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1 What Is a GeodesicDome?

Figure1: 6V GeodesicDomeandBuckminsterFullerStamp

The geodesicdomewas inventedby R. Buckminster(Bucky) Fuller (1895-1983)in 1954. Fuller was an
inventor, architect,engineer, designer, geometrician,cartographerandphilosopher. In Figure1 is illustrateda
fairly complex versionof adomethat'scomposedof smalltrianglesthatareapproximatelyequal,andsuchthat
theverticesof the trianglesall lie on thesurfaceof a sphere.On theright of the �gure is a recently-released
postagestamphonoringFuller.

In this article,we'll look at themathematicsthat lies behindgeodesicdomes,but we'll alsotalk a little about
why they makegoodengineeringsenseandhow they might beconstructedfrom realmaterials.

Thereareplenty of resourceson the web on geodesicdomes,but one that's particularlyhelpful, especially
if you have any desireto build oneof your own, is here: www.desertdomes.com, which includesa dome
calculatorthatdoesmany of thecalculationsfor you.

2 Engineering Considerations

A sphereis themathematicalobjectthat containsthemaximumvolumecomparedto its surfacearea,so if a
structureof large volumeis to be constructedfor minimum cost, it makessenseto look at structureswhose
shapeapproachesa sphere.But mostconstructionmaterialscomeas �at or straightpieces,so forming the
curvesthatwould benecessaryto makeaperfectspheremight increasetheexpenseconsiderably.

But structureslike the oneillustratedin Figure1 closelyapproximatespheres,but arecomposedof straight
strutsor of �at triangles,dependingon theconstructionmethod.

If the structureis composedof struts, there is anotherconsideration;namely, that it shouldbe composed
completelyof triangles. If it consistsof any quadrilateralsor more complex polygons,they can �e x if the
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connectionsat the endsarenot completelyrigid. If the pieces,for example,are just connectedwith a bolt
througha numberof struts,it is almostimpossibleto make the joints rigid. But if thestructureis completely
composedof triangles,it canbemadecompletelyrigid, evenif theindividual jointsarenot.

One�nal engineeringconsiderationis thatif thetrianglesof which thestructureis composedareall ascloseto
equilateraltrianglesaspossible,thenthestresseswill beapproximatelythesameon all thestruts,so thereis
very little wastedstrength.Notethatin themodelat thebeginningof this article,all of thetrianglesappearto
beapproximatelyequilateral.

Finally, in very largestructures,it is a badideato havevery long unsupportedstruts.Thelongerthestruts,the
easierthey areto bendif shearforcesareapplied.

3 Perfect and Imperfect Solutions

Figure2: PlatonicSolids

A perfectsolution will be composedof trianglesthat are all equilateral,all the samesize, and all making
equalangleswith eachother. Unfortunately, this canonly be achieved with threemathematicalforms: the
tetrahedron,theoctahedronandtheicosahedron.Figure2 illustratesall three.

Theseso-calledplatonicsolidsareapproximationsto thesphere,but only theicosahedronis veryclose,andto
makea largestructurefrom it would requirevery long struts.

Figure3: Uniform TriangleSubdivision

Oneway to proceedis simply to subdivide thetrianglesin oneof theregularplatonicsolids,andthis is how a
geodesicdomeis constructed.Any of thethreesolidscouldbeused,but asweshallsee,therearesomeserious
problemsif this is donebeginningwith a tetrahedron,andless-seriousproblems(but problems,nonetheless)if
we begin with anoctahedron.

We'll begin by describingthestandardconstructionof domesof variouscomplexity beginningwith an icosa-
hedron.
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It is easyto subdivideanequilateraltriangleinto 4, 9, 16,or any perfectsquarenumberof sub-triangles,asis
illustratedin Figure3.

