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1 Example

The beat, Intrexdietlon 1o clasieal premettls rostoetlen s to shess an scam ple,

In Boactlom 3, the "nifflddal™ miles for geemetrle ccostructlen Wil be presented, it we'll begln with just, an
Intadtlwe Hea of what can he dene whh a etralghtadee and cronpass.

What, we would ke 14 de k& 10 hegln whth & Ine egment, and ndng coly & etralghtadge axd oo pass, divlde
that Ane lnto twon enqual egments. In cther wonde, £ we are glven 8 e gegment, AR, we would ke 1o
cometriet the mldpeint, M of that, eagment, Then we hawe hleactad the eapment, gloee AM = M B,

Fure 1: Blectlne a8 eegment—ataps 1| amd 2

Flgure 1 glews the Hrst, twn gtepe. A compazs k& eed whh center at 4 todraw a clrmle paszine throaeh B,
and 1n the zame way, ancther crele 1z deawn centers] at B and peassing thoomagh polot, 4.

Fyure I Blectlne a eagment—ataps 3 amd 4

In Flgire 2, two new polnte are determined—the Intaresctlong of the two clmles that were drawn ln step 1.
Lahel these twn polnta 7 amd 5.

The Anal twn steps are chewn In Flme 3. The stralghtodes 1z ieed tn oenmect, pelonta O and B whh a
new Ane, and fnally, the Intereaction M of that, Ine whh the crlgina] copment, A8 1z detaroined . M 1z the
rerpdred midpelnt. [The other sagments b the Agme, auch a2 &4, OF, 54, awl OF ame ot part, of the
cemtretion, bt we Wil e them helw.)

It may e ohwloie from the Agme that, M 1s the midpelot, bt part of any constreetion e a proet that, the
reiulred polot, has been fimme. I thik casze 1t 18 wery easy 1o do—mootloe that, a1l the lengthe 4, 8, DA,



Firure 3! Blaorting a sapment—sateps b amd 6

and D E are equal, cglnee they are radll of e doeles with raflue A8, Therefore the rpeadriateral ACED 1z
a parallalogram, and we koow that the dlagenak of 8 parallelogram blesct, sach other. There are dogene of
cther easy pmnis.

2 Who Cares?

Why chemld anyrne care abot, what, Sienures can be crnatoieted nslne coly thess twn gpaclalleed took? Why
net, cheeas dlflerent, fonle, or mens tools?

(Ome reasnm fnr the choke & that the fimdamental ohjecta 1o classical plane Fuclklean gecmetty are polnta,
I, aml clreles, and a siralghtades and onmpass are the mnlmal get of toels that, wil allvw any cloele or
any lloe 1 be drawn. S It 1z chvlmsly teesting o ook at what, can be drawn [constructad) nshg coly
the twwe tonls that are nhvlmkly naneszary o draw all the enrta of Beures that, are Interesting.

The nther reasnm for the choke of 8 stralghtadee and cnmpaszs 1s that, thls indmal got of tonls enahles coe
1o maks an amaglngly lange collectlhn of coostreetiong. Alen, fnr theaeande of years, many pecple thenght
that any “reassmabl® mostnetlon conkl be done wlth Jist theee twn tonls. There mere, homever, 3 famoe
cemetretiong [gee Sectien 6] that nohody eeemed to he able to do (iglng et & stralghtadgs and compess,
that, k).

Flnally, delne clasdeal stralehtadee and compass constractlem provldes 8 wooderfil eslertinn of probleme
that, elpe to rehineoe Important, geemetrle coneepta foro all parts of peometry.

3 Rule=

(K, & what are the “nfflelal miles™ fnr etralghtadee amd oo pace constoetlone? For example, can marks
be made oo the stralghtadgs? Can zon hekl the mmpass agalnet, the stralghteadgs to uee ¥ 8z 8 measurimg
derlee fnr o partlenlar kngth? K wou hare a cloele drawn alveady, can yon o a etralghtsdge agalnet, It e
that, i, Juat, tonchee [l tangent, to] the elrele? Et cetera.

