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1 Introduction

If youdivide 1 by 81, youwill find that1/81 = .012345679012345679 . .. Thefirsttime| did this,| was
amazed—thergvasa beautiful pattern,but theninsteadof going “789”, it jumpeddirectly from 7 to 9,
andthenstartedepeatingls thisamiracle?Are thereary othercool patternsTanwe composdractions
with interestingexpansionss thereanything specialaboutthosesortsof fractions?

Somefractionscomeout even whenexpressedasa decimal: 1/2 = 0.5 and1/5 = 0.2, for example.
Othersrepeatforever: 1/3 = 0.3333... or 1/7 = .145857142857 ... Someonly repeatafter a while:
1/6 = .16666 . . .

Why dothey repeat™o decimalshave to repeatWhatis meantby 1 = .9999. . .? How canyoufind the

fractioncorrespondingo aninfinite decimalor the decimalexpansionof a givenfraction?How much,if
ary, of thisis causedy thefactthatwe work in basel0?

How doyou corvertafractionto adecimal?A decimalto a fraction?Whatif the decimalis repeating?
Thesearethe sortsof problemswe’ll examinein this paper

AppendixA containsatableof the propertiesof the decimalexpansionof thefractionsof theform 1/n
for n = 1ton = 900.

Somepropertiesare easy andsomeare difficult. In AppendicesB, C, D andE arethe definitionsand
simplepropertiesof somenumbertheoreticconceptandfunctionsthatareusedin thetext.

2 What isa Decimal Number?

Almosteveryoneknowswhatadecimalnumbemeanshput let’s review it quickly anyway. Everydecimal
numberhasone of the digits from 0 through9 in eachof several positions. As you move from left to
right, the digits represensmallerandsmallernumbers.

For example whatis the meaningof the expressiori 134.526"? Thedigitsto theleft of thedecimalpoint
(“134” in this case)representhe sizeof the integer (whole-number)part of the number Readingdigits
from the decimalpoint to the left, the first representshe “one’s” place,the next, the “ten’s” place,then
the“hundreds” place,andsoon. We canrewrite thewholenumberl34 as:

1x1004+3x10+4x1,

or better as:
1x10% +3x 10" + 4 x 10°.

The secondexpressionis better sincewe canseethe progressiorof the exponentsaswe work through
thedigits. Thus,theoriginal example*134.526” represents:
1

1 1
1><100+3><10+4><1+5><E+2xm+6xm,



or better as:
1x102+3x10' +4x10°4+5%x 107 ' +2%x1072+6 x 1073.

2.1 Non-Terminating Decimals

Theexplanationaboveis fine for decimalghatterminate put whatdoesit meanwhenthedecimalexpan-
siongoeson “forever”, asin 1/3 = 0.333333...? Thisis, in fact, probablythefirst infinite seriesthat
mostpeopleeverencounterevenif they don't recognizet asaninfinite series.Thedecimalexpansionof
1/3 meanghis:

5=3(5) +3(5) () +3(55) + = Lalsg) ®

=1

The sumabore mustcontinueforever beforeit is exactly equalto 1/3. If you stopafterary finite number
of terms,it is notexact. Let us,in fact,look atthe errorsfor afew approximations:

1/3-3 = 1/3-3/10=1/30
1/3-.3333 = 1/3 - 3333/10000 = 1/30000
1/3 —.3333333333 = 1/3 — 3333333333/10000000000 = 1,/30000000000.

It is clearthatthe approximationsrebetterandbetter thelastoneabove having anerrorof only onepart
in thirty billion, but no finite approximationis exact. For a proof thatthe infinite decimalexpansionin
Equationl is exactly equalto 1/3, seesection4.

A mathematiciamvould saythatthelimit of thesequence:
.3,.33,.333,.3333, .33333, .333333, . ..

is1/3. Thismeanghatgivenary error, nomatterhow small,afteracertainpointthetermsin thesequence
abovewill all becloserto 1/3 thanthatspecifiederror.