But if we simply subdivide the trianglesof an icosahedron,althoughtheverticesof theoriginal icosahedron
will lie on the surfaceof a sphere,the verticesthat we needto addto subdivide the triangleswill lie in the
planesof thosetrianglesandwill bephysicallyinsidethesphere.This sortof subdivisionwill alsotendto be
a lot weaker structurally, sinceto maintainperfectly�at surfaces,thestrengthsof the joints would have to be
in�nite (seethe“found” poetryfrom aphysicstext, below).

Henceno force,howevergreat,
canstretchacord,however �ne,
into a horizontalline
which is accuratelystraight...

—William Whewell, ElementaryTreatiseonMechanics(1819)

Figure4: 3V, 4V and5V Domes

Oursolutionwill besimplyto “push” thosepointsout to thesurfaceof thespherefrom thecenter, but to dothat
we'll needto beableto work with three-dimensionalvectorsandcoordinatesystems.First,we'll look at some
of thetoolsthatareneededto work with three-dimensionalvectorsandthenwe'll begin by looking closelyat
theicosahedron.

Figure5: 3V and5V Domes:SmallVersions

Thenames,“3V”, “4V” and“5V” refer to thenumberof subdivisionsthataremadeto theoriginal triangles
in the icosahedronbeforethey arepushedout to thesurfaceof thesphere.In Figure1 you canalsoseea 6V
dome. Notice that thedomesof odddegree,the3V andthe5V domesareslightly larger thana half sphere.
That'sbecausewhenthereareanoddnumberof trianglesin thesubdivision,thereis nocenterline or “equator”
at which to divide it, sowe have to pick a versionthat is a little largeror a little smallerthana half sphere.In
theexamplesin Figure4, thelargerversionsweredisplayed.In Figure5 appearthesmallerversionsof the3V
and5V domes.

You may �nd it usefulto seeimagesof theoriginal spheresfrom which all of thedomemodelsabove were
cut. Thoseappearin Figure6. It' s clearfrom theseimagesthat the4V and6V sphereshave an equatorand
the othersdo not. If every vertex of the 3V sphererepresentsa carbonatom,thenthe sphererepresentsthe
moleculecalled“Buckminsterfullerine”which really exists,andhassomevery usefulchemicalandphysical
properties.

All thedomesdisplayedin Figures5 and4 arefairly complicatedto build; theeasiestthatcanreasonablybe
calledageodesicdomeis the2V version.Figure7 displaysthe2V dome(ahalf-sphere)andthecorresponding
2V sphere.
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Figure6: DomeSpheres:3V, 4V, 5V and6V

Figure7: The2V DomeandSphere

It' s obvious if you think aboutit, but if you look closelyat the spheresin Figure6, you canseethat almost
all the verticeson larger domeshave six strutsthat meetat each. In every case,thereareexactly 12 of the
5-strutvertices(on theentiresphere).This is, of course,thenumberof 5-strutverticestherearein theoriginal
icosahedron.

4 Vector Tools

We aregoingto do all of our work in a three-dimensionalcoordinatesystem.This is very similar to thetwo-
dimensionalsystemsthat areintroducedin every high-schoolalgebracoursewith an x anda y axis, but we
will adda third, thez axis,which is perpendicularto theothertwo. If we startat theorigin of sucha system,
we cangive directionsto every point in spaceby giving threenumbers:thedistanceto travel parallelto each
of theaxes(with negativedistancesmeaningto move in theoppositedirection).

One tool we will needis a methodto �nd the distancebetweentwo points, but this can be obtainedas a
simpleextensionof thePythagoreantheorem.If thetwo pointshave coordinatesP0 = (x0; y0; z0) andP1 =
(x1; y1; z1), thenthedistanceD betweenthemis givenby theformula:

D (P0; P1) =
p

(x0 � x1)2 + (y0 � y1)2 + (z0 � z1)2:
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Of courseif oneof thepointsis theorigin O, this reducesto:

D (O; P0) =
q

x2
0 + y2

0 + z2
0 :

Noticealsothatif you have thecoordinatesthatdescribeanobjectthenyou canuniformly scaletheobjectby
multiplying all thecoordinatesby aconstant.Soif youhavethecoordinatesfor ageodesicdomewith diameter
1 foot andyouwantto build adomewith diameter20 feet,youcanjust takeall thecoordinatesfor your1 foot
domeandmultiply themby 20 to obtaincoordinatesfor thenew one.Similarly, all thestrut lengthswill be20
timesaslong,etcetera.