3.1 Tha Official Rules

The rules helew are actually a itle more flecihle than the “pficlal™ riles, bt they are easy to nmxderatand,
an¢ the dlfferenee hetween thezs rules and the ofidlal miles 1z sxplalwed In the fnetoote. Here they ars:

A constructlon prblem heghe with & st of glven pelots, 1nes, and Arcles, and whh enoe desieed pelnt,
e arelmels to oomstoiet, hassd oo the glven chiscts. In the example In Bectlon 1, we were glven twn polota
and the zrgment, hetween them, and the ohiect of the mostnetisn was o ixd the polnt that 1es oo the
eegnient, mlhway between the twn crighal polnte.

Mhotlee that, wa ooild nehiece the statement, abowe to rapilre that, coly certaln pelnte be eenstructad. Ohvl-
cgly, If sou want, & llme, on can elmply reguilee that twe dlierent, pelota be sl oo 1t, o ¥ #ou want. a
flrele yon can reqpilee that the center and 8 pelnt oo the Ancle be famd.



At any etage In the moetrietloo, you may de any of the llswhe things 1o obtaln addltlomal polnts, Anes
or e les:

1. ¥ou may draw & stralght, llne of any kength threugh ten mdsting peinte. [This means, of covrss, that,
the stralghtadge 1z as lng a2 7ou need I to be, &n it 1= better than & real riler n that, emmies. |

2. Yonmay ixl & »w prlot at the Intereectlon of twwo lnes, twn clocles, or pf & e and 8 clocle. Wien
¥ ATe glvem & gegment, of couree, you are glwen the two polnts &t 1te eoede, & yon can certalnly uss
thees.

3. Yeu may eometret & elrele centame at any sdatlmg pelot havlme 8 mdlie ajsl o the dstaxe hetwem
any two edstlg pelnts. In other wonds, ou can eat, the dee of the sopase from any two pelotas 4 amd
B, ane them 7o can mewe the pelot, of the cropass 1o ancther pelot, O whhont changlne the sestting
and draw a dreke of radhe 48 shet, the pelot & [Of e this Incheles drawing 8 drele gheen 1ta
rentar and a pelnt, oo the edge—yom nee the centar and the edee o 2ot the cnpass kwe, and then yem
re-ee the centar podnt, a2 the center of the clele) Az with the sralghtedge, there 1z ne Dmlt, i the
gga of & eloele that, can be drawn, & the mathematleal rempass g hettar than any real coe conkd he.

4. Yen may chores an arhitrary polnt oo a I, circle, or oo the plane. [And of couree you can alsn
chores a polnt, it oo & e or chele az ' “plk any pelot, ot oo egment, AB 7]

32 Oibor Posalhla Rules

In fact, eoomaructilons 1elng other este of tonls kawe been sxamned, bt we w1l oot ge Inte that here. For
exampl, Fon might, be Interestad In what, can be constructad nslng cnly & stralghtadge, or et & compass,
or perhaps & stralghtadge axl & “Tisty compass”—a compass that 1z fivsen lotn coe partlonlar eefilmg, or
even caneinictlons slng mere Interestlng tools.

(r what ¥ you are allvwsd o put marke oo the stralghtadge, efectlwely irndog 1t Inta a8 miles? What, If the
gtralghtadgs 1z cnly & Sxed Anlte length? What, If cme Arele ki already been dmwn, it 701 o0 looger havs
a compass? There are any number of cther peeblities.

33 Some Final Warnings

Qbwlrnsly, with a physlral stralghtadge, compasz, and penell, ne cengtretlhn can be carrled ot o niinlte
anmrary; what, 1z required e 1z a8 onetretlen that, wonld be to Infinks anmirary, assumine that, all the
tonle werk o nilolts acenracry.

In other words, 1t & oot good encugh 1o get, an answer that, s anmirats to cne part 1o a mllllen or 1o coe
part lIm & fTlllkvn—an ninltely acoirate result 1s requlred. Az we Wil eee later, M 3on “noly™ meed acenmey
to cme part 1o 8 tolllcm, yom can comstruet anyhhlng with a stralehtadge and compass.