3 Howto Convert Fractionsto Decimals

To corvertafractionof theform /5 to a decimal,all you needto do is a long division whereyou write
the numeratorfollowedby a decimalpointandasmary zeroesasyou want. For example,to corvertthe
fraction7/27 into adecimal,begin with thelong division displayedbelow:

.25925
27/7.00000
5 4

1 60
135
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243
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At eachstagein thelongdivision, theremaindewill haveto belessthan27, soin this casethereareonly
27 possibleremainders0, 1, ..., 26. If theremaindemwere27 or more,you could have divided at least
onemore27 into it.

In the caseabove, the remaindersare 16, 25, 7, 16, and25. But oncewe aredoing the division in the
partof thefractionwhereall thedecimalsin thenumeratoarezero,if aremaindetis repeatedthe entire
sequencef remainderswill repeatfrom thatpoint on, forever. In the caseabove, assoonaswe hit the
remainderof 16, the next onewill have to be25 andthenthenext onewill haveto be7, andthen16, 25,
7,16, andsoon, forever. Thus,theinfinite decimalexpansionrbecomes:

7/27 = 259259259259 . ..

Every fractionwill eventuallygointo a cycle like this. The exampleabove cyclesall of its digits. Other
fractionsmay have a non-repeatingartfollowedby a partthatrepeatdorever. For example,thefraction
1/6 = .1666666 . . .

It is alsointerestingo notethattherepeatingpartof any decimalexpansionof afractionhasto beshorter
thanthedenominatarAs we sav above, for example,if thedenominators 27, thereareonly 26 possible
remaindersn the long division: 1 through26. A remainderof 0 meansit cameout even, andall the
remainderdaveto bestrictly lessthan27.

In the two examplesabove it is pretty obviousfrom the“. ..” whatpartrepeatshut if you wish to be
mathematicallypreciseyou canindicatetherepeatingpartwith abaroverthe partthatrepeatsHence:
7/27 = .259
1/6 .16

It is interestingto make a table of the decimalexpansiongdfor the fractionswith small denominators.
Heresthelist of thefractionsof theform 1/n:

/2 | 5 1/12 | .083 1/22 | .045

/3 | 3 1/13 | .076923 1/23 | .0434782608695652173913

1/4 | .25 1/14 | 0714285 1/24 | 0416

1/5 | .2 1/15 | .06 1/25 | .04

1/6 | .16 1/16 | .0625 1/26 | .0384615

1/7 | .142857 | 1/17 | .0588235294117647 1/27 | .037

1/8 | .125 1/18 | .06 1/28 | .03571428

/9 | I 1/19 | .052631578947368421 | 1/29 | .0344827586206896551724137931
/10 | 1 1/20 | .05 1/30 | .03

1/11 | .09 1/21 | .047619 1/31 | .032258064516129032258064516129

Thereare someinterestingpatternsto note, evenwith sucha smalltable. First, the decimalsterminate
(endwith aninfinite sequencef zeroes)xactly whenthe denominatois a multiple of a power of 2 and
apowerof 5, suchas2 = 2!,4 = 22,5 = 5!, 8 = 23,10 = 215!, 16 = 2* and20 = 225'. If youwant
moredata,AppendixA containsthe cycle lengthsfor fractionswith denominatorsip to 900.

Fractionswith prime numbersasthe denominatotendto have longerexpansionsmary of themhaving
lengthp — 1 wherethe denominatois the prime numberp.



4 Converting Decimalsto Fractions

Begin with thefamiliar expansion:
> .
% = 3(11—0)1 + 3(%)2 + 3(%)3 +3(11_0)4 o ;3(%)’

Theexampleabore (andall repeatingdecimalswill besimilar) is ageometricseries Everytermafterthe
first is just a constanimultiple of the previousterm. Thefirst termin the expansionof 1/3 is 3/10 and
eachsuccessie termis obtainedby multiplying the previoustermby 1/10.

