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1 What Is a GeodesicDome?
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Figurel: 6V GeodesidomeandBuckminsteruller Stamp

The geodesicdome was inventedby R. Buckminster(Bucky) Fuller (1895-1983)in 1954. Fuller was an
inventor, architect,engineerdesignergeometriciancartographeandphilosopher In Figurel is illustrateda
fairly complex versionof adomethat's composeaf smalltrianglesthatareapproximatelyequal,andsuchthat

the verticesof thetrianglesall lie on the surfaceof a sphere.On theright of the gure is arecently-released
postagestamphonoringFuller.

In this article, we'll look atthe mathematicshatlies behindgeodesidomes put we'll alsotalk a little about
why they make goodengineeringsenseandhow they might be constructedrom real materials.

Thereare plenty of resource®n the web on geodesicdomes,but one that's particularly helpful, especially

if you have ary desireto build one of your own, is here: www.desertdomes.com which includesa dome
calculatorthatdoesmary of thecalculationsfor you.

2 Engineering Considerations

A spheres the mathematicabbjectthat containsthe maximumvolume comparedo its surfacearea,soif a
structureof large volumeis to be constructedor minimum cost,it makessenseo look at structuresvhose
shapeapproaches sphere. But mostconstructionmaterialscomeas at or straightpieces,so forming the
curvesthatwould be necessaryo make a perfectspheremightincreasehe expenseconsiderably

But structuredik e the oneillustratedin Figure1 closely approximatespheresput are composedf straight
strutsor of at triangles,dependingn the constructiormethod.

If the structureis composecbf struts, thereis anotherconsideration;namely that it should be composed
completelyof triangles. If it consistsof ary quadrilateralsor more complex polygons,they can e x if the



connectionsat the endsare not completelyrigid. If the pieces,for example,are just connectedvith a bolt
througha numberof struts,it is almostimpossibleto make the joints rigid. But if the structureis completely
composedaf triangles,it canbe madecompletelyrigid, evenif theindividual joints arenot.

One nal engineeringonsideratioris thatif thetrianglesof which thestructureés composedreall ascloseto
equilateraltrianglesaspossible thenthe stressesvill be approximatelythe sameon all the struts,sothereis
very little wastedstrength.Notethatin the modelat the beginningof this article,all of thetrianglesappeatto
beapproximatelyequilateral.

Finally, in very large structuresit is abadideato have verylong unsupportedtruts. Thelongerthe struts,the
easieithey areto bendif shearforcesareapplied.

3 Perfect and Imperfect Solutions

Figure2: PlatonicSolids

A perfectsolutionwill be composedf trianglesthat are all equilateral,all the samesize, and all making
equalangleswith eachother Unfortunately this canonly be achieved with three mathematicaforms: the
tetrahedronthe octahedrorandtheicosahedronFigure2 illustratesall three.

Theseso-calledplatonicsolidsareapproximationgo the sphereput only theicosahedroris very close,andto
male alarge structurefrom it would requireverylong struts.

Figure3: Uniform TriangleSubdvision

Oneway to proceeds simply to subdvide thetrianglesin oneof theregularplatonicsolids,andthisis how a
geodesiadomeis constructedAny of thethreesolidscouldbeused but aswe shallsee therearesomeserious
problemdf thisis donebeginningwith atetrahedronandless-seriouproblemsbut problemsnonethelessy
we begin with anoctahedron.

We'll begin by describingthe standarcconstructiorof domesof variouscomplexity beginningwith anicosa-
hedron.



It is easyto subdvide anequilateratriangleinto 4, 9, 16, or ary perfectsquarenumberof sub-trianglesasis
illustratedin Figure3.

But if we simply subdvide the trianglesof anicosahedronalthoughthe verticesof the original icosahedron
will lie on the surfaceof a sphere the verticesthat we needto addto subdvide the triangleswill lie in the
planesof thosetrianglesandwill be physicallyinsidethe sphere.This sortof subdvisionwill alsotendto be
alot wealer structurally sinceto maintainperfectly at surfacesthe strengthof the joints would have to be
in nite (seethe“found” poetryfrom a physicstext, below).

Henceno force,however great,
canstretcha cord,however ne,
into a horizontalline

whichis accuratelystraight...