For this reason,we will work in coordinatesthatareeasyto use,andif we everdesireto build a realdome,all
we needto do is �nd theappropriatefactoronceandmultiply all of thenumbersby that.

5 The Icosahedron

An icosahedronis a regular polyhedronwith 20 sides,eachof which is an equilateraltriangle,andat each
vertex, 5 trianglesmeet(seeFigure8). If you view anicosahedronwith onevertex on top andanotherat the
bottom,you canseethattherearetwo ringsof � ve verticeseach,makinga total of 12. Thereare20 triangles,
since5 touchthetopvertex, 5 touchthebottomandthereare10 in thebandaroundthecenter.

It' salsoeasyto countedges:thereare30. This is becauseif youcut theentire�gure into triangles,eachof the
20triangleswouldhave3 edgesmaking60(aftercutting),but whenassembled,everypairof adjacenttriangles
sharesanedgesotheuncutversionwouldcontainhalf thatmany, or 30.

Figure8: Icosahedron

Let � = (1 +
p

5)=2 � 1:61803398875bethegoldenratio. Thenthefollowing 12pointsA; B ; : : : ; L arethe
three-dimensionalcoordinatesof a regularicosahedroncenteredat theorigin:

A = (0; 1; � ) B = (0; � 1; � ) C = (0; � 1; � � ) D = (0; 1; � � )
E = (�; 0; 1) F = (� �; 0; 1) G = (� �; 0; � 1) H = (�; 0; � 1)
I = (1; �; 0) J = (� 1; �; 0) K = (� 1; � �; 0) L = (1; � �; 0)

Herearethe20 trianglesconnectingtheverticesabovethatmakeup thesurfaceof theicosahedron:

AI J AJ F AF B AB E AE I
B F K B K L B LE CDH CH L
CLK CK G CGD DGJ DJ I
D I H ELH EH I F J G F GK

Finally, herearethe30edgesof thosetriangles:
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AB AE AF AI AJ B E B F B K B L CD
CG CH CK CL DG DH DI DJ EH EI
EL F G F J F K GJ GK H I H L I J K L

It is abit tediousto check,but thelengthof all 30of thesegmentsin thelist aboveis 2. For example,thelength
of AB is givenby:

jAB j =
p

(0 � 0)2 + (1 � (� 1))2 + (� � � )2 =
p

4 = 2:

Anothertypical calculationyieldsthelengthof thesegmentAE :

jAE j =
p

(0 � � )2 + (1 � 0)2 + (� � 1)2

=

s
1 + 2

p
5 + 5

4
+ 1 +

1 � 2
p

5 + 5
4

=
p

12=4 + 1 =
p

4 = 2:

Notice that all the verticesof our icosahedronlie on the surfaceof a spherecenteredat the origin. That's
obvious becausein every case,the coordinates,in someorder, have a 0, a 1 anda � , the last two possibly
precededby a negativesign.But to calculatethedistancefrom theorigin to thatpoint,we just squareall three
numbers(which will eliminateany in�uence from any negative numbers)addthethreetogether(yielding the
samesumin everycase)andtake thesquareroot of theresult.

For theparticularcoordinatesthatwe'vechosen,theradiusof thespherein which theicosahedronis inscribed
turnsoutto beabout1:90211303units.Thisisn't aparticularlynicenumber, but it' sworthit tohaveparticularly
niceandrelatively uniformcoordinatesfor all thevertices.