Flnally, the comstrietlen hiaz to be e pleted I & fnlts onmber of steps; yom canoet, require an Inflodts et
of nperatleme to conetmect, & polot, that g the Amit of these cperatlome. If an Inflolte onmber of stepe wers
allexreed, agaln, anythle can be renetmectad. Jlmply ocnetruct pelnte 1o an acmrary of coe 1o a mllen,
then pee 1o & Blllen, then coe 1o & tr1llcn, and centlone forewer. The Amlt of these pelnte Wil bhe the exact,
enlitlem, b poly after an Inflndts mmiber of steps.

4 BRasic Constructions

Here ars & gt of elrmentary eooefmiuctlsnes that, can be cartled ont whh 8 stmalghtedee and com sz, They are
arrangsd renghly In creder of difficulty, and If yon can do st of thess, yon can iy mest, standan] grometrls
cenetre tinme.

TThh In » "modern comqman®. (ighally, mest commtrocthn probleme were stated In tormnof & "Roddon compes® whch
rollwpcs fter mch drede W deen. Tn other worde, » Focfldean compees cannot be oaed to copy w Jength. Bot b e pomIhle to
do sy conmtroctln wih & Focddown compesn thet own he done whh s modern compesn T fact, wll conetroctiom thet can e
done with m srsdght-odge snd commem can he dome whh & compemn slone—thin b called the Mohr-Paachenn] Theomeme



1. Copy & eegment.. In other wornde, mark coff 8 eegment, that, scactly matches the length of & gleen sagm ent,
o & difemnt, gtralght, 1lma.

Crpy an anele. (lwen an angls malke annther anele of meactly the smme glee gnmewhers sl
Bleart, & eegment, T'his problem was already anlwed In Bectlon 1

ok

Blzert, an angle. Glven an angle, fned a e through the wertax that, divldes 1t 1o kalf.
Congtouct, a Ilne perpenellenlar t0 a glwen lne threugh & polot, oo the glven e,
Croetoict, & Ilne perpencdlenlar to 8 glwen e and passine thooeh a8 pelot, oot oo the gleen e,

aow |

Glvrn 2 llme L ancd & pelot, P oot oo L constouct & new e that phsees through P and & parallel o
L.

Gl

Congtoict, an angle wheae gwe k& the e or d¥feremee of two glven angles.
. Zlwemn three eepmemte, construct, & trlangle whoes dides haws the zame lneths az tle sagmenta.
1. Conetouet, the perpemdlonlar Heartor of & Ine segment.
11, Glwen three pelnta, eeostoet the dAnele that, paszes throagh all of fheo.
12, Glwen a crele, ndd 1te center.

13. Glwe a trlangle T, comstruct the lmeerbed amd drmimerlbesd clocles, The Ineerlbed dwele s & clxle
that Ata Inlele the trlamgle and teuches all three edges: the drmimsTihed Arcle & onskde the trlangls
except that, 1t toieches all three of the vertines of the friangle.

14, Conetouet, amgles of ), 45=, 3F, &F, and ¥ wou want, a challengs, T2,

15. Crnstmict, & regular pentagen. [A regular pentagon 1s & fiwe slded Agime all of whees Sledes and angles
ars aial )

1%. Glwen a pelot, P oo & clmle 7, comstouct 8 ne thooaeh P axd tangent, to O
1T, Glwven a Al {7 and a pelot P oot oo 0, congouct 8 Ine thooagh P and tangent, 1o {7
18, Glwen twn Cneles ), amd O, Snd Ines Internally and externally tampent, to heth.

5 Alpebraic Equivalent

The nriglnal censtructlsn problems began wWith the Greeks, axd for thoneande of years, the methede wers
the game. Prohlrme weaild be stated, & ecosfructlen woild be fmed, amd then 8 stamland peemetry pooct
waz guppled e ghew that, the comatmetlen In fact, helawl sz adwertlasd.

Thk werked great, fnr theeande of years, exeept, that, 1t A4 wet, prewlde any methed o ghew that, certaln
constretiong were lmpresthle (gae Section §). B nobody thought, that Impresihle constructione adstad,
&7 there was oy real reasom to de e,

Kow we know that (o & emes] “almnst, alF croatretiong are lmpeesible. In this eectlon we Wil oot prove
that fact, bt we Wl prowkde enme orerwhelming evldenwe. Ban, 1o e &, we'll hawe fo Ik &t geometrls
cnnetretion from an algebrale polnt, of wlew.