Thegeneraform for ageometricserieswhosefirst termis a andwhoseratio betweertermsis r is this:

[e9)
S:a+ar+ar2+ar3+ar4+---:Zari. 2
=0

if |r| < 1 thenthe seriescorverges.Theusualtrick to find thesum.S is to multiply Equation2 by ~ and
thento subtractt from the original seriesto obtain:

S = a+ar+ari+ar®+art---
-rS = —(ar+ar’+ar’+ar'+---)
S—rS = a.

ThusS(1 —r) =a,0rS =a/(1 —r).
In the caseof thefraction1/3 above,a = 3/10 andr = 1/10 so

3/10  3/10 3 1

(1-1/10) 9/10 9 3

S =

Exactly the sameidea can be appliedto decimalsthat repeatafter an initial non-repeatingoart. For
example,to shav thatthedecimal0.166666 . . . is 1/6, noticethatwe have

.1666...:.1+.0666...:%+£—0+£—0(11—0)+£—0(11—0)2+1%0(%)3+---

Thusit is thesumof 1/10 anda geometricserieswith ¢ = 6/100 andr = 1/10:

1 6/100 1 2 5 1
1666... = — 4+ L~ L= _ 2 _ -
0 1-1/10 107330 6

A very similartrick canbe usedto convertany non-terminatinglecimalto a fraction. For example,what
is thefractionalform for
.345752375237523 . .. = .3457523 7

Thearithmeticis a bit ugly, but thisis just:

345 n 7523 n 7523 ( 1 )1
1000 ~ 10000000 ~ 10000000 \ 10000
7523 ( 1 )2 7523 ( 1 )3
10000000 \ 10000 10000000 \ 10000

345  (7523/10000000)
— 1728589/4999500.
1000 (1 — 1/10000) /

3457523
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Youmayhave noticedthatthereis atrick thatcanbeusedwith ary decimalthatrepeatdrom thedecimal
point. To obtainthe fraction, take the repeatingpartanddivide it by a numberwith the samenumberof
digits, but all of which are9. For example,to corvert.123 to afraction, the repeatingpartis threedigits
long, sothefractionis 123/999 = 41/333. Canyou seewhy this alwaysworks?

5 Whyis.99999...=1?

Many peoplearedisturbedby the factthattherepeatingdecimal.999 . .. is equalto 1. Accordingto our
corversiontrick, therepeatingpartis just9, sothedecimalshouldbeequalto 9/9 = 1.

It is alsoclearthatthe sumof theinfinite series:
9,9, 9 9
10 100 1000 10000
is 1, sincefrom Equation2 we obtaina = 9/10 andr = 1/10, soa/(1 — r) = 1.

Theugly truthis thatdecimalexpansionsn our basel0 systemarenotunique.Therearesometimegwo
differentwaysto representhe samefractionwith differentdecimalexpansions.Thereis nothingunique
abouttheapparenproblemthat.999 ... = 1. Thesamething occursinfinitely often: .3499999 . .. = .35,
.11199999. .. = .112, etcetera.

This problemis not uniqueto basel0; if you are working in base8, the numberl hastwo “octal”
expansions1.0000...and0.7777 .. ., etcetera.

6 What'swith 1/81 = .012345679...7

We will examinethetitle questionater. Let usbegin with a coupleof easierexamples.
We learnedn Sectiond how to sumageometricseriesandwe canusethattrick to make a coupleof other

interestingfractions.As thefirst example,considerthe decimalexpansionthatbeginslik e this:

D = .010204081632

If youlook ateachpair of digits, eachis thedoubleof the previoussetof two. But we canalsowrite it as
ageometricseries:

1 1 2 31 1 2 \2 1 2 \3
D=—+_—_— (- — (= — (£
06 * 100 (o) * 100 i00) * 100 m0)
In this seriesthefirst term,a = 1/100 andtheratior = 2/100. Thusthesumshouldbe:

p__@ _ 1100 _ 1
S 1-r 1-2/100 98

And sureenoughjf we divide out1/98, we obtain:

% = .0102040816326530612244897959183673469387755

Thedoublingpatternseemdo fail immediatelyafterthe 32: we have a 65 ratherthana 64 in the pattern.
But it's easyto seewhy, sincethenext term, 128, hasmorethantwo digits, sothe1 carriesoverinto the
next columnto theleft, turning64 into 65.