6 Strut Lengths

If we considerthe 2V dome,eachof the equivalentequilateraltrianglesfrom the icosahedronis subdivided
into 4 trianglesandthenthe inner threeverticesarepushedout to thesurfaceof the inscribingsphere.Each
of theoriginal sidesof eachtrianglewill becometwo equalpieceson thesurfaceof the2V dome,andthree
additionalpiecesareaddedto form the inner triangle. The threestrutsthatmake up the inner triangleareof
equallength,asarethesix strutsthatweremadeby subdivision andpushingout of theoriginal edgesof the
icosahedron.It' s easyto verify by calculationthatthetwo lengthsaredifferent,but thatall of thestrutsin the
�nal domeor sphereareoneof thosetwo lengths.

A similar, but slightly morecomplex analysisshowsusthatin the3V dome,exactlythreedifferentstrutlengths
arerequired.

Thusif you're makinga 2V dome,thereareonly two differentstrut lengthsrequired—forthedome,not the
sphere,exactly 30 of the shorterlength and 35 of the longer length are required. Sincethe domecan be
arbitrarily scaled,it' s possibleto �nd theoptimal lengthsfor the two struts,given that you canpurchasethe
raw materialin �x edlengths.

A standardconstructionmaterial for domesis steelelectricalconduit that comesin 10-foot lengthsin the
UnitedStates.If you'd like to purchasetheminimumnumberof theseandyet make a domeof maximalsize,
yousimplyneedto cuteachlengthinto two piecesthatarein theproperratio. With 3510-footpieces,youcan
make the35 long and30 shortstrutsandhave 5 extra shortstrutsat theend. (It' s probablya goodideato get
a few morethan35, in casethere'sa manufacturingerror, andsothatyou will haveat leasta coupleof spares
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of thelongerlength.)If holesaredrilled in theendsof thestruts,theproblemof optimizationis only a tiny bit
morecomplicated.

So let's seehow to calculatethe strut lengths,beginning with the 2V dome. We'll considerthe original tri-
angleAI J of the icosahedronlisted in theprevioussection.Theapproximatecoordinatesof A, I andJ are
(0; 1; 1:618), (1; 1:618; 0) and(� 1; 1:618; 0), respectively.

Therearemany waysto proceed,butoneapproachis this. Wenotedearlierthattheradiusof thespherein which
theicosahedronis centeredis

p
(1 + � 2) = 1:902. Thusif wedivideall thecoordinatesby 1:902wewill have

all theverticeson thesurfaceof a sphereof radius1. Usingthesamenamesfor thevertices,this will give us
thefollowing setsof coordinates:A = (0; :5257; :8507), I = (:5257; :8507; 0) andJ = (� :5257; :8507; 0).

Thelengthsof segmentsAI , I J andJ A areall equalto:
p

(:52572 + (:8507� :5257)2 + :85072) � 1:0515:

To �nd the midpoint of segmentAI , we simply needto �nd the averagecoordinatesof verticesA and I :
(:5257=2; (:5257+ :8507)=2; :8507=2) = (:2628; :6882; :4254). A similar computationgivesthemidpointof
I andJ as(0; :8507; 0). Both of thesevectorshave the samelength,namely:8507, so to pushthemto the
surfaceof the sphere,we needto divide all the coordinatesby :8507, yielding M = (:3089; :8090; :5) and
N = (0; 1; 0), respectively, whereM andN arethelocationsof themidpointsof thesegmentsafterthey have
beenpushedout to thesurfaceof thesphere.

Thetwo strut lengthsrequiredto make a domeor sphereof radius1 arethusequalto thelengthsof AM and
M N , whichwecalculateto be: jAM j = :5465andjM N j = :6180.

Supposewe wish to constructanoptimal2V dome,using10-footpiecesof electricalconduit,wherewe plan
to �atten theendsandto drill holesoneinch in from eachendto attachthestrutstogether. Basically, thereare
4 “wasted”inchesbecausewewill needfour holesaftercuttingthestruts.Thustheoriginalpieceof conduitis
effectively only 9 feet8 inches,or 9.6666incheslong. Thishasto bedividedin aratioof jAM j=jM N j, sothe
pieceswill have lengths4.536feetand5.130feet.