—William Whewell, Elementarylreatiseon Mechanics(1819)
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Figure4: 3V, 4V and5V Domes

Oursolutionwill besimplyto “push” thosepointsoutto the surfaceof the spherdrom thecenterbut to dothat
we'll needto beableto work with three-dimensionalectorsandcoordinatesystemsFirst, we'll look at some
of thetoolsthatareneededo work with three-dimensionalectorsandthenwe'll begin by looking closelyat

theicosahedron.
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Figure5: 3V and5V Domes:SmallVersions

Thenames,'3V", “4V” and“5V" referto the numberof subdvisionsthatare madeto the original triangles
in theicosahedrorbeforethey arepushedout to the surfaceof the sphere.In Figure1 you canalsoseea 6V
dome. Notice thatthe domesof odd degree,the 3V andthe 5V domesareslightly largerthana half sphere.
That'sbecausevhenthereareanoddnumberof trianglesin thesubdvision, thereis no centedine or “equator”
atwhichto divide it, sowe haveto pick a versionthatis alittle largeror alittle smallerthana half sphere.n
theexamplesn Figure4, thelargerversionsweredisplayed.n Figure5 appeathe smallerversionsof the 3V
and5V domes.

Youmay nd it usefulto seeimagesof the original spheresrom which all of the domemodelsabove were
cut. Thoseappeaiin Figure6. It's clearfrom theseimagesthatthe 4V and6V sphereave an equatorand
the othersdo not. If every vertex of the 3V sphererepresents carbonatom, thenthe sphererepresentshe
moleculecalled“Buckminsterfullerine”which really exists, andhassomevery usefulchemicaland physical
properties.

All the domesdisplayedin Figures5 and4 arefairly complicatedo build; the easiesthatcanreasonablye
calledageodesiadomeis the 2V version.Figure7 displaysthe2V dome(a half-spherepandthe corresponding
2V sphere.
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Figure6: DomeSpheres3V, 4V, 5V and6V

Figure7: The2V DomeandSphere

It's obviousif you think aboutit, but if you look closelyat the spheresn Figure6, you canseethatalmost
all the verticeson larger domeshave six strutsthat meetat each. In every case thereare exactly 12 of the
5-strutvertices(on theentiresphere) Thisis, of coursethe numberof 5-strutverticestherearein the original
icosahedron.

4 \Vector Tools

We aregoingto do all of our work in athree-dimensionatoordinatesystem.This is very similar to the two-

dimensionakystemghat areintroducedin every high-schoolalgebracoursewith anx anday axis, but we

will adda third, the z axis,which is perpendiculato the othertwo. If we startatthe origin of sucha system,
we cangive directionsto every pointin spaceby giving threenumbers:the distanceto travel parallelto each
of theaxes(with negative distancesneaningto movein the oppositedirection).

Onetool we will needis a methodto nd the distancebetweentwo points, but this can be obtainedas a
simpleextensionof the Pythagoreamheorem.If thetwo pointshave coordinate$®y = (Xo; Yo; Zo) andP; =
(X1;Y1;21), thenthedistanceD betweerthemis givenby theformula:

D(Po;P1) = P (o X1)2+ (Yo Y1)?+ (20 z1)%



Of courseif oneof the pointsis theorigin O, thisreducedo:

q_
D(O:Po) = X3+ Y3+ 23:

Noticealsothatif you have the coordinateshatdescribean objectthenyou canuniformly scalethe objectby
multiplying all thecoordinate®y a constantSoif you have thecoordinategor ageodesicdomewith diameter
1 foot andyou wantto build adomewith diameter20 feet,you canjusttake all the coordinatedor your 1 foot
domeandmultiply themby 20 to obtaincoordinategor the new one. Similarly, all the strutlengthswill be 20
timesaslong, etcetera.

For this reasonwe will work in coordinateghatareeasyto use,andif we everdesireto build arealdome,all
we needto dois nd theappropriatdactoronceandmultiply all of the numbersby that.

5 The Icosahedion

An icosahedrons a regular polyhedronwith 20 sides,eachof which is an equilateraltriangle, andat each
vertex, 5 trianglesmeet(seeFigure8). If you view anicosahedromvith onevertex on top andanotherat the
bottom,you canseethattherearetwo ringsof ve verticeseachmakingatotal of 12. Thereare20triangles,
sinceb touchthetop vertex, 5 touchthe bottomandthereare 10 in the bandaroundthe center

It'salsoeasyto countedgesthereare30. Thisis becauséf you cuttheentire gure into triangleseachof the
20triangleswould have 3 edgesnaking60 (aftercutting),but whenassembledivery pair of adjacentriangles
sharesanedgesothe uncutversionwould containhalf thatmary, or 30.