You cango furtherwith thefollowing fraction:

91@ =.0010020040080160320641282565130260.. . .

We'vejustwritten®. ..” sincethis onedoesnt repeatior awhile—its repeatingcycle is 498 digits long.

Both the examplesabove are basedon the factthat we know how to addup the termsin the geometric

series: a
S=a+a +a +a + =1 . 3)

Theexamplesusevaluesof thathave somepowerof 10 in thedenominatoand(usually)smallintegers
in the numerator If you understandhis, it shouldbe easyto find the fraction that correspondgo this
decimalexpansion:

.000100030009002 00810243 ...

wherethe numbersn the expansionstartout looking lik e powersof 3.
But thereareotherserieswe know how to add. For examplé-:

+2 43 +4 + = . )

If =1 10, thisformulagives:
14.024+.003+ =.123...=10 81.

If youdivide by ten,youobtainl 81 = .0123456 9...Thedecimaljumpsfrom to9 becausef carries
thatoccurwhenthetermswith 10 andabove areaddedn.

More formulaslik e thatabove arenottoo hardto deriveif youknow alittle calculus.For example:

1
+4 49 416 +25 4+ = * ®)

from which we canobtain:

100010000
999 00029999 — 00010004 16002
999 00029999 000100040009001600250036

7 CycleLengths

In therestof this paperwe will assumehatthefractionswe considethave beenreducedo lowestterms.
In otherwords,the numeratomnddenominatohave no commonfactors.Thefraction6 9 is notreduced
to lowestterms,sinceboth6 and9 have acommonfactorof 3. Theequialentfraction2 3 is reducedo
lowestterms.Thisreductionis easyfor smallnumerator@anddenominatorshut it canbeabit messywith
largenumeratoranddenominatorsThereis a simplealgorithmto reducefractions,andit is explainedin
AppendixC.

A veryinterestingguestionis thefollowing. Givenafraction  thatis reducedo lowestterms,whatis
thelengthof thenon-repeatingartandwhatis thelengthof the cycle? Beforereadingon, you maywish

1This formula canbe obtainedfrom the formula for the geometricseries(Equation3) by setting andthentaking the
derivative of bothsideswith respecto andmultiplying theresultby . We canbegin with thisresultanddo the samesortof thing
to obtainEquation5. But evenwithout calculuswe cansumit. If , thenthesumin Equatior4
is equalto



to look atthe datain thetablein AppendixA andlook for patterns.If you do seepatternstry to prove
them.

We will shaw later that if is reducedto lowestterms,it will have the samelength non-repeating
partandrepeatingpartas . You maywish to checkthis with a few examples like
, , etcetera All have nonon-repeatingartandarepeatingpartof dlglts

Anotherexampleis ~and . Both have a single non-repeatingligit followed by a
single-digitrepeatingycle.

We will provethisin Section7.2,butthisis thereasorthatthetablein AppendixA only containghedata
for fractionsof theform

7.1 TheNon-Repeating Part

The next thing to noticeis the setof fractionsin the list that terminate. It's clearthat at leastin the
examplesin AppendixA all andonly thosefractionswith denominator®f the form terminate.This
is relatedto the factthatwe have tenfingersandthereforework in base . In fact,if youlook
atary terminatingfractionwith denominator , the numberof digits beforethe fractionterminatess
exactly equalto thelargerof and .