Similar calculationscanbemadefor any dome.With thekind permissionof TaraLandrywhoconstructedand
maintainswww.desertdomes.dom, we includethe strut lengthinformationfor subdivisionsfor 1V through
6V domes.Figure9 shows the differentlengthsrequiredfor eachtriangularsubdivision, andthe associated
tablesdisplaytheratiosof thevariouslengths,assumingyouwantto build adomewith radius1.0. In Figure9,
thestrutsareonly labeledin thehorizontaldirection.Thelabelscanberotatedto obtainthelengthsin thetwo
otherdirections.

In addition,thenumberof strutsof eachof thelengthsareshown to makea dome(or, in thecaseof anodd-V
dome,both the smallerandthe largerversion)or a sphere.For example,if you want to make the larger 5V
domeof radius1.0,you will need30 of the“A” strutshaving length0.198147430801, 60 of the“B” struts,et
cetera.

Strut Length D1 D2 Sphere

A 1.05146222424 10 25 30

Strut Length Dome Sphere

A 0.546533057825 30 60
B 0.618033988750 35 60

Strut Length D1 D2 Sphere

A 0.348615488820 30 30 60
B 0.403548212335 40 55 90
C 0.412411489310 50 80 120

Strut Length Dome Sphere

A 0.253184595784 30 60
B 0.294530833739 60 120
C 0.295241808844 30 60
D 0.298588133655 30 60
E 0.312868930080 70 120
F 0.324919696233 30 60
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Figure9: StrutSubdivisionLengths

Strut Length D1 D2 Sphere

A 0.198147430801 30 30 60
B 0.225685786566 60 60 120
C 0.231597595641 30 30 60
D 0.231790251268 30 30 60
E 0.245085783201 50 80 120
F 0.245346420565 10 20 30
G 0.247242909849 60 70 120
H 0.255167012309 50 70 120
I 0.261598097465 30 35 60

Strut Length Dome Sphere

A 0.162567228883 30 60
B 0.181908254598 60 120
C 0.187383400570 30 60
D 0.190476861168 30 60
E 0.198012574234 60 120
F 0.202819695856 90 180
G 0.205907734855 130 240
H 0.215353730111 65 120
I 0.216628214422 60 120

If thedomeis aneven-Vform basedontheicosahedron,themidpointsof theoriginal trianglesonthe“equator”
all lie exactlyontheequator, soany subdivisionsof thoseequatoriallineswill alsolie in theplaneof theequator.
Whenthosepointsarepushedout to thesurface,they will lie on a mathematicallyperfectplane,anda dome
soconstructedwill lie perfectlyonperfectly�at ground.

For odd-Vdomesof degree3 or greater, therearenopoint on theequator, sowe have to decidewhetherto go
up a “half rank” or down a “half rank” from thetrueequatorto make our dome. In eithercase,thepointsup
onerankarenot in a perfectplane,but they arecloseenoughthat it oftendoesn't matter. As theodddegree
getslargerandlarger, theerrorbecomeslessandless.

7 How Many Struts Ar eRequired?

Let'sconsider�rst theproblemof determiningthenumberof strutsrequiredto makeaspherefor eachdifferent
size.

The initial icosahedronis madeup of 20 triangularfacesand30 edges.Whena singleoneof the trianglesis
subdividedinto 1; 4; 9; 16; : : : smallertriangles,thenumberof internaledgescanbeseento befrom the�gures:
0; 3; 9; 18; 30; 45. This seemsto satisfythe formula 3(n2 � n)=2, wheren is the numberof subdivisionsof
eachside.Thenumberof edgestrutswill obviouslybe3n.