We wll flmplfy the problem of comstrctlon 1o be that of Axlle coly pelnte. As we statsd 1o Bectloon 3.1,
thlz k graxl encugh, clnee any e or drcles that, yon might, want, can he klentfl=d In terme of & conple of
printa.



6.1 Arhthmeilr width Stralghtedegs and Compasa

O way to look at arkhmetle In terme of geemetry & o 1ot the longthe of 11we gopem suts reprasent, nimbers.
If wa hawe twe diferent, llne ergmients (or o dmpfcatien, twn diffement, ests of pelnta), = hawe two
lemgrthe, and 1t 1 pasy o goe how o add or eibiract the engthe, gven coly & stralghtadges and compas [gee
the arlthmetls axerelzes In Sectlon 52).

Acdelitlnm and enbirantlom ls sagy, bt & problem ceenre when we falk about mutlpleatisn—a prohlem having
1o ek with nundta. I vou hawe twn ergmenta, for exam ple that, are coe meter oo, 1 von ool tlply them, won'l
et enmethlng that s a eeare meter. How can yon aeDipars the area of 8 auare with the koaeth of 8 Ine?
In fact, yom canmet—If you think the angwer 1z 1, doee 1= 1 = 1, why lan't the angwer 1K), slnee the Anes
are 1(6) rentimetere loog, and 1060 = 106) = 1(ENE)T I fact, an equally goexd case can be made fnr any swch
regult. Geemetrleally, ou can coly compars eogths with lengthe, areas wlth areas, volimies whth welumes,
&t CR1eTa.

A dlmllar problem arlers whth divwlelom, aqpiare roote, enhe moote, o cetem. There are a couple of ways to get
arckl tle problems. The easlect & when rmethhg ke multlplicathn or enpmare moots oo 1 to glve an
alditional eegment whees keogth 1z deflmed o be 1, and 6o work 1o terme of that. Amther 1 e make gnrs
that, the nnts are right, &o 1t 18 peealhle o constret & segment of length A B/ or WAB 4 B and &
are kogthe of glven eegments.

652 Arihmeil Exorciacs
In the serdles helyvw, assume that, gou are glwen pale of pelnte whees distanoe apart, reproeenta 4 lgth.

1. Addithon avel aoht a tion @EAwen eopmmta of lmgthe 4 and B comstoact 8 eogment, of longth 4 B
rrd B

2 wti I athn Glvwen egmentz of lewethe 4 B, and 1, censtoeect 8 gaegmeent, of lngth 4.8

. 1 Bion Glven segments of lmgthe A axd 1, constouct & eegment, of length 174, glog the result, of
the problem ahowe, ghew that, I yom alss hawve 2 esgment, of Emeth B, 7ou can constrict & eegment, of
length B A

na oota  Glven sgrmients of lengthe A4 and B, oostiet & sarment, whese length 12 o A8,
learly, \f rne of the gagments hag lmgth 1, yon can cenetrict, & segnunt, of ength o/ 4 1dng the zame
tachndeje.

5, ma a tam Glven & rectamgle, cematrect, & eears with exactly the game ares.

vt mta wntaon ocostouct 8 regilar pentagen.  or 8 hilnt, eee the footocte |

. Slmpa A ge rale Concapta

o Imaghe that the glven polnte amd the railred polote are deawn 1o enme nke  arteslan eecndlats
gpetenl. Then Amdlng mew pelnte 1z eqpldvalent, 10 Axllng thelr conmellantae. In other wonde, & comstruectlon
prhlem can be restatad 1o an algehrals form enoethlme Ake thls

Glwen a gt of palne of coordatas | 110 ] [ ], eomstret, pther palre of ceordbatas
[ 10 ] [ ] nging the frllnwing algshrak: tranfhrmatione .. ..

Ag we'll gee helow |, thess  algehrale framsformatlone are prefiy slmple to desrrlhe, and such & dearriptlen
Wl allew e tr klentlfy the enrte of sata of mondlnates that, can be oetrieted nelne 8 stralghtadgs amd
YN FERSR.

Here's the ldea—we uat mesd 1o lmew ew 1o lew sach of the alloweed peomettle constmetloms framlates
Ints alpebra.  et's taks a loek
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