aremeasuredrom centersthatlie to the right of the
surface.If thecenteriesto theleft, theradiuswill benegative. For thedouble-corex lensin gure 6, for
example,r; is positive andr; is negative (soin this casebothfractionsto theright of the equalitysigns
will bepositive).

If you arenotalensmalker, but just purchasea lenswith x edsurfaceradii andglasswith a x edindex
of refractionthenthetermontheright of bothequation and8 is a constantandequatiors tells usthat
the constantis 1 divided by the focal lengthof the lens. Keepingthis in mind, we have derived whatis
known asthe “thin lensequation”"wherei ando arethe distance®of objectandimageon oppositesides
of anin nitely thinlens:

+

ol
=l

1
=

6 Consequencesfthe Thin Lens Equation

Equation5 containsa huge amountof information. Light emittedfrom a focus point will leave the
oppositesideof thelensin parallel. Light arriving in parallelwill focusat adistancef from thelenson
theotherside.Light emittedfrom apointf =2 from onesideof thelenswill focusatthesamedistanceon
theotherside.As theobjectgetscloserto thelens,theimagemovesaway from thelensuntil the objectis
closerthanthefocal lengthin which casethelensfailsto corvergethelight andavirtual imageis formed
onthesamesideof thelensasthe object(andhencehasa negative distanceo thelens).

An interestingfeatureof lenseds their magni cation. The magni cation is simply the ratio of the size
of theimageto the sizeof the original object. If theimageis twice asbig asthe object,we saythatthe
magni cationis 2. Givenalenswith focal lengthf , how canwe calculatethe magni cation of anobject
placedat a distanceo from thatlens?

Seegure 7. Fromthethin lensequationwe know thatthe only wayto obtainarealimage(asopposedo
avirtual image)is to have the object(andhenceimage)fartheraway from the lensthanthe focal length.
Supposehe objecthasheighty andis x beyondthefocal length. Thiswill form animageof heighty®a
distancex® beyondthefocal lengthon the othersideof thelens.

To measurehe magni cation of this setup,y®y, we needto gure out how big y°is, comparedo y. If
we cantraceary two raysfrom thetop of the objectto theimage,we candeterminethe heighty? of the
image. But we know thatraysarriving parallelto the axis of the lensmustpassthroughthe focus,and
rayspassinghroughthe focusof thelensmustleave parallelto the axis,andthosetwo raysaredravn in
gure 7. Simplegeometryof similar trianglesyieldsthe equationsy®=x° = y=f andy=x = y%f. Thus

themagni cationy®=y is givenby:
0

yO
y_

X | =
—h|><
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Figure7: Magni cation

We cancross-multiplythe nal equalityaboveto obtainxx®= f 2.

7 ReallLenses

Reallensesarenotin nitely thin, andhave plenty of othercharacteristicthatmake themnot quite obey
theequationsve have derivedin this article. In any reallensor evenoptical systemcomposeaf aseries
of lensestherearesomedeviationsfrom perfectimagesandthegeneratermusedto describethis sortof
erroris “lensabberation” Lensabberationgsomein varioustypes;for example,‘chromaticabberations”,

“sphericalabberations”;astigmatism”,“ eld curvature”,andsoon. Lensmakersusuallytry to reduce
all of theseatthe sametime by meanf clever design.

The rst sortof errorencountereds that real lensesgenerallyhave sphericalsurfaceswhich is not the
perfectshapebut is a shapethatis incredibly simpleto producevery accurately It is possibletodayto

purchasaon-sphericalensedor speci ¢ applicatonsbut they tendto bequiteexpensve. Thereasorthat
sphericalensesaresoeasyto produceis thatif you rub two materialstogethemntil they slide smoothly
in ary direction,the surfacebetweerthemhasto be eitheraplaneor a portionof aspherel ensesanbe

groundby placinganabrasve materialbetweertwo piecesof glassandrubbingthe glasspiecestogether
in every direction.

Figure8: Optical System

Whatyou will nd in ary real optical systemwhereit is importantto reducethe abberrationss that
insteadof usinga singlelens,a seriesof lensess used,wherethe seriesis arrangedn sucha way that
the abberationsn onelenstendto be cancelledout by another The glassin the differentlensescanbe
madeof differentmaterialshaving differentindicesof refraction,the lensesmay be of differentshapes,
andsoon. You have probablyseenpicturesof suchlenssystemdike the oneillustratedin gure 8 in
adwertisement$or camerdenseset cetera.

The rst thing to noticefor suchreal systemss thatevenif you assumedhatthe lenseswerein nitely
thin, the combinationcertainlyis not. Thusyour formulasfor thethin lensapproximatiorwill notwork



well if you have to work with optical systemsnsteadof with singlelenses.

The following approximationis approximatelytrue, however. Therearetwo planesin ary suchsystem
perpendiculato the axis of the lensescalledthe principal planesandif you imaginethe spacebetween
themasbeingsquashedlown to zerowidth, the resultingsystemwould behae like a singlethin lens.
Thisis truefor any systemof lensesalignedalongtheir axis.

Whatthis meanss thatif you're nottoo worried aboutdistortion,you canattachtogetherany sequence
of lensesandit will behae like a singlelens. Photographertake advantageof thisin mary ways: you
canscrav aso-called'diopterlens” onthefront of yournormallensto turnit into acloseugens. Youcan
pushthelensaway from the camerabodywith a hollow tube (calledan“extensiontube”) thatwill allow
it to focusmuchcloser You canputin atele-extenderbetweerthe camerabody anda telephotdensto
multiply its focal lengthby somegivenamount(andthusturn atelephotdensinto a supertelephotdens,
for example). You canreversea lensandshootphotosthroughit backwards,which typically increases
its ability to take closeupshots. And really, you areonly limited by your imagination. Of courseonly
experimentwill tell whethertheamountof distortionintroduceds acceptableThelenscompaly goesto
agreatdealof troubleto make surethelenshaslow distortionin normaluse,but they probablydon't do
the calculationsassuminghatthelensis turnedaround or sitsthreeinchesfartherfrom the camerahan
thelensmountwouldindicate.

7.1 DesigningLens Systems

Ratherthan do sophisticatednathematicatalculationsthat work out the detailsof the abberation®f
differentlensesmodernlensdesignis morelik e trial anderror. A setof lenseds usedasa startingpoint,
andthena computersimply tracesraysof light throughthelensedo evaluatethe nal image.If it'sgood
enoughthat'sthedesign.If it'snotgoodenoughatiny changdas madeandthewholeraytracingexercise
is repeatedo seeif the new systemis betterthanthe old. If not, make a differentcorrectionandif so,
startfrom thenew arrangemenandtry to improveit.
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