This shouldbe clear sinceary decimalthatterminatesin , , or placeshas,by definition, hasa
denominatoof , , et cetera.Soif we look, for example,at decimalsthat terminateafter
placesthefraction hasthe form (or areducedorm of that), where is athree-digitnumber
If containsbothafactorof andof ,we coulddivide numeratomanddenominatoby andmalkeit
terminatein  digits. Thus mayhavefactorsof or mayhavefactorsof , but not both.

Thus shouldterminateafterexactly terms,andit does:

Now considerdecimalswith arepeatinganda non-repeatingpart. Let’s just consideran example,andit
shouldbe clearhow to do a formal proof from the example. Whatis the fraction thathasthe expansion:
? Write it like this:

In this caseit’s obviousthattherewill beadenominatoof thefinal fractionwith atleastthree sorthree
s. But with anappropriateselectiorof non-repeatingndcycle parts,couldwe have somecancellation?
For example how about ? Thiswould be:

We candivide  out of the numeratoranddenominatoiof both parts,andonly have a fractionof
guaranteein@ non-repeatingpartof only two digits. What's wrong?

Well, hereswhat's wrong: we did not write the original decimalin its simplestform:

soit really hasonly a two-digit non-repeatingart.

In arny case,with a little thoughtit shouldbe clearthat any decimalthat repeatsafter an initial non-
repeatingpartof digits mustcontainatleast or  in the denominatorand no powersof or
greatetthan .



7.2 Repeating Cycle Length

If welook overabunchof examplesin AppendixA, we canfind still morepatterns Sincewe know how
to dealwith factorsof and in thedenominatorslet’signorethoseandlook only at denominatorshat
areproductsof primenumberstherthan and . Hereareafew interestingpatterns:

1. Many fractionswhosedenominatois a primenumber have cyclesof length

2. All fractionswhosedenominator is nota prime have cyclesof lengthlessthan

3. All fractionswhosedenominatois a primenumber have cycleswhoselengthdivides
4

. Thereseemdo be somesort of relationshipbetweenthe lengthsof the cyclesof the primefactors
of thedenominatoandthelengthof the cycle of thedenominatarbut it is hardto saywhatthatis,
exactly.

Let'slook ataconcreteexample:the decimalexpansionof

Thefirst thing we noticeis thatthe fractionswith numerators, , , , and havethesameseriesof
digits in the cycle, but rotatedby differentamounts.Similarly for the oneswith numerators, , , ,
and

Now look atthe valuesof , , , andof , et
cetera.(SeeAppendixB if youareunfamiliarwith the“mod” function.)

Finally, considerthe two long divisionsthat producethe decimal expansionsof and . The
remaindersn thedivisionof by are: , , , , , ,andfinally, , wherethecycle begginsagain.
Theseareexactlythevaluesof in theprevioustable.A similarresultholdsfor theremainders

when isdividedby . Do youseewhy this mustbetrue?

r r



In theargumentthatfollows, we’ll be consideringa denominator which containsno factorsof or
but if youreferto theexamplesabove with , theagumentmay be easierto follow.

Whatwe wish to proveis thatif is reducedo lowestterms,its cycle lengthis the sameasthecycle
lengthfor

Considerthe distinctremainders , Where obtainedduring the long
division of f thenall theremaindergrom to mustappearsomevherein the
cycle, sothelong division of will simply begin in the cycle atthe pointwhere andcontinue
with exactly the samecycle elementsarounda cycle of exactly the sameength

If thensomeof theremainderareomitted.If  is anomittedremaindeand isreduced

to lowestterms,thenin thelong division of , we mustobtainremainders ,

all taken . Clearlythecycle repeatsat this point, since . It cannotrepeatearlier

If it did, and for , then because . This cannot

occursince is the first time theremainders returnto . Thusevery irreduciblefraction
hasthe samecycle lengthasthefraction

Finally, notethatif  is prime, all the fractions areirreducible,so all the remainderdall into
equialenceclassesleterminedy which cycle they arein. But all thesecycleshave the sameength,so
the cycle lengthsmustdivide . Thisis only trueif  is prime,however. Thecycle lengthof
for example,is , which doesnotdivide

7.3 TheGeneral Problem

In generalwhatwe wouldlike to dois givenareducedraction , find thelengthof the non-repeating
andrepeatingpartof its decimalexpansion.