Figure8: Icosahedron

three-dimensionatoordinate®f aregularicosahedromrenteredht the origin:

A=(01 ) B=(@0 1) C=0 L ) D=@©GL )

E=G0L) F=( ;01 G=( ;0 1) H=(0 1)

I=@%:;0 J=(L:;0 K=(L ;0 L= ;0

Herearethe 20 trianglesconnectinghe verticesabove thatmake up the surfaceof theicosahedron:

Al'Jd AJF AFB ABE AEI
BFK BKL BLE CDH CHL
CLK CKG CGD DGJ DJl
DIH ELH EHI FJG FGK

Finally, herearethe 30 edgesof thosetriangles:



AB AE AF Al Al BE BF BK BL CD
CG CH CK CL DG DH DI DJ EH EI
EL FG FJ FK GJ GK HI HL 1J KL

It is abit tediousto check,but thelengthof all 30 of thesggmentsn thelist aboveis 2. For example thelength
of AB is givenby: p p_
jABj=" (0 0)2+ (1 ( 1)2+( 2= 4=2

Anothertypical calculationyieldsthelengthof the sgmentAE :

"0 @ opr( 17

JAEj =
S P P
1+2 5+5 1 2 5+5
= -  + 1+ -
0 4 4
= 12=4+1=pZ=2:

Notice that all the verticesof our icosahedrorie on the surfaceof a spherecenteredat the origin. That's
obvious becausén every case,the coordinatesjn someorder have a0, al anda , thelasttwo possibly
precededy a negative sign. But to calculatethe distancerom the origin to thatpoint, we just squareall three
numbergwhich will eliminateary in uence from ary negative numbersladdthe threetogethen(yielding the
samesumin every case)andtake the squareoot of theresult.

For the particularcoordinateshatwe've chosentheradiusof the spheran which theicosahedroris inscribed
turnsoutto beabout1:90211303units. Thisisn't aparticularlynicenumberbutit' sworthit to have particularly
niceandrelatively uniform coordinatedor all thevertices.

6 Strut Lengths

If we considerthe 2V dome,eachof the equivalentequilateraltrianglesfrom the icosahedrorns subdvided
into 4 trianglesandthenthe inner threeverticesare pushedout to the surfaceof theinscribingsphere.Each
of the original sidesof eachtrianglewill becomewo equalpieceson the surfaceof the 2V dome,andthree
additionalpiecesare addedto form the innertriangle. The threestrutsthat make up the innertriangleare of
equallength,asarethe six strutsthatwere madeby subdvision and pushingout of the original edgesof the
icosahedronlt's easyto verify by calculationthatthe two lengthsaredifferent,but thatall of the strutsin the
nal domeor sphereareoneof thosetwo lengths.

A similar, but slightly morecomple analysisshavs usthatin the 3V dome exactly threedifferentstrutlengths
arerequired.

Thusif you're makinga 2V dome,thereareonly two differentstrutlengthsrequired—forthe dome,not the
sphere,exactly 30 of the shorterlength and 35 of the longer length are required. Sincethe domecan be
arbitrarily scaled,it's possibleto nd the optimallengthsfor the two struts,given that you canpurchasehe
raw materialin x edlengths.

A standardconstructionmaterialfor domesis steelelectrical conduitthat comesin 10-foot lengthsin the
United States.If you'd like to purchase¢he minimum numberof theseandyet make a domeof maximalsize,
you simply needto cut eachlengthinto two piecesthatarein theproperratio. With 35 10-footpiecesyou can
male the 35 long and30 shortstrutsandhave 5 extra shortstrutsat the end. (It's probablya goodideato get
afew morethan35,in casetheres a manufcturingerror, andsothatyou will have atleasta coupleof spares



of thelongerlength.)If holesaredrilled in the endsof the struts,the problemof optimizationis only atiny bit
morecomplicated.

Solet's seehow to calculatethe strut lengths,beginning with the 2V dome. We'll considerthe original tri-
angleAl J of theicosahedrotisted in the previous section. The approximatecoordinateof A, | andJ are
(0; 1;1:618),(1;1:618 0) and( 1;1:618 0), respectiely.

Therearemary waysto proce&dbutoneapproachs this. We notedearlierthattheradiusof thespheren which
theicosahedrotis centereds (1 + 2) = 1:902 Thusif wedivide all thecoordinatedy 1:902we will have
all the verticeson the surfaceof a sphereof radius1. Usingthe samenamesdor the vertices this will give us
thefollowing setsof coordinatesA = (0;:5257 :8507),1 = (:5257:8507 0) andJ = ( :5257 :8507% 0).