We canseethat the formulasabove aretrue, sinceif we wereto cut up the original triangleinto n2 smaller
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triangles,therewould be3n2 edges,but eachis double-countedexceptfor the3n outeredges.The makesa
total of (3n2 � 3n)=2 inner edges,matchingthe formula we obtainedfrom a direct countof the 6 smallest
examples.

For thesphere,thereare20facesand30edgesof theoriginal icosahedron.Eachfacewill generate3(n2 � n)=2
internalstrutsandeachof the30edgeswill add30n morestruts,for a totalof 30n2 struts,andthisagreeswith
thevaluesin thetables.

For theeven-Vdomes,we can't quitecut this numberin half, sincethereis theline of strutsthat lie alongthe
ground.If wecut thenumberin half, wewill only includehalf of thestrutslying alongtheground,soweneed
to adjustfor that.

If n is even,thenann-V domewill have 5n strutson theground.Thusthetotal numberof strutsrequiredfor
ann-V dome,wheren is even,is givenby theformula:30n2=2+ 5n=2. This formulais in agreementwith the
valuesin our tablesfor 2V, 4V and6V domes.

For theodd-V domesthecalculationis not too hard. We make anupper(smaller)odd-V domeby slicing an
odd-Vspherein half, but notona rank.

In fact the cut will slice 10n struts, so the total numberof struts in the smallerodd-V domeis given by
(30n2 � 10n)=2 whichagainagreeswith thevaluesin thetables.

Finally, for thelargerodd-Vdome,weneedto addto thatvaluethestrutswesliced:10n of them,plusthenew
bottomstruts:5n of them,for a totalof 15n2 + 10n.

8 OpenProblem

If youbuild anicosahedron-baseddome,how many differentstrutlengthswill berequired?

Thisseemsto beadif�cult question,andI havenotbeenableto �nd anicesolution.Usingacomputerprogram,
I wasableto work out thefollowing datafor the�rst few subdivisionsizes:

1V 2V 3V 4V 5V 6V 7V 8V 9V 10V
1 2 3 6 9 9 16 20 18 30

11V 12V 13V 14V 15V 16V 17V 18V 19V 20V
36 30 49 56 45 72 81 63 100 110

I cannot�nd any referenceto this sequence,and have submittedit to the online “Encyclopediaof Integer
Sequences”at:

http://www.resea rch .a tt .co m/~nj as/se quences/

9 Tetrahedron and Octahedron-BasedDomes

Thereis noreasonthatyoucannotbegin with a tetrahedronor octahedron,subdividethetrianglesandpushthe
verticesout to theinscribingsphere,andmakesuccessively betterapproximationsto a sphere.

With a tetrahedron,amajorproblemwill ariseif youwish to haveadomeratherthanacompletesphere,since
the tetrahedronhasno natural“equator” asdoesthe icosahedronwhenits trianglesaredivided into an even
numberof sub-trianglesor asdoestheoctahedronwith any typeof trianglesubdivision.

In a sense,thentheoctahedronmight seemto bea bettercandidatefor geodesicdomesthanthe icosahedron,
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sincethe1V, 2V, 3V, . . .domesbaseduponit will all have a �at base.The problemarisesfrom the fact that
moresubdivisionsarerequired,andthusmoredifferentlengthsarerequired.For theicosahedron-baseddomes,
the1V, 2V and3V domesrequire1, 2 and3 differentstrut lengths,respectively. It' s niceto have lots of struts
of the samelength,sincethenit' s easyto have a small numberof spares,in casethereis damage,and the
manufacturingprocesswould requirea smallernumberof jigs.

Figure10: 1V through6V OctahedralDomes

Finally, althoughyoualmostneverseethemin therealworld, Figure10showswhat1V through6V octahedral
domeswould look like.

Figure11: 4V Domeat BurningMan2004

The�nal illustrationin Figure11 is thegeodesicdomeunder”the man” at BurningMan 2004.It wasburned,
alongwith theman,onSeptember4, 2004.
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