We know how to find thenon-repeatindength:if and arethelargestpowersof and thatdivide
thenthe non-repeatingarthasalengthwhichis themaximumof and . Unfortunately nobodyknows
aneasyway to find thelengthof therepeatingpart,evenwhen is aprimenumber

Herearesomepartialresultswherewe’ll assumehatthe denominatoof is notdivisibleby or
andthat is reducedo lowestterms.In whatfollows, we’ll denoteby thelengthof the cycle of
thefraction

1. If isaprimeandthecyclelengthof is even,thenif thefirst half of thecycle is addedto the
last half asintegers,the resultis . For example, ,and
. Anotherexample: , and

2. If isprime,thenthelengthof thecycle divides

3. if is the smallestintegersuchthat

4. If is a primitive root of , then , Where is the Euler totient function. See
AppendixD for propertiesof the totientfunction, and Appendix E for the propertiesof primitive
roots. For example, is a primitive root and sothe cycle lengthof is

5. divides



A CycleLength Tablefor to

Pattern: DenominatoMon-repeaRepeat. Example: . Denominatoiis , the*
doesnotrepeat)engthis ,the® ” repeatslengthis .* ” signifiesaterminatingdecimal.
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B The Function

In thisappendixwe assumehatwe aredealingonly with integers,althoughthe concepis easyto extend

to realnumbersin somecases.The definition of is theremaindembtainedif  is divided by
. Thus , ,and . Thevalueof is alwaysbetween

and , inclusive.

We sometimeswrite to mean . In English,we saythat® is

equialentto , mod ". In this casethe“mod” is acongruenceelation.

Herearesomeeasilyprovedpropertieof themodcongruenceelation. Someof theminvolvethefunction
, or “greatesttommondivisor” thatis dealtwith in AppendixC

(mod ) and (mod ) (mod )

(mod ) and (mod ) (mod )

(mod ) and (mod ) (mod )

(mod ) and (mod )

(mod ) and (mod )

(mod ) and (mod )

(mod ) and (mod )and (mod )
C The and Reducing Fractions
If you aregivena fractionin the form ,where and areintegers,it is usuallyfar easierto work
with if it is reducedo lowestterms. For example, , but the form is usually
best,especiallyfor the sortsof analyseglonein this paper
To reducethefraction to lowestterms,you needto find the largestinteger suchthat and

where and areintegers.Then ,and  isthereducedorm of

Thevalue in the previous paragraphs calledthe “greatestcommondivisor” or “ "of and .
Hereis how to calculatethe for :
where is the remainderafter dividing by . This recursve formula canbe appliedto
calculaterelatively quickly the of ary pair of numbers.
For example,let usfind the
Thus the fraction reducedto lowesttermsis .
Usuallythe operationdoesnot requiresomary stepsput theexampleaboveillustrateshow it will
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grind down ary two numbersno matterhow large.

D TheEuler Totient Function

Thefunction is equalto thenumberof integersin theset thatarerelatively prime
to . , , , andsoon.

Herearevaluesof for
Obviously, if is prime, and . If  is composite,
In generaljf the primefactorizatiorfor aninteger is givenby , then

E Primitive Roots

If isanintegerthen isaprimitiveroot if isrelatively primeto , if

areall distinct,and

For example, is a primitive root since , , and ,all , andin
addition, . Thereareno primitiveroots . Theonly possibilitiesarein thesetof numbers
relatively primeto . ,and

Hereis alist of thefirst few integersthathave a primitiveroot: , , , , , , , , , ., , ,
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