Thelengthsof segmentsAl , 1 J andJ A areall equalto:

P (:5257 + (:8507 :5257¢ + :8507%) 1:0515

To nd the midpoint of sgmentAl , we simply needto nd the averagecoordinatesof verticesA and| :
(:5257=2; (:5257+ :8507)=2;:8507=2) = (:2628 :6882 :4254). A similar computatiorgivesthe midpointof
| andJ as(0;:8507 0). Both of thesevectorshave the samelength, namely:8507, soto pushthemto the
surfaceof the sphere we needto divide all the coordinatedy :8507, yielding M = (:3089 :8090 :5) and
N = (0; 1; 0), respectiely, whereM andN arethelocationsof themidpointsof the sgmentsafterthey have
beenpushedutto the surfaceof the sphere.

Thetwo strutlengthsrequiredto make a domeor sphereof radius1 arethusequalto thelengthsof AM and
M N, which we calculateto be: jJAM j = :5465andjM Nj = :618Q

Supposeve wish to constructan optimal 2V dome,using 10-foot piecesof electricalconduit,wherewe plan
to atten theendsandto drill holesoneinchin from eachendto attachthe strutstogether Basically thereare
4 “wasted"inchesbecausave will needfour holesaftercuttingthe struts. Thustheoriginal pieceof conduitis
effectively only 9 feet8 inches,or 9.6666incheslong. This hasto bedividedin aratio of JAM j=jM N j, sothe
pieceswill havelengths4.536feetand5.130feet.

Similar calculationscanbe madefor any dome.With thekind permissiorof TaraLandrywho constructeagnd
maintainswww.desertdomes.dom we include the strut lengthinformationfor subdvisionsfor 1V through
6V domes. Figure 9 shaws the differentlengthsrequiredfor eachtriangularsubdvision, andthe associated
tablesdisplaytheratiosof thevariouslengths,assuming/ouwantto build adomewith radius1.0. In Figure9,
thestrutsareonly labeledin the horizontaldirection. The labelscanbe rotatedto obtainthelengthsin thetwo
otherdirections.

In addition,the numberof strutsof eachof thelengthsareshavn to make a dome(or, in the caseof anodd-V
dome,both the smallerandthe larger version)or a sphere.For example,if you wantto make the larger 5V
domeof radius1.0,you will need30 of the“A” strutshaving length0.19814743080160 of the“B” struts,et
cetera.

[ Strut | Length | D1 | D2 | Sphere] | SKUH 054;:22:)h57825| Dgome| S[;f(])ere|
| A | 1.05146222424| 10 | 25 | 30 | B 0.618033988750 35 60
[ Strut | Length | Dome [ Sphere]
[ Strut | Length | D1 | D2 | Sphere] A | 0.253184595784 30 60
A | 0348615488820 30 | 30 | 60 B | poand0eIs N |
B 0.403548212335 40 | 55 90 D 0.298588133655 30 60
C 0.412411489310 50 | 80 120 :
E 0.312868930080 70 120
F 0.324919696233 30 60




Figure9: Strut Subdvision Lengths

[ Strut | Length | D1 | D2 | Sphere] [ Strut | Length | Dome [ Sphere]
A 0.198147430801] 30 | 30 60 A 0.162567228883 30 60
B 0.225685786566( 60 | 60 120 B 0.181908254598 60 120
C 0.231597595641] 30 | 30 60 C 0.187383400570 30 60
D 0.231790251268 30 | 30 60 D 0.190476861168 30 60
E 0.245085783201] 50 | 80 120 E 0.198012574234 60 120
F 0.245346420565 10 | 20 30 F 0.202819695856 90 180
G 0.247242909849 60 | 70 120 G 0.205907734855 130 240
H 0.255167012309 50 | 70 120 H 0.215353730111 65 120
| 0.261598097465 30 | 35 60 | 0.216628214422, 60 120

If thedomeis aneven-Vform basedntheicosahedrornthemidpointsof theoriginaltrianglesonthe“equator”
all lie exactlyontheequatoysoary subdvisionsof thoseequatorialineswill alsolie in theplaneof theequator
Whenthosepointsare pushedout to the surface,they will lie on a mathematicallyperfectplane,anda dome
soconstructedvill lie perfectlyon perfectly at ground.

For odd-V domesof degree3 or greaterthereareno point on the equatoy sowe have to decidewhetherto go
up a“half rank” or down a “half rank” from the true equatorto make our dome. In eithercase the pointsup
onerankarenotin a perfectplane,but they arecloseenoughthatit often doesnt matter As the odd degree
getslargerandlarger, the errorbecomedessandless.

7 How Many Struts Are Required?

Let'sconsiderrst theproblemof determininghenumberof strutsrequiredto make a spherdor eachdifferent
size.

Theinitial icosahedrons madeup of 20 triangularfacesand 30 edges.Whena singleoneof the trianglesis
subdvidedinto 1; 4; 9; 16; : : : smallertrianglesthenumberof internaledgescanbeseerto befrom the gures:
0;3;9; 18; 30; 45. This seemdo satisfythe formula3(n? n)=2, wheren is the numberof subdvisionsof
eachside. Thenumberof edgestrutswill obviously be3n.

We canseethat the formulasabove aretrue, sinceif we wereto cut up the original triangleinto n? smaller



triangles,therewould be 3n? edgesbut eachis double-countedxceptfor the 3n outeredges.The makesa
total of (3n%2  3n)=2 inner edges matchingthe formula we obtainedfrom a direct countof the 6 smallest
examples.

For thespherethereare20facesand30 edgeof theoriginalicosahedronEachfacewill generat&(n? n)=2
internalstrutsandeachof the 30 edgeswill add30n morestruts,for atotal of 30n? struts,andthis agreeswith
thevaluesin thetables.

For the even-V domeswe can' quite cut this numberin half, sincethereis theline of strutsthatlie alongthe
ground.If we cutthenumberin half, we will only includehalf of the strutslying alongtheground,sowe need
to adjustfor that.

If n is even,thenann-V domewill have 5n strutson the ground. Thusthetotal numberof strutsrequiredfor
ann-V dome,wheren is even,is givenby theformula: 30n2=2+ 5n=2. This formulais in agreementvith the
valuesin our tablesfor 2V, 4V and6V domes.

For the odd-V domesthe calculationis not too hard. We make anupper(smaller)odd-V domeby slicing an
odd-V spherdn half, but notonarank.

In fact the cut will slice 10n struts, so the total numberof strutsin the smallerodd-V domeis given by
(30n%2  10n)=2 which againagreeswith thevaluesin thetables.

Finally, for thelargerodd-V dome,we needto addto thatvaluethe strutswe sliced: 10n of them,plusthenen
bottomstruts:5n of them,for atotalof 1502 + 10n.

8 OpenProblem

If you build anicosahedron-basatbme,how mary differentstrutlengthswill berequired?

Thisseemdo beadif cult questionandl havenotbeenableto nd anicesolution.Usingacomputeiprogram,
| wasableto work outthefollowing datafor the rst few subdvisionsizes:

v | 2V | 3V | 4V | 5V | 6V | 7V | 8V | 9V | 10V
1 2 3 6 9 9 16 | 20 18 | 30
11V | 12V | 13V | 14V | 15V | 16V | 17V | 18V | 19V | 20V
36 | 30 | 49 | 56 | 45 | 72 | 81 | 63 | 100 | 110

| cannot nd ary referenceto this sequenceand have submittedit to the online “Encyclopediaof Integer
Sequencesat:

http://www.resea rch.att .co m/~njas/se quences/

9 Tetrahedron and Octahedron-BasedDomes

Thereis noreasorthatyou cannotbegin with atetrahedroror octahedronsubdvide thetrianglesandpushthe
verticesout to theinscribingsphereandmalke successiely betterapproximationso a sphere.

With atetrahedrona majorproblemwill ariseif youwishto have adomeratherthanacompletespheresince
the tetrahedrorhasno natural“equator” as doesthe icosahedrowhenits trianglesare divided into an even
numberof sub-triangle®r asdoesthe octahedromwith ary typeof trianglesubdiision.

In a sensethenthe octahedromight seemto be a bettercandidatgfor geodesiadlomesthantheicosahedron,



sincethe 1V, 2V, 3V, ...domesbaseduponit will all have a at base.The problemarisesfrom the factthat
moresubdvisionsarerequired andthusmoredifferentlengthsarerequired.For theicosahedron-basatbmes,
thelV, 2V and3V domesrequirel, 2 and3 differentstrutlengths respectiely. It's niceto have lots of struts
of the samelength, sincethenit's easyto have a small numberof sparesjn casethereis damage andthe
manufcturingprocessvould requirea smallernumberof jigs.

AN/ N
N

Figure10: 1V through6V OctahedraDomes

Finally, althoughyou almostnever seethemin therealworld, Figure10shovswhat1V through6V octahedral
domeswouldlook like.

Figurell: 4V Domeat BurningMan 2004

The nal illustrationin Figurel1is thegeodesiddomeunder"the man” at Burning Man 2004. It wasburned,
alongwith theman,on Septembe#, 2004.



